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Abstract

Long-Term Portfolio Choice Given Uncertain Personal
Savings

Investors choosing a portfolio strategy, in order to secure a pension at a future date, are
faced with many uncertainties. One major uncertainty, is the amount by which their pension
fund will be supplemented by personal savings from a variety of sources such as future
labor income, bequests, or property sales. Over long periods of time these uncertainties
are likely to be large and difficult to hedge, and hence may have a significant effect on
the dynamic portfolio strategy chosen for the pension scheme. Drawing on the results
of previous literature on the reaction of investors to non-hedgable background risk, and
on the theory of stochastic dynamic programming, this article derives optimal strategies
for investors maximising the expected utility of terminal wealth, where wealth consists
of a pension fund plus accumulated personal savings. Numerical results, assuming that
the market portfolio and the expectation of personal savings follow correlated geometric
Brownian motions, are derived to illustrate the effects of the size and uncertainty of the
personal savings, as well as the effect of the resolution of the uncertainty in them over
time. The computation uses a new technique for implementing the stochastic dynamic
programming. This involves a binomial approximation, in two dimensions, which ensures
that the computations are feasible for relatively long-term problems.
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1 Introduction

We consider the investment strategy of an agent who saves over a period of time for a
pension to be received on retirement at a terminal date T . The individual has investible
wealth at time t < T equal toWt and chooses a dynamic investment strategy over the period
from t to T . For simplicity, the choice of investments is restricted to the market portfolio
and a short term riskless bond. At time T , the investor either consumes the proceeds of the
investment or turns them into a pension by buying a riskless annuity. In addition to the
proceeds of the investments, WT , the pension fund will be supplemented at T by personal
savings from a variety of sources such as future labor income, bequests, or property sales.
We denote these accumulated personal savings as LT . Hence the total retirement fund is
WT + LT . The individual is assumed to maximise the expected value of a utility function
u(WT +LT ). The personal savings LT are assumed to be risky and non-hedgable. They are
risky in part because date T can be a long time in the future. They are non-hedgeable due
to the personal nature of the risks. If the individual takes out insurance contracts against
personal risks, the savings LT are defined net of the cash flows arising from these contracts.

In the above setup we abstract from personal consumption-savings decisions. These are
taken as exogenous and they partly contribute to the assumed stochastic process for LT .
There are hence two stochastic processes in the model. These are the process followed by
the return on the market portfolio and the, possibly correlated, process for the expectation
of personal savings, Eτ (XT ), where t ≤ τ ≤ T . In this model the personal savings can
only be accessed in the future at time T . However we assume that the individual is able
to borrow against the expected savings. For example, if the individual expects to receive
a bequest which will contribute to personal savings at time T , he may choose to borrow
money at time t in order to invest in stocks.

The possible effect of personal savings out of labor income on portfolio choice has been
reported in a number of recent studies. These are well summarised in Campbell and Vicera
(2001). It is well known that an agent facing a non-tradable background risk becomes more
risk averse to a second tradable risk, given reasonable restrictions on utility. Also, in a
single period model, Franke, Stapleton and Subrahmanyam (1998) (FSS) show that agents
may demand options as well as simple stock-bond portfolios. Campbell and Vicera discuss
two effects of uncertain labor income risk. First, the existence of other income prospects
tends to substitute for bonds in the investor’s portfolio.1 Hence a relatively young investor

1FSS themselves build on the previous analysis of the impact of background risk on portfolio choice.
See for example Kimball (1990)(1993), Gollier and Pratt (1996), Nachman (1982), Kihlstrom, Romer and
Williams (1981) and Pratt and Zeckauser (1987). A good summary of the effect of personal personal-savings
risks on portfolio strategies can be found in Gollier (2001).
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with extensive future earning prospects will tend to have a higher proportion of stocks than
an investor at a later stage of his working life. However, this effect is reduced if the income
prospects are uncertain. In line with the literature on background risk, in effect the investor
becomes more risk averse to the market risks and hence buys less stocks. However, Vicera
(2001) makes some very strong assumptions about the labor income process which in effect
lead to a constant proportion of wealth being invested in stocks over time. In practice
if either personal savings expectations change or the market portfolio value changes, then
the investor’s optimal portfolio strategy changes. In this paper, we report strategies that
vary over both market return and expected savings states. Secondly, our model allows us to
investigate the non-linear effects of background risk in a multi-period setting. We show how
the convexity of contingent claim demand increases when uncertainty of expected savings is
introduced. Thirdly in our model we can vary the rate of resolution of uncertainty regarding
the outcome of personal savings. If uncertainty about the level of LT is resolved early in
the period between t and T , portfolio strategies will differ considerably from the case of
late resolution of uncertainty. For example, the case where an uncertain legacy is revealed
only at time T differs considerably from the case where information is gained gradually over
time regarding the size of savings out of labor income.

As pointed out in Campbell and Vicera (2001), the multi-period portfolio problem in the
presence of risky personal savings does not allow for neat analytical solutions. Like a
number of previous authors, we test various hypotheses by running numerical simulations
where optimal policies are derived using stochastic dynamic programming. 2 We assume,
in line with many previous authors, that investors have constant proportional risk averse
(CPRA) utility functions.3. We also assume that the market portfolio and the information
process of the personal savings follow lognormal processes, which can be approximated by
joint log-binomial processes. In order to analyse realistic problems where the volatility of
personal savings changes over time we employ the recombining lattice technique introduced
by Nelson and Ramaswamy (1990) and extended to multivariate processes by Ho, Stapleton
and Subrahmanyam (1995) (HSS). This allows us to reduce the number of nodes in the
bivariate lattice which makes the dynamic programming feasible for realistic problems.

The results in this paper should be seen as complementary to recent contributions by
Barberis (2000), Kandel and Stambaugh (1996), Brennan, Schwartz and Lagnado (1997),
Balduzzi and Lynch (1999) which study the effect of mean reversion and parameter un-
certainty on the portfolio choice between stocks and bonds, for investors with different

2Other recent work on these problems has used Monte Carlo simulation. See, for example, Detemple,
Garcia and Rindisbacher (1999). Alternative methodologies are discussed in Cox and Huang (1989).

3This places our results in a long tradition of models starting with Merton (1969), and more recently
with Brandt (1999), Kim and Omberg (1996) and others.
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horizons. Whatever effects there may be of mean reversion on the portfolio choice are in
addition to the effects of uncertain personal savings. Our computational technique allows
for a possibly mean reverting process for the market portfolio return.

Section 2 of this paper sets up the maximisation problem faced by the investor. It highlights
the essential difference between a model where the investor has risky personal savings and
one where he does not. It also explains our assumptions regarding the information process
for LT . Section 3 derives the conditions for optimal portfolio policies and characterises
these policies. Section 4 describes the computational procedure and section 5 illustrates the
optimal portfolio strategies using various numerical examples.

2 The Model

We consider the multi-period portfolio choice of an agent endowed with initial investible
wealth, W0. The wealth is invested period-by-period so as to maximise the expected util-
ity of terminal wealth at date T . However, in contrast to the usual case dealt with in
the literature, the maximisation problem is complicated by the existence of uncertain and
unhedgeable personal savings, which accumulate through time and will be available for con-
sumption at time T . These personal savings, LT , when added to the terminal value of the
portfolio investments, means that consumption at the terminal date is CT =WT +LT . The
agent invests Wt, at each date t < T , given that the expectation and the volatility of the
personal savings varies over time, as uncertainty is resolved and savings are accumulated.
In this dynamic problem, the agent chooses state contingent claims, and solves the problem:

max Et [u(WT + LT )]

subject to a budget constraint, at each date t = 0, 1, ..., T , where u(.) is the agent’s utility
function for terminal consumption at date T .

There are two uncertainties in the model. These are represented by a set of traded states
and a set of states which reflect expectations of the future personal savings. The traded
states correspond to different outcomes of the market portfolio. We assume that the capital
market is perfect and complete with respect to these traded states. In other words, the
investor can buy claims on each of the traded states. However, we assume that the agent is
not able to buy claims on the different states of his personal savings. The risks associated
with the personal savings are non-hedgeable, background risks. The decision problem is
illustrated in Figure 1. At time t− 1, the investor buys claims contingent on traded states
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at time t. At each future time t the conditional expected value of the personal savings is
revealed and also the the market return. At date t ² (0, T − 1] the investor again chooses
a portfolio strategy, given the personal-savings expectation and the remaining personal-
savings uncertainty at that date and state. The investor chooses his investment strategy,
given the state-contingent wealth, Wt, which was chosen at the previous date, and given
the prices of state-contingent claims. We let φt−1,t,i be the price, at time t− 1, of a claim
paying one unit in state i at time t. In general φt,t+1 is the pricing kernel for claims on
Wt+1, purchased at date t. Hence φt,t+1 is the probability deflated price of the tradable-
state contingent claims. The budget constraint that has to be satisfied at time t − 1 is
therefore

Et−1(Wt φt−1,t) =Wt−1.

If there is no personal-savings uncertainty, this portfolio allocation problem has a straight-
forward solution. Since consumption takes place at time T only, the investor can solve a
single period problem, purchasing a set of state contingent-claims on the traded states at
time T . This choice can then be interpreted, in a binomial tree model, in terms of a stock-
bond portfolio which is a function of time. Alternatively, we can think of the problem as
a dynamic programming optimisation, whereby the investor chooses, at time t, a portfolio
of claims on states at time t+1, which maximises the derived utility of those claims, given
the optimal reinvestment of those claims over the period t to T .

If there exists personal-savings uncertainty, but that uncertainty is wholly resolved at the
horizon date T and not before, the above single-period solution can be extended, using
the methodology of Franke, Stapleton and Subrahmanyam (1998) (FSS). FSS solve for the
optimal set of WT claims, given a zero-mean, independent background risk. This method-
ology, which involves the derived utility of marketable wealth, given the background risk, is
extendible without difficulty to the case of a positive-mean, and correlated personal-savings
risk.

The single-period approach is not appropriate in general, however, when the uncertainty
of the personal-savings is resolved over time. In this case, the portfolio strategy at an
intermediate date t, depends upon the conditional expectation and volatility of the personal
savings. The dynamic programming approach is useful in this case. Starting at date T − 1,
the investor maximises expected utility, subject to the budget constraint, in each possible
combination of market-return and personal-savings states. Moving to time T − 2, the
investor chooses a strategy for investing in claims on T − 1-states, given the subsequent
optimal reinvestment strategy that will be chosen at time T − 1, and so on.
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3 Optimal Portfolio Conditions

In this section we derive first order conditions for the portfolio optimisation problem and
present some analytical results on the characteristics of optimal portfolios in the presence
of personal-savings uncertainty.

3.1 The First Order Conditions

Since the expectation of personal savings evolves as a stochastic process and since the
personal-savings risk is a non-hedgeable background risk, it is not possible to solve the opti-
mal portfolio problem by a single optimisation over the period (0−T ). Hence, we solve the
problem by using dynamic programming. However, the stochastic dynamic programming
optimisation has to account for the effect, on expected utility, of the background risk of the
personal-savings risk. First, we derive the First Order Conditions (I.O.C.) for the optimi-
sation over the final period, from date T − 1 to date T , conditional on the tradable wealth,
WT−1, inherited at date T −1. This optimisation depends onWT−1, on the probability dis-
tribution of the pricing kernel, φT−1,T , and on the probability distribution of the personal
savings, LT . The probability distribution of the pricing kernel depends on the tradable
state at T − 1 and the probability distribution of the personal savings, LT , depends on the
personal savings state at T − 1. The maximisation problem at time T − 1 is

max
{WT }

ET−1 [u(WT + LT )] (1)

subject to a budget constraint

ET−1(WT φT−1,T ) =WT−1, (2)

where ET−1(.) is the expectation at time T − 1 over the joint distribution of tradable and
personal-savings states at date T , given the state of the world (both the tradable and
personal-savings state) at date T − 1. The investor maximises the expected value of date
T utility in equation (1), subject to the budget constraint (2). ET−1(WT φT−1,T ) therefore
denotes the total cost of all contingent claims purchased at T −1. This cost must equal the
available tradable wealth at T − 1, WT−1.

Define Rt,t+1 ≡ Wt+1/Wt as the gross rate of return (one plus the rate of return) of the
tradable wealth portfolio between dates t and t+1. Then the maximisation problem in (1)
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can be re-written as
max

{RT−1,T }
ET−1 [u(WT−1RT−1,T + LT )] (3)

subject to the budget constraint

ET−1(RT−1,T φT−1,T ) = 1. (4)

Let R∗t,t+1 denote the optimal gross rate of return and λt be the Lagrange multiplier of the
budget constraint. Then differentiating (3) yields the I.O.C.:

ET−1
h
u0(WT−1R∗T−1,T + LT ) | φT−1,T

i
= (λT−1/WT−1)φT−1,T , (5)

Note that the conditional expectation in (5) is taken over the personal-savings states at time
T . The difference between (5) and the I.O.C. in the absence of personal-savings uncertainty
is that the condition involves the expectation of the marginal utility. This is consistent with
the background risk literature and the analysis of, for example, Kimball (1993). We now
take the special case of constant relative risk aversion, where the relative risk aversion is
r > 0. In this case

u (WT +LT ) =
1

1− r (WT +LT )
1−r

so that
u0 (WT +LT ) = (WT + LT )

−r (6)

From (5) and (6) it follows that the I.O.C. in this case is

ET−1
h
(R∗T−1,T +LT /WT−1)−r | φT−1,T

i
= (λT−1/W

(1−r)
T−1 )φT−1,T . (7)

Now, in order to proceed to the time T −2 optimisation, define the indirect utility function
of wealth at date T − 1 as

J (WT−1) = ET−1
h
u
³
WT−1R∗T−1,T +LT

´i
(8)

From Bellman’s Principle of Optimality, we can write the maximisation problem at time
T − 1 as

max
{WT−1}

ET−2 [J (WT−1)]
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subject to the budget constraint

ET−2 [WT−1φT−2,T−1] =WT−2.

Using the definition RT−2,T−1 ≡ WT−1/WT−2, the maximisation problem can then be
written:

max
{RT−2,T−1}

ET−2 [J (WT−2RT−2,T−1)]

subject to
ET−2 [RT−2,T−1φT−2,T−1] = 1.

The I.O.C. for the date T − 2 maximisation is then given by

ET−2
£
J 0 (WT−2RT−2,T−1) | φT−2,T−1

¤
=

λT−2
WT−2

φT−2,T−1, (9)

where the expectation is taken over the different personal-savings states at T − 1. From
equation (8) above, differentiating we then have

J 0 (WT−2RT−2,T−1) = ET−1

"
u0
³
WT−1R∗T−1,T + LT

´Ã
R∗T−1,T +WT−1

∂R∗T−1,T
∂(WT−2RT−2,T−1)

!#
.

However, given an optimal policy at time T − 1, it is not possible to raise the expected
utility by marginally changing the return function. It follows that

ET−1

"
u0
³
WT−1R∗T−1,T + LT

´
WT−1

∂R∗T−1,T
∂(WT−2RT−2,T−1)

#
= 0

and
J 0 (WT−2RT−2,T−1) = ET−1

h
u0
³
WT−1R∗T−1,T +LT

´
R∗T−1,T

i
. (10)

We can now state the I.O.C. condition for date t. In general we have the condition:

Et
£
J 0 (WtRt,t+1) | φt,t+1

¤
=

λt
Wt

φt,t+1, t = 0, ..., T − 2 (11)

where
J 0 (Wt−1Rt−1,t) = J 0(Wt) = Et

h
J 0
³
WtR

∗
t,t+1

´i
, t = 0, ..., T − 2 (12)

The condition in equation (11) has to be satisfied for each t in the dynamic programming
implementation of the model. Note that the solution for the I.O.C. in this case where the
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personal savings of the investor constitute a background risk, is a straightforward generali-
sation of the dynamic programming solution in the absence of a background risk. If personal
savings are certain, the analysis is the same, but the I.O.C in (11) involves no expectation
over the personal-savings states.

3.2 Properties of Optimal Portfolios

In this section we derive some of the properties of optimal portfolio strategies in the presence
of personal-savings risk. In the absence of personal savings, the investor chooses a strategy
which is governed by his preferences and by the evolution of investment opportunities in
the capital market. It is well known, from the work of Merton and others, that the investor
follows a stationary investment policy, if the returns on securities follow a stationary random
walk and if the investor has constant relative risk averse preferences. Under a stationary
investment policy, the investor rebalances his portfolio at each date so as to invest a fixed
proportion of wealth into a given security. In a simplified setting, where the investor can
only choose between a risk-free asset and a single risky asset, he always invests a constant
proportion of wealth in the risky asset. In this case the CPRA investor maintains a constant
stock-bond proportion as his wealth changes over time.

Now assume that the investor, in addition to his tradable wealth, has personal savings to
be realised at T which are known with certainty at t = 0. As pointed out by Vicera (2001)
and discussed extensively in Campbell and Vicera (2001), the personal savings (human
wealth) are a perfect substitute for the payoffs on risk-free bonds. Hence, the investor with
personal savings reacts by raising his proportionate investment in stocks. The effect of
non-stochastic personal savings can also be analysed by changing the power utility function
u(WT ) = (1−r)−1W 1−r

T to the HARA function u(WT ) = (1−r)−1(WT+LT )1−r. From Kim
and Omberg (1996) it is well known that this changes the investor’s relative risk aversion
from a constant level r to r/(1 + LT /WT ). Hence if savings are positive, then relative risk
aversion is reduced and is increasing in tradable wealth. We summarise this in the following
lemma:

Lemma 1 Given an investor has a utility for terminal date consumption of the constant
relative risk aversion class, the effect of positive (negative) non-stochastic personal savings
is to make the investor behave towards investible wealth like an agent who has HARA utility,
no personal savings, and lower (higher) and increasing (decreasing) relative risk aversion.

Hence, when the investor chooses between a risk-free and a single risky asset, the effect of
positive, non-stochastic personal savings is to increase the stock proportion. However, this
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effect declines if tradable wealth increases over time. Higher tradable wealth induces the
investor to lower the stock proportion.

Now we consider the effect of personal-savings uncertainty. FromKimball (1993), an investor
facing a non-hedgable background risk, becomes more risk averse towards a tradable risk if
he is standard risk averse.4 Since the constant relative risk averse utility function is standard
risk averse, it follows that the investor faced with personal savings that are uncertain will
take less tradable risk than would be the case if the savings were certain. Furthermore,
in a single period setting, Franke, Stapleton and Subrahmanyam (1998)(FSS) have shown
that a HARA investor chooses an optimal payoff function WT which is not only less sloped
(reflecting increased risk aversion), but also more convex in the presence of a zero-mean,
independent non-hedgable background risk. The investor buys portfolio insurance.

These results from the one-period analysis of the effects of background risk will also be valid
in our multiperiod setting if the personal-savings uncertainty is resolved only at the terminal
date T . If utility is for terminal date consumption, and if no uncertainty regarding personal
savings is resolved before T , then the investor is faced with what is, in effect, a single period
problem. Given a complete market for the tradable claims, the investor can buy at date 0
an optimal portfolio of claims on WT and never revise this portfolio. Hence, resolution of
personal-savings uncertainty only at date T , makes the optimal portfolio strategy collapse
into a one-period optimisation problem. Here the results of Kimball (1993) and FSS apply
and we have:

Proposition 1 If personal savings are uncertain and independent of the risky asset return,
and if there is no resolution of the uncertainty of the personal savings before date T , then
HARA utility with r > 0 implies that the investor will choose a more conservative strategy
(i.e. he will buy more bonds) and also a more convex payoff function than in the case where
the savings are non-stochastic and have the same expected value at date 0.

The intuition behind Proposition 1 is as follows. Since the investor has to bear tradable
risk and personal-savings risk he reduces his tradable risk in the presence of personal-
savings risk. This ’first-order effect’ leads to a more conservative strategy. However, there
is also the ’second-order effect’ of increased convexity of the payoff function. This leads
to a demand for options (portfolio insurance) or equivalently, a dynamic portfolio strategy
involving changing ratios of stocks to bonds. The reason for this is straightforward. The
investor wishes to avoid the possibility of both the personal-savings risk and the tradable

4Necessary and sufficient conditions for standard risk aversion are declining absolute risk aversion and
declining prudence.
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risk resulting in low outcomes. Since he cannot hedge the personal-savings risk, he responds
by choosing relatively more claims in the low tradable return states. 5

In the general case, the uncertainty regarding the size of personal savings will be resolved
over the time from 0 to T . In this case, as noted above, it is not possible to choose an optimal
portfolio strategy at time 0, without the possibility of future revisions to the strategy. Such
revisions will depend on the resolution of the personal-savings uncertainty. The optimal
portfolio choice at date t depends upon the expected personal savings and the risk of the
savings, as of this date. This raises the question as to whether the results regarding risk
taking and convexity hold in this more general setting. It turns out that that this is the
case. In the appendix we show:

Proposition 2 Assume that personal savings are uncertain and independent of the risky
asset return, and that the risky asset return is identically and independently distributed
over time. Then if some uncertainty about the level of savings is resolved at date T , then
an investor with HARA utility with r > 0 chooses a more conservative strategy (i.e. he will
buy more bonds) and also a more convex payoff function in each period than in the case
where the savings are non-stochastic and have the same expected value at date 0.

Proposition 2 is one of the main results of our analysis and will be illustrated in the dynamic
programming simulations described below. The intuition behind the proposition is similar
to that behind Proposition 1. In a dynamic setting, the impact of non-hedgable personal-
savings risk is not only to induce a more conservative and more convex payoff function
in the final period, but also to do so in each of the preceding periods. This is not really
surprising. The investor buys more bonds and takes out portfolio insurance from day one.
Suppose, alternatively, that the investor chooses to delay buying portfolio insurance until
the last period. Then if the market portfolio return has been low in the previous periods,
he would be faced with prohibitively high costs of insurance. In effect the investor needs
to protect against changes in expectations of personal savings over time and does so by
choosing more bonds and convex payoff functions in each period.6

5The results regarding the impact of background risk, in the one-period case, stem from the fact that
the precautionary premium (Kimball (1993)) is convex. It should be noted, however, that an increase in
background risk, starting at a positive level, reduces tradable risk taking but does not necessarily increase
the convexity of the payoff function. If personal-savings risk is very high, for example, the investor might
have to invest 100% of his tradable wealth in bonds, in order to avoid very low consumption in the bad
states. Such a portfolio has a payoff function with a zero slope and with zero convexity. Hence it is possible
that an increase (from a moderate level to a high level) in savings uncertainty might reduce convexity.

6A further issue is the effect of the speed of personal-savings uncertainty resolution over time on the
optimal portfolio policy in the earlier periods. This is a complex issue and will be analysed using numerical
simulations.
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Finally, we consider the time horizon effects on the stock-bond portfolio mix, in the presence
of personal-savings uncertainty. Basically, there are two opposing time horizon effects on
risk taking. First, whenever the risky asset return was high (low) in the preceding periods,
the relative importance of personal savings and the risk of the savings is low (high). In
the limit, when the tradable wealth is extremely high, then the investor behaves like an
investor without savings. On average, tradable wealth tends to rise over time. However,
this is not true of expected personal savings, since the savings process is an information
process, without drift. It follows that on average the ratio of tradable wealth to expected
personal savings increases over time. This tends to reduce risk taking, since by Lemma 1,
the investor is, in effect, increasing relative risk averse. However, there is another effect
of the time horizon. If uncertainty about the size of personal savings is gradually resolved
over time, then there is a reduction in the aversion to tradable risk. As time goes by, the
investor is inclined therefore to increase tradable risk taking. We summarise these results
in the following:

Proposition 3 1. As time goes by, an increase in tradable wealth induces the investor
to take less tradable risk, since the investor is increasingly relative risk averse.

2. As time goes by, the resolution of the uncertainty of personal savings induces the
investor to take more tradable risk, since the investor is standard risk averse.

3. Hence, the net effect of time passage depends upon the increase in the tradable wealth
and the resolution of personal-savings uncertainty.

4 The Numerical Solution Methodology

As noted by Vicera (2001) and Campbell and Vicera (2001), there are no analytical solu-
tions for this type of model. To derive optimal portfolio strategies, we implement the model
using numerical analysis. In this section, we describe the methodology used in our numerical
simulations. We derive optimal portfolio strategies over an n-period horizon, using a bino-
mial tree approximation. The market portfolio and the investor’s expected personal savings
are assumed to follow, possibly correlated, lognormal diffusion processes. The bivariate
process for the market portfolio and the expected personal savings is then approximated by
a bivariate-binomial process which recombines in two dimensions, as stated in Lemma 2 in
the appendix. This uses the technique derived in Peterson and Stapleton (2001), using the
method originally suggested by Ho, Stapleton and Subrahmanyam (1995). We assume that
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the logarithm of the market portfolio value follows a possibly mean-reverting process:

dxt = µ(x, t)dt+ σ(t)dz1,t,

and that the logarithm of the individual’s expected personal savings follows the process:

dyt = µ(y, t)dt+ σ(t)dz2,t,

where µ(y, t) = 0 so that the expected personal-savings process has a zero drift, and ρ(x, y)
is the instantaneous correlation of the two processes.

Having built a tree of states for the two variables: the market portfolio return and the
personal-savings expectation, we then solve for optimal portfolios using stochastic dynamic
programming. This method relies on solving for the first order conditions described above.
Initially, we assume that the investor has unrestricted borrowing possibilities. Hence, he
can borrow against his expected personal savings and invest an amount greater than his
tradable wealth in the risky asset. Later, we show the effect of various borrowing restrictions
(see Table 9), where the I.O.C. cannot always be satisfied.

5 A Simulation of Optimal-Investment Strategies

5.1 Assumptions

In this section we present some findings on the optimal portfolio strategies that result from
solving the first order conditions derived above. Initially, we assume for simplicity we assume
that the investor has a five-year horizon. We make the following additional assumptions:

1. The market portfolio value and the conditional expectation of the investor’s personal
savings follow (possibly correlated) lognormal processes.

2. The risk-free rate is given and non-stochastic.

3. The market return is i.i.d.

4. There are no borrowing restrictions. The investor can borrow or lend at the risk-free
rate of interest.7

7However, note that even without any borrowing constraints, it is never optimal for the investor to take
a risk of a personal default, since u0(WT + LT )→∞ for WT +LT → 0.
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We solve the dynamic programming problem using a standard grid approach. First, given
a grid of possible values of WT−1, we solve for the optimal allocation WT . Then we solve
the first order condition for the optimal WT−1, given WT−2, and so on. Given the optimal
contingent claim allocation vectors, Wt, we figure out the bond-portfolio proportions con-
sistent with these allocations. Here we assume that all bonds are single-period, zero-coupon
bonds.

The following results show solutions to the five-year optimisation problem, where T = 5.
We assume the following parameter values in all the reported numerical results:

1. The time period is of length one year. The market return is i.i.d. with an expectation
of 11% per year and a volatility of 20%.

2. The one-period risk-free rate is given and non-stochastic. The zero-coupon bond has
a price of 0.95 at the beginning of each period.

3. The initial expected value and annual volatility of the personal savings vary across
different simulations and are shown as E0(LT ) and σL in the following tables. Unless
specified, σL is constant over time indicaing equal resolution of uncertainty about
personal savings over time.

4. Except for Table 4 and Figure 3c, the market return and the personal savings are
assumed to be independent.

5. The coefficient of relative risk aversion r is assumed to be r = 2, except in Figure 4,
where r varies from 2 to 5. Without personal-savings this leads to constant optimal-
bond proportions over time of 36%.

6. Initial investible wealth is W0 = 100 in all cases.

7. Except where expressly stated to the contrary, we assume that the binomial density
used in constructing the binomial process is n = 1. This implies that there is a
one-to-one relationship between the wealth allocation at a given date t and the bond
proportion chosen at t− 1. This assumption is relaxed in Table 8, where results for
cases where n = 4 are reported.

5.2 The Effect of Uncertain Personal Savings on Optimal Asset Alloca-
tion

The results for a series of simulations are presented in Tables 1-6. In these tables we report
the optimal portfolio strategy of the investor in terms of a bond proportion chosen in a
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given state at a point in time. The bond proportion is a proportion of the investible wealth
of the investor. Hence, in Table 1, the investor has a proportion -0.3034 of 100 invested
in bonds, i.e. he borrows 30.34, and a proportion 1.3034 invested in stocks, at time t = 0.
From time t = 1 onwards, the bond proportion depends on two stochastic variables: the
outcome of the market portfolio and the investor’s expected personal savings. At time
t = 4, for example, there are 25 states. Since the binomial trees for the market return
and the expectation of the personal savings recombine, there are 5 market states and for
each of these 5 personal savings states, a total of 52 = 25. In the tables, the first column
displays the state (i, j), where i denotes the number of down moves in the market return
and j denotes the number of down moves in expected personal savings. Focusing for the
moment on the middle state, i = 2, of the market return at date 4, the five possible levels
of expected personal savings yield bond proportions ranging from -1.0599 to -0.556. The
higher is the personal savings expectation, the higher naturally is the amount of leverage
chosen by the investor. Looking across the various market return states by focusing on the
middle personal savings state, j = 2, we see that the bond proportion varies from 0.0239 in
the top market state to -1.8201 in the bottom market state. This illustrates the increasing
proportional risk aversion effect of personal savings [Lemma 1]. In the bottom states the
investor borrows aggressively because the relative level of the expected personal savings is
larger in these states.

The portfolio strategy changes over time due first, to the resolution of the uncertainty of
the personal savings and second, due to the increase in wealth that occurs as the market
return drifts upward. The effect of the uncertainty resolution is to increase the investment
in stocks, while the wealth effect reduces the stock investment. In this case the net effect
is an increase in the stock investment. Comparing the central nodes: where i = j, we can
observe an increase in leverage from a bond proportion of -0.3034 at t = 0 to -0.3321 at
t = 2 and to -0.3636 at t = 4.

The portfolio strategies which result from the model contrast with those reported by Vicera
(2001), who found that an investor with risky personal savings and CRRA utility pursued a
constant, Merton-like, portfolio strategy over time. The reason for our contrasting results is
due to the different assumptions made about the personal-savings process. In Vicera (2001),
the investor receives labor income in each period and consumes a constant proportion of the
income. In Vicera’s analysis, the labor income process follows a geometric random walk. As
a result, if labor income increases in a particular period, so does the expectation of future
labor income. This implies that the investible wealth and expected labor income rise in
proportion in that model. In our model a change in the expectation of personal savings
changes the ratio of expected personal savings to investible wealth. As can be seen from the
table, this has a radical effect on the investment proportions. Secondly, Vicera’s log-linear
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approximation obscures the effect of personal savings uncertainty on the convexity of the
demand for contingent claims [our Proposition 1 effect]. This effect is present in the Table
1 results, but is hard to see. We will illustrate the effect more clearly in later results, shown
in Figure 3 below.

5.3 The Effect of the Relative Size of Personal Savings

For constant relative risk averse investors, the optimal bond proportion depends on the
ratio of expected personal savings to investible wealth, not on the absolute levels of these
variables. The effect of the relative size of the risky personal savings is illustrated in Figures
2a-2c. Figure 2a plots the stock proportions, in the middle personal savings node, or the
average of the two nodes nearest to the middle node. It shows how the stock proportions
vary over the different market return states. Figure 2a shows the case where the initial
ratio of personal savings to wealth is relatively high, with E0(LT )/W0) = 2. This could be
the position of a young person with modest investible wealth and large uncertain personal-
savings prospects. In Figure 2b, we show the case where E0(LT )/W0) = 1. This illustrates
the position of a middle-aged person, saving for retirement, who has substantial investible
wealth, but who also has future uncertain personal-savings. In Figure 2c, we show the
case of a retired investor who has substantial investible wealth, but no future uncertain
personal savings. As would be expected, the young person with considerable future income
prospects follows the most aggressive portfolio strategy, whereas the retired investor follows
the Merton, constant stock proportion strategy. Note that the full portfolio strategy, across
personal savings and market return states, for the middle aged person is shown in Table 2.

5.4 Comparative Statics: The Effect of Uncertainty and Correlation

In Figure 3a-3c, we compare the case of medium size, risky personal savings with two further
cases, first, where the personal savings has the same size, but no risk and second, where the
personal savings has the same risk, but is positively correlated with the market return. In
Figure 3a, we show again the stock proportions in the base case, where E0(LT )/W0) = 1,
the volatility of personal savings expectations: σ = 0.25, the coefficient of relative risk
aversion: r = 2, and the correlation of the personal savings information process and the
market return: ρ = 0. We then assume, in Figure 3b, that the personal savings process has
no risk, i.e. that E0(LT ) = 100 for certain. The bond proportions in this case are shown
in Table 3, and the stock proportions are plotted in Figure 3b. Table 3 illustrates the
increasing proportional risk aversion effect of Lemma 1. In the lowest market state at t = 4,
the investor chooses the highest leverage (the lowest bond proportion). Comparing Figures
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3a and 3b, the investor chooses a wider range (across market states) of bond proportions
when personal savings is certain. Also, the uncertainty of the personal savings has a much
greater effect in the low market return states (those with the highest stock proportions
in the Figures) than in the high market return states. Note that the risk of the personal
savings has very little effect in the top market return states, but has a radical effect in the
low return states.

Figure 3c illustrates the effect of correlation on the portfolio strategy. If the personal savings
of the investor is correlated with the market return, the investor can hedge a proportion of
the risk by adjusting the investment in stocks and bonds. Even a modest level of correlation
(ρ = 0.2 in this example) has a significant impact on the optimal allocation. Comparing
Figures 3a and 3c, the investor chooses stock proportions with far less variance over the
market states. The optimal strategy, shown by the bond proportions in Table 4, is more
conservative in general (higher bond proportions) as well as having less variance across both
market return and across personal savings states.

5.5 Comparative Statics: The Effect of Risk Aversion

Now we examine the effect of risk aversion on the investor’s response to uncertain personal
savings. Throughout, we assume that E0(LT )/W0 = 2, σ = 0.25, the coefficient of relative
risk aversion: r = 2, and ρ = 0. We then show, in Figures 4a-4c, the results for an investor
with risk aversion r = 2, r = 3 and r = 5. The circles in each figure show the Merton
policy for the investor with no personal savings. With r = 2, the optimal strategy for such
an investor, is to invest 64% of investible wealth in stocks. When r = 3, this proportion
drops to 25% and when r = 5 to 10%. Correspondingly, the stock proportions in the case of
uncertain personal savings are also lower in the cases of higher risk aversion. Also, Figures
4b and 4c show that the optimal strategies are less variable across market return states,
than in Figure 4a. Fundamentally, the optimal policy of the highly risk averse investor
varies little due to the overwelming dominance of bonds in the strategy.

5.6 The Effect of the Rate of Uncertainty Resolution

The impact of the resolution of the uncertainty of personal-savings on portfolio choice is
analysed in the two-period examples, summarised in Table 7. α, the proportion of uncer-
tainty resolved over the first period, ranges from 25% to 75%. We show results for four
levels of risk aversion, with r = 20 included to show effects in the limiting case. In the
second period, the results are unambiguous. The more uncertainty has been resolved in
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the first period, the more tradable risk the investor takes in the second period. In the first
period, the results are not so clearcut. For r = 20 early resolution of uncertainty (α = 0.75)
leads to a lower bond proportion in the first period. This is also the case when risk aversion
is at levels r = 5 and r = 10. However, at risk aversion level r = 2, the results are somewhat
ambiguous. In the first period, the investor faced with later resolution of uncertainty does
not always take less risk. The conditions for earlier resolution of uncertainty to increase or
decrease risk taking in the first period are complex. It appears that in general it could go
either way.

5.7 Convexity of State-Contingent Claims Demand.

We now assume a binomial density, n > 1, and investigate the convexity effect of personal-
savings uncertainty. In Table 8, wealth allocations are reported for t = 1 and t = 2, for
a binomial density: n = 4. There are five states of the market portfolio at time t = 1,
indexed by the number of down moves of the binomial process, i = 0, 1, 2, 3, 4. Similarly,
there are five states at t = 2 conditional on each state at t = 1. Similarly, there are five
personal-savings states in period 1 and, for each of these, there are five personal-saving
states at time t = 2. In the table, the t = 2 allocations are in the central node for the
personal savings, i.e. in the state where expectations of personal savings are unchanged.
Since there are five possible states after one period, we report the wealth allocation on a
state-by-state basis. This cannot be summarised by a bond proportion at time t = 0, since
the payoff function is no longer linear in this case. The top half of the table shows the
optimal wealth allocatons, in the absence of personal-savings uncertainty, at time t = 1
and then at time t = 2, conditional on states 0,1,2,3,4 at t = 1. The bottom half of the
table shows the allocations when personal-saving uncertainty is introduced. Comparing the
allocations for t = 1, the investor reacts to personal-savings uncertainty by purchasing more
claims on the lowest market state (71 v 62), financing the purchase by reducing claims on
the highest market atate (158 v 170). A similar effect is shown by the allocations in period
2. The convexity effect is more difficult to see. However, note that the relative change in
thecontingent claims demand is far smaller, in the case of personal-savings risk, in the low
market return states. In the high market return states it is approximately the same in the
case of uncertain and certain personal-savings risk.

5.8 Long-Term Portfolio Strategy When Borrowing is Constrained

The simulations described so far assume that borrowing is unconstrained. The solution
method gaurantees that the first order conditions for a maximum hold at each time and
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in each state. It could be argued that some of the results are unrealistic, requiring high
personal leverage in those states where the tradable wealth is low and where expected
personal savings are high. Naturally, in these states, the investor has an incentive to borrow
heavily against his future savings. The results indicate an optimal strategy that might be
difficult or impossible to put into effect. In this section we investigate the effect of a simple
borrowing constraint. We assume simply that the investor can only borrow up to a given
proportion of his tradable wealth. The effects of the constraint are illustrated in Table 9.
Table 1 shows the unconstrained borrowing solution for the base case. Tables 9a, 9b, and
9c then show the effects of borrowing constraints of 100%, 50%, and 0% of investible wealth
respectively.

Since the personal leverage in the unconstrained optimisation exceeds 50% in a number
of states, the constrained optimisation in Table 9b shows that the constraint is effective
in many states, with the investor using leverage of 50%. Note also, that in the optimal
constrained solution, the investor uses less leverage in the earlier periods when the constraint
is not binding. This is because he knows that he will be following a more conservative
strategy in the later periods and will require less claims in the extreme states. In Table 9d
these results are confirmed for the case of a 100% borrowing constraint. Finally, in Table
9c, where the investor cannot borrow at all, the optimal strategy is a 100% investment in
stocks in most states.

5.9 Long-Term Portfolio Strategy: Lifetime Effects

Table 10 shows the results of a simulation over ten periods. This shows a little more clearly
how portfolio strategy changes over the lifetime of an investor as the horizon date, on
which he can access his personal savings, approaches. In this example, where the risk of
personal savings is moderately risky, the investor with ten years to retirement invests 11%
of tradable wealth in bonds and 89% in stocks. As time goes by, the strategy changes both
with realisations of the market return and with changes in the expectations of personal
savings. However in the middle states, where personal-savings expectations are unchanged
and the market return is neither extremely large or small, the bond proportion remains at
approximately 11%. This illustrates the Proposition 3 conclusion that there are offsetting
effects of the positive drift of the market portfolio and the reduction in the risk of personal
savings.
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6 Conclusions

We have studied a model, where an investor has utility for terminal consumption, and where
the extent of personal savings out of labor income or from bequests and other sources, is
revealed over a time period up to the terminal date. The model is relevant for the common
case where an investor saves and invests for a pension.

We have shown that the optimal portfolio strategies of investors can be affected quite
dramatically by personal-savings risk. The key variable affecting strategy is the ratio of
investible wealth to expected personal savings. This ratio changes over time as the market
return unfolds and as information is revealed about the size of personal savings.

The existence of non-stochastic personal savings causes the derived utility function to be less
risk averse and to exhibit increasing relative risk aversion. The investor borrows against
future income, substituting personal savings for bond income. However, when personal
savings are risky and correlated with the market portfolio, the effect on portfolio policy is
to make investors more risk averse and to demand portfolio insurance. The conclusions,
already well known from a single period analysis of the response to non-hedgable background
risk, apply in a multiperiod world where portfolios are adjusted dynamically over time.

In a multiperiod model, the resolution of the uncertainty of personal savings is also relevant.
The more is uncertainty resolved early, the more agressive is the portfolio policy, especially
in later periods. However, this is not necessarily the case in the earlier periods.

The analysis illustrates the importance of non-hedgeable background risk on financial de-
cision making. Conclusions based on models with risk-free personal savings need to be
modified and may be reversed, when savings are risky. Also, optimal strategies are complex
and state dependent.

We have assumed that future risk-free rates of interest are non-stochastic. Also, we have not
considered models where the market stock returns are mean reverting. Also, the assumption
of constant relative risk aversion could be relaxed. Finally, the model could be extended to
allow for intertemporal consumption choice. These and other extensions must await further
research.
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Table 1: Bond Proportions: Equal Resolution of Uncertainty
Large, Positive, Risky Personal Savings

state Bonds t = 0 Bonds t = 1 Bonds t = 2 Bonds t = 3 Bonds t = 4
0, 0 -0.3034 -0.3108 -0.3184 -0.3351 -0.3433
0, 1 -0.0906 -0.1047 -0.1221 -0.1391
0, 2 0.0456 0.0394 0.0239
0, 3 0.1507 0.1396
0, 4 0.2161
1, 0 -0.6748 -0.6310 -0.6278 -0.6063
1, 1 -0.3231 -0.3321 -0.3429 -0.3514
1, 2 -0.0963 -0.1110 -0.1278
1, 3 -0.0550 0.0400
1, 4 0.1542
2, 0 -1.4838 -1.2191 -1.0599
2, 1 -0.7302 -0.6939 -0.6606
2, 2 -0.3485 -0.3565 -0.3636
2, 3 -0.1007 -0.1184
2, 4 -0.0556
3, 0 -3.6265 -2.2615
3, 1 -1.6179 -1.3172
3, 2 -0.8010 -0.7457
3, 3 -0.3794 -0.3847
3, 4 -0.1098
4, 0 -18.7492
4, 1 -4.2206
4, 2 -1.8201
4, 3 -0.8849
4, 4 -0.4182

1. The market return is i.i.d. with expected value of 11% and volatility of 20%. The one-period
risk-free rate is (1/0.95)-1 and non-stochastic.

2. The date 0-expected value of the personal savings is E0(LT ) = 200 with volatility σL = 0.25.
Initial investible wealth is W0 = 100.

3. The coefficient of relative risk aversion is r = 2.

4. Column 1 shows the state i, j, where i is the number of down-moves in the market return
process and j is the number of down-moves in the personal savings process.

5. Columns 2-6 show the proportion of wealth invested in bonds in the various states.
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Table 2: Bond Proportions: Equal Resolution of Uncertainty
Medium Size, Positive, Risky Personal Savings

state Bonds t = 0 Bonds t = 1 Bonds t = 2 Bonds t = 3 Bonds t = 4
0, 0 -0.0252 -0.0392 -0.0556 -0.0754 -0.0932
0, 1 0.0906 0.0781 0.0639 0.0487
0, 2 0.1684 0.1631 0.1524
0, 3 0.2293 0.2224
0, 4 0.2673
1, 0 -0.1975 -0.208 -0.2306 -0.2453
1, 1 -0.0121 -0.0289 -0.0464 -0.0641
1, 2 0.1019 0.0898 0.0756
1, 3 0.1827 0.1731
1, 4 0.2369
2, 0 -0.5135 -0.497 -0.4905
2, 1 -0.1864 -0.2035 -0.2192
2, 2 0.0007 -0.0161 -0.0333
2, 3 0.1154 0.1023
2, 4 0.1929
3, 0 -1.1195 -0.9876
3, 1 -0.4983 -0.4915
3, 2 -0.1735 -0.1901
3, 3 0.0152 -0.0014
3, 4 0.1284
4, 0 -2.6539
4, 1 -1.1313
4, 2 -0.4884
4, 3 -0.1572
4, 4 0.0314

1. The market return is i.i.d. with expected value of 11% and volatility of 20%. The one-period
risk-free rate is (1/0.95)-1 and non-stochastic.

2. The date 0-expected value of the personal savings is E0(LT ) = 100 with volatility σL = 0.25.
Initial investible wealth is W0 = 100.

3. The coefficient of relative risk aversion is r = 2.

4. Column 1 shows the state i, j, where i is the number of down-moves in the market return
process and j is the number of down-moves in the personal savings process.

5. Columns 2-6 show the proportion of wealth invested in bonds in the various states.
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Table 3: Bond Proportions: Equal Resolution of Uncertainty
Medium Size, Risk-Free Personal Savings

state Bonds t = 0 Bonds t = 1 Bonds t = 2 Bonds t = 3 Bonds t = 4
0,0 -0.1761 -0.0529 0.0319 0.094 0.1409
0,1 -0.053 0.0314 0.094 0.1409
0,2 0.0314 0.0945 0.1409
0,3 0.094 0.141
0,4 0.141
1, 0 -0.2866 -0.1289 -0.022 0.0543
1, 1 -0.2867 -0.1304 -0.022 0.0543
1, 2 -0.1293 -0.0168 -0.0543
1, 3 -0.022 -0.0544
1, 4 0.0544
2, 0 -0.4406 -0.2269 -0.089
2, 1 -0.4393 -0.2265 -0.089
2, 2 -0.4405 -0.2265 -0.089
2, 3 -0.2242 -0.089
2, 4 -0.089
3, 0 -0.662 -0.3576
3, 1 -0.6627 -0.3579
3, 2 -0.6756 -0.3579
3, 3 -0.6628 -0.3579
3, 4 -0.3579
4, 0 -1.0054
4, 1 -1.0047
4, 2 -1.0047
4, 3 -1.0047
4, 4 -1.0047

1. The market return is i.i.d. with expected value of 11% and volatility of 20%. The one-period
risk-free rate is (1/0.95)-1 and non-stochastic.

2. The date 0-expected value of the personal savings is E0(LT ) = 100 with volatility σL = 0.
Initial investible wealth is W0 = 100.

3. The coefficient of relative risk aversion is r = 2.

4. Column 1 shows the state i, j, where i is the number of down-moves in the market return
process and j is the number of down-moves in the personal savings process.

5. Columns 2-6 show the proportion of wealth invested in bonds in the various states.
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Table 4: Bond Proportions: Equal Resolution of Uncertainty
Medium Size, Correlated Risky Personal Savings

state Bonds t = 0 Bonds t = 1 Bonds t = 2 Bonds t = 3 Bonds t = 4
0, 0 0.1161 0.1022 0.0839 0.0636 0.0419
0, 1 0.1833 0.1715 0.1581 0.1431
0, 2 0.2299 0.2228 0.2133
0, 3 0.2656 0.2597
0, 4 0.2895
1, 0 0.0164 -0.0047 -0.0311 -0.0571
1, 1 0.1279 0.1115 0.0933 0.0737
1, 2 0.1919 0.1804 0.1673
1, 3 0.2385 0.2303
1, 4 0.2711
2, 0 -0.1553 -0.1805 -0.2078
2, 1 0.0276 0.0049 -0.0199
2, 2 0.1382 0.1222 0.1039
2, 3 0.2013 0.1895
2, 4 0.2455
3, 0 -0.4652 -0.4749
3, 0 -0.1414 -0.1694
3, 0 0.0403 0.0177
3, 0 0.1492 0.1338
3, 0 0.2106
4, 0 -1.1064
4, 1 -0.4547
4, 2 -0.1269
4, 3 0.0542
4, 4 0.1609

1. The market return is i.i.d. with expected value of 11% and volatility of 20%. The one-period
risk-free rate is (1/0.95)-1 and non-stochastic.

2. The date 0-expected value of the personal savings is E0(LT ) = 100 with volatility σL = 0.25.
Initial investible wealth isW0 = 100. The correlation between the market return and personal
savings processes is ρ = 0.2.

3. The coefficient of relative risk aversion is r = 2.

4. Column 1 shows the state i, j, where i is the number of down-moves in the market return
process and j is the number of down-moves in the personal savings process.

5. Columns 2-6 show the proportion of wealth invested in bonds in the various states.
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Table 5: Bond Proportions: Equal Resolution of Uncertainty
Large Risky Personal Savings, Medium Relative Risk Aversion

state Bonds t = 0 Bonds t = 1 Bonds t = 2 Bonds t = 3 Bonds t = 4
0, 0 0.1831 0.1396 0.0892 0.0223 -0.0462
0, 1 0.2792 0.2433 0.1981 0.1458
0, 2 0.3504 0.325 0.2899
0, 3 0.4113 0.3896
0, 4 0.4554
1, 0 0.0069 -0.0489 -0.1294 -0.2034
1, 1 0.1934 0.1463 0.0899 0.0264
1, 2 0.2897 0.2526 0.2071
1, 3 0.3649 0.3358
1, 4 0.4216
2, 0 -0.3282 -0.3851 -0.4507
2, 1 0.0121 -0.0556 -0.1281
2, 2 0.2036 0.1546 0.0973
2, 3 0.3023 0.2638
2, 4 0.3765
3, 0 -0.9907 -0.9557
3, 1 -0.3258 -0.3956
3, 2 0.0178 -0.0512
3, 3 0.2155 0.1652
3, 4 0.3149
4, 0 -2.7184
4, 1 -1.0338
4, 2 -0.3317
4, 3 0.0265
4, 4 0.2288

1. The market return is i.i.d. with expected value of 11% and volatility of 20%. The one-period
risk-free rate is (1/0.95)-1 and non-stochastic.

2. The date 0-expected value of the personal savings is E0(LT ) = 200 with volatility σL = 0.25.
Initial investible wealth is W0 = 100.

3. The coefficient of relative risk aversion is r = 3.

4. Column 1 shows the state i, j, where i is the number of down-moves in the market return
process and j is the number of down-moves in the personal savings process.

5. Columns 2-6 show the proportion of wealth invested in bonds in the various states.
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Table 6: Bond Proportions: Equal Resolution of Uncertainty
Large Risky Personal Savings, High Relative Risk Aversion

state Bonds t = 0 Bonds t = 1 Bonds t = 2 Bonds t = 3 Bonds t = 4
0, 0 0.5515 0.5108 0.4541 0.3805 0.2691
0, 1 0.5838 0.5485 0.4982 0.4296
0, 2 0.6114 0.5818 0.5394
0, 3 0.6374 0.6122
0, 4 0.6596
1, 0 0.4753 0.4119 0.3238 0.1931
1, 1 0.5605 0.5182 0.459 0.3784
1, 2 0.5922 0.5562 0.5056
1, 3 0.6208 0.5906
1, 4 0.646
2, 0 0.3366 0.2322 0.0957
2, 1 0.4825 0.4127 0.3188
2, 2 0.5692 0.5261 0.466
2, 3 0.6015 0.5653
2, 4 0.63
3, 0 0.0881 -0.0736
3, 1 0.3441 0.2323
3, 2 0.4903 0.4191
3, 3 0.5787 0.5353
3, 4 0.6113
4, 0 -0.414
4, 1 0.0841
4, 2 0.3494
4, 3 0.4997
4, 4 0.5891

1. The market return is i.i.d. with expected value of 11% and volatility of 20%. The one-period
risk-free rate is (1/0.95)-1 and non-stochastic.

2. The date 0-expected value of the personal savings is E0(LT ) = 200 with volatility σL = 0.25.
Initial investible wealth is W0 = 100.

3. The coefficient of relative risk aversion is r = 5.

4. Column 1 shows the state i, j, where i is the number of down-moves in the market return
process and j is the number of down-moves in the personal savings process.

5. Columns 2-6 show the proportion of wealth invested in bonds in the various states.
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Table 7: Uncertainty Resolution and Bond Proportions

Period 1 α 0.25 0.5 0.75

r = 2 -0.35 -0.30 -0.36
r = 5 0.61 0.60 0.54
r = 10 0.86 0.84 0.81
r = 20 0.96 0.94 0.92

Period 2 α 0.25 0.50 0.75

r = 2 -0.46 -0.55 -0.75
r = 5 0.51 0.49 0.41
r = 10 0.80 0.77 0.75
r = 20 0.925 0.915 0.90

1. The market return is i.i.d. with expected value of 11% and volatility of 20%. The one-period
risk-free rate is (1/0.95)-1 and non-stochastic.

2. The date 0-expected value of the personal savings is E0(LT ) = 214. Initial investible wealth
is W0 = 100.

3. In year 2, the bond proportions vary over the different states of the market return and the
personal-savings expectation. In the bottom half of the table we report the simple average of
the bond proportions over the various states.

4. The proportion α = 0.25, 0.5, 0.75 of the uncertainty of personal savings is resolved over the
first period.

5. The coefficient of relative risk aversion r is assumed to be 2, 5, 10, or 20. In the zero
personal-savings case, this leads to constant optimal-bond proportions of 36%, 78%, 92%,
97% respectively.

6. Initial investible wealth is W0 = 14.
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Table 8: Wealth Allocations: With and Without Savings Uncertainty

state at t = 1 0 1 2 3 4
σs = 0

W1 170 140 111 85 62
state at t = 2 W2|W1

0 244 201 164 131 102
1 223 183 147 117 90
2 195 159 126 98 74
3 160 127 99 74 52
4 113 86 63 43 25

σs = 0.50
W1 158 133 110 89 71

state at t = 2 W2|W1

0 220 184 152 125 101
1 204 169 140 114 92
2 182 150 123 100 79
3 153 126 102 81 63
4 116 93 74 57 42

1. The market return is i.i.d. with expected value of 11% and volatility of 20%. The one-period
risk-free rate is (1/0.95)-1 and non-stochastic.

2. The date 0-expected value of the personal savings is E0(LT ) = 100 with volatility σL = 0, or
σL = 0.50. Initial investible wealth is W0 = 100.

3. Wealth allocations chosen are for t = 1 and t = 2, for binomial density: n = 4. There are
five states of the market portfolio at time t = 1, indexed by the number of down moves of the
binomial process, i = 0, 1, 2, 3, 4. Similarly, there are five states at t = 2 conditional on each
state at t = 1.

4. The t = 2 allocations are in the central state for the personal savings, i.e. in the state where
expectations of personal savings are unchanged.

5. The coefficient of relative risk aversion is r = 2.
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Table 9a: Bond Proportions: Restricted Borrowing (≤ 100%)
Large, Positive, Risky Personal Savings

state Bonds t = 0 Bonds t = 1 Bonds t = 2 Bonds t = 3 Bonds t = 4
0, 0 -0.2895 -0.3029 -0.3169 -0.3371 -0.3463
0, 1 -0.0903 -0.1054 -0.1233 -0.1409
0, 2 0.0453 0.0386 0.0226
0, 3 0.1502 0.1388
0, 4 0.2156
1, 0 -0.6122 -0.6074 -0.6239 -0.6143
1, 1 -0.3126 -0.3281 -0.3429 -0.3512
1, 2 -0.0959 -0.1108 -0.1285
1, 3 0.0551 0.0396
1, 4 0.1539
2, 0 -1.0000 -1.0000 -1.0000
2, 1 -0.6812 -0.6797 -0.6655
2, 2 -0.3421 -0.3548 -0.3621
2, 3 -0.0996 -0.1173
2, 4 0.0562
3, 0 -1.0000 -1.0000
3, 1 -1.0000 -1.0000
3, 2 -0.7696 -0.7462
3, 3 -0.3760 -0.3816
3, 4 -0.1078
4, 0 -1.0000
4, 1 -1.0000
4, 2 -1.0000
4, 3 -0.8782
4, 4 -0.4141

1. The market return is i.i.d. with expected value of 11% and volatility of 20%. The one-period
risk-free rate is (1/0.95)-1 and non-stochastic.

2. The date 0-expected value of the personal savings is E0(LT ) = 200 with volatility σL = 0.25.
Initial investible wealth is W0 = 100.

3. The coefficient of relative risk aversion is r = 2.

4. Column 1 shows the state i, j, where i is the number of down-moves in the market return
process and j is the number of down-moves in the personal savings process.

5. Columns 2-6 show the proportion of wealth invested in bonds in the various states.
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Table 9b: Bond Proportions: Restricted Borrowing (≤50%)
Large, Positive, Risky Personal Savings

state Bonds t = 0 Bonds t = 1 Bonds t = 2 Bonds t = 3 Bonds t = 4
0, 0 -0.2750 -0.2880 -0.3070 -0.3347 -0.3518
0, 1 -0.0883 -0.1050 -0.1248 -0.1423
0, 2 0.0452 0.0377 0.0217
0, 3 0.1496 0.1382
0, 4 0.2152
1, 0 -0.5000 -0.5000 -0.5000 -0.5000
1, 1 -0.2965 -0.3150 -0.3369 -0.3539
1, 2 -0.0944 -0.1111 -0.1288
1, 3 -0.0549 0.0394
1, 4 0.1538
2, 0 -0.5000 -0.5000 -0.5000
2, 1 -0.5000 -0.5000 -0.5000
2, 2 -0.3255 -0.3447 -0.3616
2, 3 -0.0985 -0.1163
2, 4 -0.0569
3, 0 -0.5000 -0.5000
3, 1 -0.5000 -0.5000
3, 2 -0.5000 -0.5000
3, 3 -0.3608 -0.3774
3, 4 -0.1052
4, 0 -0.5000
4, 1 -0.5000
4, 2 -0.5000
4, 3 -0.5000
4, 4 -0.5000

1. The market return is i.i.d. with expected value of 11% and volatility of 20%. The one-period
risk-free rate is (1/0.95)-1 and non-stochastic.

2. The date 0-expected value of the personal savings is E0(LT ) = 200 with volatility σL = 0.25.
Initial investible wealth is W0 = 100.

3. The coefficient of relative risk aversion is r = 2.

4. Column 1 shows the state i, j, where i is the number of down-moves in the market return
process and j is the number of down-moves in the personal savings process.

5. Columns 2-6 show the proportion of wealth invested in bonds in the various states.
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Table 9c: Bond Proportions: Restricted Borrowing (≤ 0%)
Large, Positive, Risky Personal Savings

state Bonds t = 0 Bonds t = 1 Bonds t = 2 Bonds t = 3 Bonds t = 4
0, 0 0.0000 0.0000 0.0000 0.0000 0.0000
0, 1 0.0000 0.0000 0.0000 0.0000
0, 2 0.0369 0.0193 0.0002
0, 3 0.1364 0.1243
0, 4 0.2066
1, 0 0.0000 0.0000 0.0000 0.0000
1, 1 0.0000 0.0000 0.0000 0.0000
1, 2 0.0000 0.0000 0.0000
1, 3 0.0489 0.0316
1, 4 0.1489
2, 0 0.0000 0.0000 0.0000
2, 1 0.0000 0.0000 0.0000
2, 2 0.0000 0.0000 0.0000
2, 3 0.0000 0.0000
2, 4 0.0624
3, 0 0.0000 0.0000
3, 1 0.0000 0.0000
3, 2 0.0000 0.0000
3, 3 0.0000 0.0000
3, 4 0.0000
4, 0 0.0000
4, 1 0.0000
4, 2 0.0000
4, 3 0.0000
4, 4 0.0000

1. The market return is i.i.d. with expected value of 11% and volatility of 20%. The one-period
risk-free rate is (1/0.95)-1 and non-stochastic.

2. The date 0-expected value of the personal savings is E0(LT ) = 200 with volatility σL = 0.25.
Initial investible wealth is W0 = 100.

3. The coefficient of relative risk aversion is r = 2.

4. Column 1 shows the state i, j, where i is the number of down-moves in the market return
process and j is the number of down-moves in the personal savings process.

5. Columns 2-6 show the proportion of wealth invested in bonds in the various states.
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Table 10: Bond Proportions: Unrestricted Borrowing
Medium, Positive, Risky Personal Savings: Part A (assumptions as in Table 2)

state t = 0 t = 1 t = 2 t = 3 t = 4 t = 5 t = 6 t = 7 t = 8 t = 9

0, 0 0.11 0.10 0.09 0.08 0.06 0.05 0.04 0.02 -0.01 -0.03
0, 1 0.18 0.17 0.16 0.15 0.14 0.12 0.11 0.09 0.08
0, 2 0.22 0.22 0.21 0.20 0.19 0.18 0.17 0.16
0, 3 0.25 0.25 0.24 0.24 0.24 0.23 0.22
0, 4 0.27 0.27 0.27 0.27 0.27 0.27
0, 5 0.29 0.29 0.29 0.30 0.29
0, 6 0.30 0.31 0.31 0.31
0, 7 0.31 0.32 0.32
0, 8 0.33 0.33
0, 9 0.33

1, 0 0.02 0.01 0.00 -0.01 -0.02 -0.04 -0.05 -0.10 -0.12
1, 1 0.13 0.11 0.10 0.09 0.08 0.06 0.05 0.02 0.01
1, 2 0.19 0.18 0.17 0.16 0.15 0.14 0.12 0.11
1, 3 0.23 0.22 0.22 0.21 0.20 0.19 0.18
1, 4 0.26 0.26 0.25 0.25 0.25 0.24
1, 5 0.28 0.28 0.28 0.28 0.28
1, 6 0.29 0.30 0.30 0.30
1, 7 0.31 0.32 0.31
1, 8 0.32 0.32
1, 9 0.33

2, 0 -0.12 -0.13 -0.13 -0.14 -0.15 -0.16 -0.21 -0.22
2, 1 0.04 0.03 0.02 0.00 -0.01 -0.03 -0.06 -0.08
2, 2 0.14 0.13 0.11 0.10 0.09 0.08 0.05 0.04
2, 3 0.20 0.19 0.18 0.17 0.16 0.15 0.13
2, 4 0.24 0.23 0.23 0.22 0.21 0.21
2, 5 0.27 0.26 0.26 0.26 0.25
2, 6 0.29 0.29 0.29 0.29
2, 7 0.30 0.31 0.31
2, 8 0.32 0.32
2, 9 0.33

3, 0 -0.36 -0.34 -0.33 -0.32 -0.32 -0.35 -0.36
3, 1 -0.10 -0.11 -0.11 -0.12 -0.14 -0.17 -0.19
3, 2 0.06 0.04 0.03 0.02 0.00 -0.03 -0.04
3, 3 0.15 0.14 0.13 0.11 0.10 0.09 0.07
3, 4 0.21 0.20 0.19 0.18 0.17 0.16
3, 5 0.25 0.24 0.24 0.23 0.22
3, 6 0.27 0.27 0.27 0.27
3, 7 0.29 0.30 0.29
3, 8 0.31 0.31
3, 9 0.32

4, 0 -0.76 -0.68 -0.62 -0.56 -0.57 -0.55
4, 1 -0.32 -0.31 -0.31 -0.30 -0.33 -0.34
4, 2 -0.07 -0.08 -0.09 -0.11 -0.14 -0.15
4, 3 0.07 0.06 0.05 0.03 0.01 -0.01
4, 4 0.16 0.15 0.14 0.13 0.12 0.10
4, 5 0.22 0.21 0.20 0.19 0.18
4, 6 0.25 0.25 0.25 0.24
4, 7 0.28 0.28 0.28
4, 8 0.30 0.30
4, 9 0.32
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Table 10: Bond Proportions: Unrestricted Borrowing
Medium, Positive, Risky Personal Savings: Part B (assumptions as in Table 2)

state t = 0 t = 1 t = 2 t = 3 t = 4 t = 5 t = 6 t = 7 t = 8 t = 9

5, 0 -1.48 -1.25 -1.06 -0.93 -0.84
5, 1 -0.71 -0.65 -0.59 -0.56 -0.55
5, 2 -0.29 -0.28 -0.28 -0.29 -0.31
5, 3 -0.05 -0.06 -0.07 -0.10 -0.11
5, 4 0.09 0.08 0.06 0.05 0.03
5, 5 0.18 0.17 0.16 0.14 0.13
5, 6 0.23 0.22 0.21 0.21
5, 7 0.26 0.26 0.26
5, 8 0.29 0.29
5, 9 0.31

6, 0 -2.71 -2.33 -1.83 -1.45
6, 1 -1.45 -1.21 -1.01 -0.91
6, 2 -0.66 -0.60 -0.56 -0.55
6, 3 -0.25 -0.25 -0.26 -0.27
6, 4 -0.02 -0.04 -0.06 -0.07
6, 5 0.11 0.10 0.08 0.07
6, 6 0.19 0.18 0.17 0.16
6, 7 0.24 0.23 0.23
6, 8 0.27 0.27
6, 9 0.30

7, 0 -3.59 -4.06 -4.80
7, 1 -2.93 -2.32 -1.71
7, 2 -1.38 -1.12 -0.99
7, 3 -0.59 -0.55 -0.54
7, 4 -0.21 -0.22 -0.23
7, 5 0.00 -0.01 -0.03
7, 6 0.13 0.11 0.10
7, 7 0.20 0.20 0.19
7, 8 0.25 0.24
7, 9 0.28

8, 0 -1.41 -30.00
8, 1 -3.49 -8.51
8, 2 -3.23 -2.12
8, 3 -1.26 -1.09
8, 4 -0.53 -0.52
8, 5 -0.17 -0.19
8, 6 0.03 0.01
8, 7 0.15 0.13
8, 8 0.22 0.21
8, 9 0.26

9, 0 -30.00
9, 1 -30.00
9, 2 -14.23
9, 3 -3.06
9, 4 -1.19
9, 5 -0.48
9, 6 -0.14
9, 7 0.05
9, 8 0.17
9, 9 0.23
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Figure 1
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The Tree of Traded and Personal-Savings States

In Figure 1, the black nodes represent different states of the personal-savings process. The traded
states, i.e. the states of the market return, are shown by the clear nodes. At each date, the investor
buys claims contingent on a traded state at the following date. In general, the two stochastic
processes may be correlated, and the market return process can be mean reverting.
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Figure 2a: Optimal Portfolio Strategy
Large, Risky Personal Savings
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Notes:

1. The data are the same as in Table 1.
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Figure 2b: Optimal Portfolio Strategy
Medium Size, Risky Personal Savings
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Notes:

1. The data are the same as in Table 2.
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Figure 2c: Optimal Portfolio Strategy
No Personal Savings

0 1 2 3 4

1.0

2.0

3.0

ooooo

Time

Stocks (propn)

Notes:

1. The data are the same as in Table 1, except that E0(LT ) = 0.
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Figure 3a: Optimal Portfolio Strategy
Medium Size, Risky Personal Savings
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Notes:

1. The data are the same as in Table 2.
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Figure 3b: Optimal Portfolio Strategy
Risk-free Personal Savings
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Notes:

1. The data are the same as in Table 3.
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Figure 3c: Optimal Portfolio Strategy
Correlated Risky Personal Savings
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Notes:

1. The data are the same as in Table 4.
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Figure 4a: Optimal Portfolio Strategy
Low Relative Risk Aversion, Large Risky Personal Savings
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Notes:

1. The data are the same as in Table 1.
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Figure 4b: Optimal Portfolio Strategy
Medium Relative Risk Aversion, Large Risky Personal

Savings
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Notes:

1. The data are the same as in Table 5.
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Figure 4c: Optimal Portfolio Strategy
High Relative Risk Aversion, Large Risky Personal Savings
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1. The data are the same as in Table 6.
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8 Appendix

8.1 The Effect of Early Uncertainty Resolution: Proof of Proposition 2

We have to prove that, given a tradable state at date t, the optimal portfolio return Rt,t+1(φt,t+1)
is less sloped and more convex everywhere if Lt = Et(LT ) is given and is random instead of non-
random.
The investor uses dynamic programming to maximize Et[u(WT+LT )] subject to a budget constraint
in each tradable state. At date t his tradable wealth is Wt. This amount is spent on the purchase
of date-(t + 1)-claims. At date (t + 1) the investor invests the amount Wt+1 in date-(t + 2)-claims
and so on. The same optimal allocation is obtained if the investor maximizes Et[u(WT +LT −Lt)]
given tradable wealth wt ≡Wt+Lt/R

T−t
f . This transforms the problem into one where the investor

has already borrowed Lt against his personal savings. We use this transformed model to prove
Proposition 2.

The proof proceeds as follows.

1. We remind the reader that in the transformed model the optimal portfolio return Rt,t+1 is

linearly increasing in φ
−1/r
t,t+1 if no savings risk exists (Figure A1). This is shown, formally,

below.

-

6Rt,t+1

φ
−1/r
t,t+1

©©©© ©©©©
©©©© ©©©©

©©©© ©©©©
©©©© ©©©©

©©©© ©©©©
©©©© ©©©©

©©©© ©©©©
©©©© ©©©©

©©©©©©©©
no savings risk

with savings risk

Fig. A1:The optimal return in period (t, t+ 1) with and without savings risk

2. We show that with savings risk the return Rt,t+1 is convex in φ
−1/r
t,t+1

3. We show that for φ
−1/r
t,t+1 → ∞ the slope dRt,t+1/dφ

−1/r
t,t+1 → c and c is smaller than the slope

without savings risk. This and convexity imply that

- the slope with savings risk is smaller everywhere than the slope without savings risk,



Long-Term Portfolio Choice Given Uncertain Personal Savings 46

- the return curves with and without savings risk intersect once.

I

First, we show that the return function Rt,t+1(φ
−1/r
t,t+1) is linear without savings risk. This fol-

lows since φt,t+1 is assumed to be i.i.d. and the investor maximizes (1 − r)−1Et(w1−rT ) = (1 −
r)−1Et[(wtRt,t+1 · · ·RT−1,T )1−r]. Since the future investment opportunity set in non-random, the
optimal policy is myopic. Hence, at date t, the investor maximizes (1 − r)−1Et[(wtRt,t+1)1−r] s.t.
Et(Rt,t+1φt,t+1) = 1. The first order condition is

w1−rt R−rt,t+1 = λtφt,t+1

where λt is the Lagrange-multiplier. Hence Rt,t+1 is linearly increasing in φ
−1/r
t,t+1.

II

Second, we prove statements (2) and (3) for the last period. Let lT ≡ LT −LT−1 so that ET−1(lT ) =
0. Using Kimball’s concept of the precautionary premium, the first order condition (7) for the
transformed model can be rewritten as 8

ET−1

"µ
RT−1,T +

lT
wT−1

¶−r
| φT−1,T

#
= [RT−1,T − ϕ]−r

=
λT−1
w1−rT−1

φT−1,T (13)

The precautionary premium ϕ = ϕ(lT /wT−1) is the subtracted non-random amount which yields
the same expected marginal utility as the random amount lT−1/wt−1. In FSS (1998) it is shown
that ϕ > 0,∂ϕ/∂Rt,t+1 < 0 and ∂2ϕ/∂R2t,t+1 > 0. For Rt,t+1 →∞,ϕ→ 0.
Rewrite equation (13) as

RT−1,T − ϕ =
Ã
λT−1
w1−rT−1

!−1/r
φ
−1/r
T−1,T (14)

8To simplify notation, we drop ”*” in R∗T−1,T .
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From the convexity of ϕ in RT−1,T and (14) it follows immediately that RT−1,T (φ
−1/r
T−1,T ) is convex.

For φ−1/rT−1,T → ∞, RT−1,T → ∞, and ϕ→ 0. Hence ∂RT−1,T /∂φ
−1/r
T−1,T →

¡
λT−1/w1−rT−1

¢−1/r
. This

slope is smaller with than without savings risk if λ
−1/r
T−1 is smaller since w

1−r
T−1 is the same. Multiply

equation (14) by φT−1,T and take expectations. This yields

1− ET−1 [φT−1,T ϕ] =

Ã
λT−1
w1−rT−1

!−1/r
ET−1

³
φ1−1/rT−1,T

´
.

Hence the precautionary premia lowers λ−1/rT−1 . This proves Proposition 2 for the final period.

III

Third, we prove Proposition 2 for period (T − 2, T − 1). From equation (9), the first order condition
for power utility, in the transformed model, can be written:

ET−2ET−1
h
((wT−2RT−2,T−1 + lT−1/Rf )RT−1,T + lT )

−r RT−1,T | φT−2,T−1
i

=
λT−2
wT−2

φT−2,T−1 (3∗)

with lT−1 ≡ LT−2 −LT−1.
∂RT−1,T /∂(wT−1RT−2,T−1) drops out as explained after equation (11).

Now we define a crossover-state at date (T −1). Given a tradable and a savings state at date (T−1),
the investor optimizes his return function RT−1,T (φT−1,T ). In the presence of savings risk, the
optimal return function depends on the endowment wT−1. If wT−1 increases marginally by dwT−1,
the return function changes. Due to the budget constraint there must exist some φoT−1,T (wT−1) at
which the return functions for wT−1 and for (wT−1 + dwT−1) intersect. We call this the crossover
price and RoT−1,T the crossover return. Then it follows from the first order condition (7)

ET−1[(RT−1,T + lT /wT−1)−r | φT−1]

= ET−1[(RoT−1,T + lT /wT−1)
−r | φoT−1]

φT−1,T
φoT−1,T

. (4∗)
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Multiply (4*) by w−rT−1, insert (4*) into (3*) and obtain

ET−2ET−1

"
((wT−2RT−2,T−1 + lT−1/Rf )RoT−1,T + lT )

−rRT−1,TφT−1,T
φoT−1,T

| φT−2,T−1
#

=
λT−2
wT−2

φT−2,T−1 (5∗)

From the budget constraint ET−1(RT−1,TφT−1,T ) = 1. Hence we can rewrite (5*) after factoring
out wT−2 and RoT−1,T

ET−2

(RoT−1,T )−r
φoT−1,T

ET−1

ÃRT−2,T−1 + lT−1
wT−2Rf

+
lT

wT−2RoT−1,T

!−r | φT−2,T−1


=
λT−2
w1−rT−2

φT−2,T−1 (6∗)

Now divide equation (6*) by ET−2
¡
(RoT−1,T )

−r/φoT−1,T
¢ ≡ zT−2. Since ¡(RoT−1,T )−r/φoT−1,T ¢

/zT−2 is positive and has expectation ET−2(.) = 1, ET−2
¡
(RoT−1,T )

−r/(φT−1,T zT−2) (.)
¢
is the

expectation under a transformed probability measure Q. Therefore we can restate (6*) as

EQT−2

ET−1
ÃRT−2,T−1 + lT−1

wT−2Rf
+

lT
wT−2RoT−1,T

!−r | φT−2,T−1


=
λT−2

w1−rT−2 zT−2
φT−2,T−1 (7∗)

Under this transformed probability measure EQT−2(lT−1) 6= 0. Therefore in order to use the precau-
tionary premium, define lQT−1 ≡ lT−1 − EQT−2(lT−1). Then (7*) yields

EQT−2

ET−1
ÃRT−2,T−1 + EQT−2(lT−1) + lQT−1

wT−2Rf
+

lT
wT−2RoT−1,T

!−r | φT−2,T−1


=
λT−2

w1−rT−2 zT−2
φT−2,T−1 (8∗)
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As ET−1(lT ) = 0 and E
Q
T−2(l

Q
T−1) = 0, we can rewrite (8*) as

EQT−2

ÃRT−2,T−1 + EQT−2(lT−1)
wT−2Rf

+ yT−1

!−r
| φT−2,T−1



=
λT−2

w1−rT−2 zT−2
φT−2,T−1 (9∗)

with yT−1 ≡ lQ
T−1

wT−2 Rf
+ lT
wT−2 RoT−1,T

and EQT−2 [yT−1] = 0. This enables us to use the precautionary

premium ϕQ(yT−1) based on the transformed probability measure so that (9*) yields

"
RT−2,T−1 +

EQT−2(lT−1)
wT−2Rf

− ϕQ(yT−1)
#−r

| φT−2,T−1

=
λT−2

w1−rT−2 zT−2
φT−2,T−1 (10∗)

or

RT−2,T−1 +
EQT−2(lT−1)
wT−2Rf

− ϕQ(yT−1) =
Ã

λT−2
w1−rT−2 zT−2

!−1/r
φ
−1/r
T−2,T−1 (11∗)

Note that a marginal change inRT−2,T−1 does not change the probability measure Q. Since d E
Q
T−2(lT−1)/d RT−2,T−1 =

0 and ∂ϕQ/∂RT−2,T−1 < 0 and ∂2ϕQ/∂R2T−2,T−1 > 0, differentiating (11*) twice with respect to

φ−1/rT−2,T−1 immediately shows that RT−2,T−1 is convex in φ
−1/r
T−2,T−1.

It remains to be shown that dRT−2,T−1/dφ
−1/r
T−2,T−1 for φ

−1/r
T−2,T−1 → ∞ is smaller in the case of

savings risk. For φ
−1/r
T−2,T−1 →∞, RT−2,T−1 →∞ and ϕ→ 0. Hence savings risk reduces the slope

if it reduces λ
−1/r
T−2 . We prove this by showing

ET−2(λT−1) = λT−2 (12∗)

Since saving risk reduces λT−1, it also reduces λT−2.
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In order to derive (12*), note that equation (1*) implies ET−1[(wT−1RT−1,T + lT )−r | φT−1,T ] =
λT−1
wT−1

φT−1,T . Insert this in equation (3*) and obtain

ET−2

∙
λT−1
wT−1

RT−1,T φT−1,T | φT−2,T−1
¸
=

λT−2
wT−2

φT−2,T−1

Due to the budget constraint ET−1[RT−1,TφT−1,T ] = 1, this simplifies to

ET−2 [λT−1 | φT−2,T−1] = λT−2 RT−2,T−1 φT−2,T−1.

Taking expectations over φT−2,T−1 yields (12*). This proves Proposition 2 for period (T − 2, T −1).
By the same method, it can be proved for all preceding periods.
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8.2 HSS Approximation of a Two-factor Diffusion Process

Lemma 2 (Approximation of a Two-factor Diffusion Process) Suppose that Xt, Yt follows
a joint lognormal process, where E0(Xt) = 1,E0(Yt) = 1 ∀t, and where

xt = αx,t + βx,txt−1 + εx,t

yt = αy,t + βy,tyt−1 + γy,txt−1 + δy,txt + εy,t

(15)

Let the conditional logarithmic standard deviation of Jt be denoted as σj(t) for J = (X, Y ), where

σ2j (t) = var(εj,t) (16)

If Jt is approximated by a log-binomial distribution with binomial density Nt = Nt−1+nt and if the
proportionate up and down movements, ujt and djt are given by

djt =
2

1 + exp(2σj(t)
p
τt/nt)

ujt = 2− djt
and the conditional probability of an up-move at node r of the lattice is given by

qjt =
Et−1(jt) + (Nt−1 − r) ln(ujt)− (nt + r) ln(djt)

nt[ln(ujt)− ln(djt)]
then the unconditional mean and volatility of the approximated process approach their true values,
i.e., Ê0(Jt)→ 1 and σ̂jt → σjt as n→∞.

Lemma 2, is proved in HSS (1995). It allows us to build a two-dimensional, recombining tree of
two joint-lognormal variables, each with a unit expectation. The variables can then be scaled, in
the present case, to reflect the expected market portfolio return and the expected personal savings.
The essential property of the recombining tree methodology is that the number of states does not
increase exponentially. This makes computation of optimal policies feasible for problems with a
realistic number of time periods.


