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Abstract

Asset Allocation Given Non-Market Wealth and

Rollover Risks.

We show the effect, on optimal portfolio strategy, of a combination of addi-
tive non-market wealth risks and multiplicative rollover risks. Non-market
wealth risk may be associated, for example, with uncertain labor income or
bequests. Rollover risk may be associated, for example, with converting port-
folio returns into different currencies or into pension annuities. The combined
effects of the two types of risk may help to explain some puzzling anomalies.
For example, while an increase in rollover risk alone may induce less risk-
averse behaviour, a similar increase may induce more risk-averse behaviour
in the presence of non-market wealth risk.
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1 Introduction

Consider the investment problem facing an employee saving for a pension.
For simplicity, assume that she can choose, at each point in time, an alloca-
tion of the fund between a stock portfolio and a bond portfolio. At the end
of the investment period, the fund will be converted into a pension annuity.
We refer to the conversion rate simply as ’the rollover rate’. The uncertainty
of the rollover rate complicates the choice of an optimal investment strategy
over the life of the fund. However, it is also complicated by the existence
of other assets and liabilities that the investor possesses. These can be used
to add to the pension income or the wealth of the investor in later years.
We refer to the aggregate of these other assets and liabilities as ‘non-market
wealth’.

In this paper we derive optimal dynamic asset allocation strategies for in-
vestors who face both rollover risk and non-market wealth risk. As a fur-
ther example, suppose an individual invests in a fund of foreign equities and
bonds. At the end of the investment period the fund is converted to her
home currency at the going exchange rate. In addition she expects to receive
a bequest in home currency from an elderly relative. Here, the exchange
rate causes a rollover risk and the bequest causes a non-market wealth risk.
As a further example, the investor may have a pension fund subject to an
uncertain tax rate, and also have uncertain medical liabilities.

We simplify the generic problem above and derive a number of results, which
show the investor’s response to a combination of additive personal risks and
multiplicative re-investment risks. The problem is simplified by assuming
that the risks associated with non-market wealth are independent of the
market risk associated with the stock portfolio. Also, we assume that the
rollover risk is a further independent risk. These risks are also assumed to be
non-hedgable. In spite of these simplifications, we find important interactions
between the risks, and these can significantly affect optimal asset allocation
strategies.

In line with a long tradition in portfolio theory, starting with Merton (1969),
we assume that the investor is constant relative risk averse (CRRA). Mer-
ton showed that the CRRA investor follows a constant portfolio allocation
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strategy, in the absence of non-market wealth and rollover risks. This is our
benchmark case. We study the effect on this strategy of additive non-market
wealth risks and multiplicative rollover risk.

The response of an investor to non-market wealth has been addressed in a
number of papers. Bodie, Merton and Samuelson (1992) show that constant
relative risk averse investors, with positive non-market wealth, act as if they
are increasing relative risk averse. Hence, paradoxically, they buy propor-
tionately less stocks as their wealth increases. However, this effect can be
explained by the fact that non-market wealth, in the form of future labor in-
come, for example, is a substitute for bonds. This element becomes relatively
more important as market wealth decreases, causing the investor to increase
her stock proportion. In the context of our analysis in this paper, this effect
is important for the following reason. As is well known, a CRRA investor
responds to a multiplicative risk by not changing her portfolio. However,
as shown by Franke, Schlesinger and Stapleton (2003) an investor with in-
creasing relative risk aversion might actually respond by buying more stocks.
This implies that the response of the investor faced with both additive and
multiplicative risks is not clear.

The effect of the non-market wealth and rollover risks on portfolio choice
is related to the more fundamental question: how does the existence of a
secondary, non-hedgable risk affect the investor’s risk aversion towards a
market risk? If these risks are independent of the market risks, they are
referred to in the literature as background risks. Since the CRRA investor
is standard risk averse, we know from Gollier and Pratt (1996) that she
becomes more risk averse towards market risk in the presence of an additive
background risk. Further, Franke, Stapleton, and Subrahmanyam (1998)
show that investors facing zero-mean, independent non-market wealth risks
have an incentive to buy options on the market portfolio. We extend this
literature, by showing how CRRA investors react to a combination of additive
and multiplicative risks.

The following example illustrates that the combined effects of non-market
wealth and rollover risks on portfolio choice is both complex and interesting.
In the table below, we show the initial portfolio allocations between stocks
and bonds chosen by a CRRA investor, with different levels of expected
non-market wealth, facing different levels of non-market wealth and rollover
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risks.

Optimal Asset Allocation: An Example
z0 σε = 0 σε = 0.2 σε = 0 σε = 0.2

σy = 0 σy = 0 σy = 0.3 σy = 0.3
0 56 39 56 25

-30 42 20 38 0
30 70 56 72 53

1. z0 is expected non-market wealth, given an initial marketable wealth of 100

2. σε is the non-market wealth volatility

3. σy is the standard deviation of the rollover risk

4. Details about these computations are given later in section

The first column shows the simple effect of expected non-market wealth, mak-
ing the investor buy more stocks when non-market wealth is positive and less
stocks when negative. Row 1 shows the reaction of the investor to the two
risks when expected non-market wealth is zero. The additive risk reduces
the optimal allocation in stocks, the multiplicative risk has no effect, but
the addition of the rollover risk to an existing non-market wealth risk makes
the investor even more cautious. The effect of the rollover risk depends on
the level of the non-market wealth risk. Looking at row 2, we see that the
level of expected wealth is an important influence on the reaction to these
risks. Non-market wealth risk alone reduces the stock proportion from 42%
to 20%, whereas rollover risk alone has only a small effect. However, adding
the rollover risk to an existing non-market wealth risk has a dramatic effect,
reducing the stock proportion to zero. Hence investors need to consider the
joint effects of the two risks. The point is emphasised by the effects of the
risks, shown in row 3, in the case where expected non-market wealth is pos-
itive. In this more typical case, the effect of non-market wealth risk is again
to reduce investment in stocks, but rollover risk alone actually increases it.
However, when rollover risk is added to an existing non-market wealth risk,
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the effect changes sign, reducing the stock proportion rather than increasing
it.

The outline of this paper is as follows. In section 2, we present the model and
explain our assumptions. In section 3, we analyse the optimal demand for
state-contingent claims and the derived relative risk aversion of the investor.
Section 4 analyses the effect of non-market wealth alone, illustrating the
effect, first, of non-stochastic non-market wealth and, second, of stochastic
non-market wealth. Then, in section 5, we introduce rollover risk. We analyse
the effect of rollover risk alone and then the combined effect of non-market
wealth risk and rollover risk. In section 6, we interpret our results in terms
of dynamic asset allocation strategies. Then, in section 7, we compare our
results with those of an alternative model in which both the portfolio return
and the non-market wealth are subject to a rollover risk.

2 Notation and Definition of the Problem

We make the following assumptions:

1. The investor maximises the expected utility of terminal wealth, wn, at
the investment horizon, n.

2. The investor has power utility for wealth, u(wn) = w1−γ
n

1−γ
, where γ > 1,

is the coefficient of relative risk aversion.

3. The market portfolio return, r̃m follows a geometric Brownian motion
over the period from 0 to n. Also, there is a risk-free asset paying a
constant, non-stochastic return rf per period. The expected return and
volatility of the market portfolio are given by E(rm) and σm respec-
tively.

4. The non-market wealth of the investor at time n is given by zn = z0+ ε̃,
where z0 is the time 0 expected value of zn. Hence, by definition we
have E(ε̃) = 0. We split zn into assets and liabilities. The assets have
expected value, z0,a and the liabilities have expected value, z0,l. zn has
a shifted lognormal distribution with annualized, logarithmic standard
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deviation, σz. We further assume that ε̃ is independent of the market
return.

5. The uncertain rollover rate is denoted by ỹ, where E(ỹ) = 1. ỹ is
assumed to be independent of both r̃m and ε̃ and has a binomial (two-
state) distribution with standard deviation, σy.

6. Both the risks ỹ and ε̃ are non-hedgable.1

7. Uncertainty regarding the rollover and non-market wealth risks is re-
solved at time t = n.

8. There are no transactions costs. Hence, the market is dynamically com-
plete, so the agent chooses a dynamic stock/bond allocation strategy
over the period from 0 to n, which results in market wealth xn being
realised, at time n.

Assumption 1 means that we avoid the inter-temporal optimal consumption
problem. The investor invests in a fund that can be realized only at the
horizon date. Together with assumption 7, this sets up the optimisation as
essentially a single-period problem over the investment horizon from t = 0 to
t = n. Although it is somewhat unrealistic to assume that none of the uncer-
tainty regarding the unhedgable risks ỹ and ε̃ is resolved before date n, this
assumption allows us to avoid the complex optimisation problems encoun-
tered for example in Franke, Peterson and Stapleton (2003). Assumptions 2
and 3 are fairly standard in the portfolio literature and allows our results to
be compared with, for example, Merton (1969) and Viceira (2001). Assump-
tions 4-6 mean that we consider only independent, non-hedgable non-market
wealth and rollover risks. This is in line with the literature on background
risks and their effect on derived risk aversion. Finally, assumption 8 is made
so that we can translate the optimal demand for state-contingent claims at

1Since we assume independence, cross-hedging these risks is not possible. Of course,
it might be possible to directly hedge, at least partially, against the risks affecting non-
market wealth. For example, school fees or medical bills could be insured. However, full
insurance is likely to be prohibitively costly. If partial hedging of non-market wealth or
annuity rates is possible, we define the risks as those residual risks that remain after partial
insurance has been implemented.
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t = n into a dynamic asset allocation strategy for the period from t = 0 to
t = n.

In this model, the agent’s wealth at date n is given by

wn = xnỹ + zn,

= xn(r̃m)ỹ + z0,a + ε̃− z0,l. (1)

Terminal wealth depends on three exogenous random variables: the market
return r̃m, the non-market wealth factor ε̃, and the rollover factor ỹ. In
this model, the risks affecting the non-market wealth and the rollover rate
are non-hedgeable, zero-mean, independent background risks. We study the
effect of these risks on the optimal portfolio strategy of the investor.

Now, let x0 be the investor’s market wealth at time 0. We look for strategies
that maximise the expected utility of wn, hence the investor’s problem is

max
xn(rm)

E[u(wn)] , s.t. (2)

E[φ(rm)xn] = x0

where φ(rm) is a function representing the price of state-contingent claims.
Given a solution x∗n(rm), the investor follows a dynamic strategy of invest-
ment in the market portfolio of equities and a risk-free bond, to obtain the
optimal distribution of state-contingent claims.

3 The Optimal Demand Function

The investor chooses her demand function for state-contingent claims, xn(rm),
so as to maximize expected utility E[u(wn)], subject to the budget constraint
E[xnφ(rm)] = x0. The first order condition for a maximum is as follows:2

Eε,y[u
′[xn(rm)ỹ + z0 + ε̃]ỹ] = λφ(rm) ; ∀ rm. (3)

2This follows from differentiating (2). An interior solution for the first order condition
may require marginal utility to be unbounded from above and to converge to zero. We
assume that there exists an upper bound for φ(rm) so that the optimal demand xn(rm) is
positively valued and finite.
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Here, λ denotes the Lagrange-multiplier of the budget constraint, and the
expectation of marginal utility is taken over both the ε̃ and the ỹ risks. The
left hand side of (3) can be written:

Eε,y[u
′[xn(rm)ỹ + z0 + ε̃]ỹ] = Ey[Eε[u

′[xn(rm)ỹ + z0 + ε̃]ỹ]]

= Ey[u
′
ε[xn(rm)ỹ + z0]ỹ],

where
u′ε[xn(rm)ỹ + z0]ỹ ≡ Eε[u

′[xn(rm)ỹ + z0 + ε̃]ỹ]

is the once-derived marginal utility.3 Now, defining the twice-derived mar-
ginal utility u′ε,y[xn(rm) + z0] by

u′ε,y[xn(rm) + z0] ≡ Ey[u
′
ε[xn(rm)ỹ + z0]ỹ],

the first order condition can then be written:

u′ε,y[xn(rm) + z0] = λφ(rm). (4)

From the re-written first order condition (4), it is clear that in the case
where there are both non-market wealth and rollover risks, it is the twice-
derived marginal utility function that determines the optimal portfolio of
the investor. This twice-derived utility is derived over both the non-market
wealth risk and the rollover risk.

3Note that the notation Eε means the conditional expectation over ε̃. More fundamen-
tally, the once-derived utility over ε̃, is

uε(wn) = Eε[u(wn)].

The once-derived utility over ỹ, is

uy(wn) = Ey[u(wn)].

The twice-derived utility over ε̃ and y, is

uε,y(wn) = Eε,y[u(wn)].
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In order to analyse the effect of non-market wealth and rollover risks on
the portfolio demand, we now define the relative risk aversion of the derived
marginal utility functions. We have:

a(xn) =
−u′′(xn + z0)xn

u′(xn + z0)
,

aε(xn) =
−u′′ε(xn + z0)xn

u′ε(xn + z0)
,

ay(xn) =
−u′′y(xn + z0)xn

u′y(xn + z0)
,

aε,y(xn) =
−u′′ε,y(xn + z0)xn

u′ε,y(xn + z0)
.

The relative risk aversion, a(xn) is relevant in the case where there is no
non-market wealth risk and no rollover risk. The once-derived relative risk
aversion, aε(xn) is relevant in the case where there is only non-market wealth
risk. The once-derived relative risk aversion, ay(xn) is relevant in the case
where there is only rollover risk. The twice-derived relative risk aversion,
aε,y(xn) is relevant when there is both non-market wealth risk and rollover
risk.

We can now analyse the effect of the non-market wealth risk and the rollover
risk on the optimal demand for state-contingent claims. Consider the func-
tion xn = xn(rm). Using the first-order condition (4), we can calculate the
elasticity of demand for state-contingent claims with respect to the market
return as follows:

∂ ln xn

∂ ln rm
=

[
∂ ln xn

∂ lnφ(rm)

] [
∂ lnφ(rm)

∂ ln rm

]

=
1

aε,y(xn)
ν(rm). (5)

The first term in (5) comes from differentiating the first order condition (4)
with respect to rm. The second term is the elasticity of the pricing kernel
with respect to the market return. Given our assumption that the market
return follows a geometric Brownian motion, this elasticity is a constant.4 It

4As it is in the Black-scholes economy, for example.
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follows that the shape of the log-demand function is determined by the shape
of the derived relative risk aversion function, aε,y(xn). For example, in the
case where this derived relative risk aversion is a constant, the investor has
a linear (log) demand function for contingent claims.

4 Non-Market Wealth and Portfolio choice

We first analyse the effect of non-market wealth on optimal portfolio choice in
the case where there is no rollover risk. For example, suppose that an investor
has to choose a portfolio strategy given future liabilities with expected value
z0,l and a bequest with expected value z0,a. The risk of the non-market wealth
is represented by the zero-mean random variable, ε̃.

In this case ỹ ≡ 1 and the first order condition simplifies to

Eε[u
′[xn(rm) + z0 + ε̃]] = λφ(rm) ; ∀ rm. (6)

Now, as in Kimball (1990), we define a variable (the precautionary premium)
ψ(x) by the relation:

u′[xn(rm) + z0 − ψ(xn)] = Eε[u
′[xn(rm) + z0 + ε̃]].

The precautionary premium, ψ(x) is the premium deducted from wealth that
produces the same marginal utility as the ε̃ risk. It is useful in this analysis,
since its properties are well known in the case where utility is in the HARA
class. We assume now that u(wn) is a power function

u(wn) =
w1−γ

n

1 − γ
=

(xn + z0 + ε̃)1−γ

1 − γ
.

Hence, in the absence of ε̃ risk, the investor has a HARA utility for the
market related wealth xn. For the HARA-class with γ > 0, Franke, Stapleton
and Subrahmanyan [1998] have shown that ϕ(x) is a positive, declining and
convex function.5 In this case, the first order condition is

Eε[(xn(rm) + z0 + ε̃)−γ] = λφ(rm) ; ∀ rm,

5For exponential utility, ψ(x) is a constant.
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and hence, using the precautionary premium,

[xn(rm) + z0 − ψ(xn)]−γ = λφ(rm) ; ∀ rm. (7)

We first solve (7) and analyse the optimal investor strategy in two special
cases.

4.1 Non-Stochastic Non-Market Wealth

We first consider the special case where non-market wealth is non-stochastic,
i.e. σε = 0. In this case, the first order condition is

u′ε[xn(rm) + z0] = [xn(rm) + z0]
−γ = λφ(rm) ; ∀ rm,

where z0 = z0,a − z0,l. The derived relative risk aversion is given by

aε(xn) =
−u′′ε(xn + z0)xn

u′ε(xn + z0)

=
γxn

xn + z0
,

since in this case ψ(xn) = 0. The relative risk aversion with respect to xn

is therefore declining when z0 < 0, i.e. when liabilities exceed assets. It is
increasing when z0 > 0, i.e. when assets exceed liabilities. Also, the relative
risk aversion of the agent declines with increasing z0. It follows that the
log-demand function for state contingent claims, from equation (5)is

∂ ln xn

∂ ln rm

=
(xn + z0)ν(rm)

γxn

. (8)

In the case of a geometric Brownian motion, where the elasticity of the pricing
kernel is a constant, the log-demand function is non linear, due to the impact
of the non-market wealth.

A Numerical example

In order to illustrate these effects of non-market wealth on portfolios, we
now present a numerical analysis. In Table 1 we show the data on which
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the numerical simulations are based. First, we approximate the geometric
Brownian motion for the risky market return using a binomial approximation,
where the mean excess return over any year is 5%. The risk-free one-year
maturity bond pays 5% over each year. The annualised volatility of the
market return is 20%. The investor has a horizon of 5 years and a coefficient of
relative risk aversion, γ = 2. In the various cases shown below, the expected
value of the non-market wealth, z0 takes on values of -30, 0, 30.

In Figure 1 we illustrate the optimal solution using the log-demand function
from equation (8). The optimal demand function is computed by solving
the first order condition for each state at time n, subject to the budget
constraint. In case 1, the expected non-market wealth is z0 = 0. The optimal
log-demand for state contingent claims is linear. This is an example of the
Merton case. With z0 = 0, the derived relative risk aversion is a constant and
the derivative in (8) is ν(rm)/γ, which is also a constant given the geometric
motion generating the market return. Case 2 shows the effect of a positive
non-market wealth. Here we assume z0 = 30. The resulting optimal demand
function is steeper, reflecting lower derived relative risk aversion. It is also
non-linear reflecting the fact that, in this case, relative derived risk aversion
is increasing and concave. Case 3 shows the effect of a negative expected
non-market wealth. In this case the demand curve is less steep and convex.

4.2 Stochastic Non-Market Wealth

We now analyse the case where the non-market wealth risk is risky, but
there is no rollover risk. First, assume that z0 = 0, and that σε > 0. In
the literature it has been established that such a zero-mean, independent
background risk induces more risk averse behaviour towards the market risk.
Since constant relative risk aversion implies standard risk aversion, we know
from Kimball (1993) that the investor will behave in a more cautious manner.
In this special case the first order condition reduces to

[xn(rm) − ψ(xn)]−γ = λφ(rm) ; ∀ rm (9)

and the derived relative risk aversion is

aε(xn) =
γxn[1 − ψ′(xn)]

xn − ψ(xn)
. (10)
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It follows that the log-demand function for state contingent claims, from
equation (5) is

∂ ln xn

∂ ln rm
=

[xn − ψ(xn)]ν(rm)

γxn[1 − ψ′(xn)]
.

Since the precautionary premium is positive and declining, the slope of the
demand function is smaller than in the case where there is no non-market
wealth risk. This confirms the result from Kimball (1993) that the investor
behaves in a more cautious manner. Also, since the precautionary premium
is positive and declining, the derived utility function exhibits declining and
convex relative risk aversion.

This is illustrated in Figure 2. In both cases 1 and 2, the expected non-
market wealth is zero. In case 1, the risk of non-market wealth is zero, and
the resulting log-demand curve is linear. In case 2, non-market wealth is
generated by a log-binomial process, where the annualised volatility of the
non-market assets is 20%.6 In this case the demand curve is flatter and non-
linear, reflecting the fact that the derived relative risk aversion in equation
(10) is declining and convex.

Finally, in the general case where the non-market wealth has non-zero mean,
z0 and σε > 0, we have the derived relative risk aversion

aε(xn) =
γxn[1 − ψ′(xn)]

xn + z0 − ψ(xn)
.

In this case the demand for state-contingent claims is

∂ ln xn

∂ ln rm
=

[xn + z0 − ψ(xn)]ν(rm)

γxn[1 − ψ′(xn)]
.

It follows that, for z0 ≤ 0, derived relative risk aversion is declining. This
is illustrated in Figure 2, case 4. Here the combined effect of the negative
expected non-market wealth and the risk of non-market wealth is to produce
a sharply lower slope and a non-linear demand for state-contingent claims.
Finally, it is important to note that in the case where z0 > 0, derived relative

6For the purposes of generating the ε values it is assumed that z0,a = 100 in all cases.
The annualised volatility of the non-market assets is either 0% or 20%. The standard
deviation of the rollover risk is 0%.
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risk aversion could be either increasing or declining, depending on the relative
sizes of the expected non-market wealth and its risk. In Figure 2, case 5,
expected non-market wealth is positive, z0 = 30, producing a steep and non-
linear demand curve. In case 6, we see this effect is offset somewhat by the
risk of non-market wealth. Here, the demand curve is less steep reflecting
the increased risk aversion induced by the risk of non-market wealth.

5 Rollover Risk and Portfolio choice

In this section, we assume that the investor faces a non-hedgable, indepen-
dent rollover risk, but no non-market wealth risk. A good example is where
the investor chooses a portfolio of stocks and bonds, and at the end of the
investment horizon converts the portfolio into a different currency. She has
some non-stochastic non-market wealth in the form of assets, such as la-
bor income, and liabilities, such as school fees. The future exchange rate is
stochastic with σy > 0. We answer the following question: how does the
uncertainty of the rollover rate affect portfolio choice over the investment
horizon? We assume again that the investor has power utility for wealth,
with relative risk aversion, γ > 1. Having analysed this simplified case, we
will then examine the general case where the rollover risk compounds the ef-
fect in the previously discussed cases, where non-market wealth is stochastic.

First, assuming that non-market wealth risk ε̃ ≡ 0, the first order condition
in (3) becomes

Ey[[xn(rm)ỹ + z0]
−γ ỹ] = λφ(rm) ; ∀ rm.

In this case, the derived (over y) relative risk aversion is

ay(xn) =
γEy[(xnỹ + z0)

−γ−1ỹ2]xn

Ey[(xnỹ + z0)−γ ỹ]
.

It then follows that the log-demand function for contingent claims is

∂ ln xn

∂ ln rm
=

ν(rm)Ey[(xnỹ + z0)
−γ ỹ]

xnγEy[(xnỹ + z0)−γ−1ỹ2]
.
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Here, the existence of the expected non-market wealth z0 is critical. If z0 = 0,
the investor acts like an agent with constant relative risk aversion (CRRA).
However, if z0 > [<]0 the investor will act as if she has increasing [decreasing]
relative risk aversion. In the case where z0 = 0, it is well known that a
multiplicative rollover risk has no effect on relative risk aversion and portfolio
demand. When z0 < 0 i.e. when liabilities, z0,l, exceed assets z0,a and the
investor acts as if she has DRRA utility it follows from Franke, Schlesinger
and Stapleton (2003), Proposition 1 that the rollover risk raises the derived
relative risk aversion. However, in the perhaps more common case where
z0 > 0 i.e. when assets, z0,a, exceed liabilities z0,l and the investor acts as
if she has IRRA utility , the rollover risk lowers the derived relative risk
aversion.7

This is illustrated by the numerical examples shown in Figure 3. We again
use the scenario detailed in Table 1 to illustrate the effects. We choose
σy = 0 or 0.3 and in all cases, σε = 0. The demand function in cases 1
and 2, where expected non-market wealth and its risk are zero is identical.
Here, the rollover risk has no effect on the portfolio demand. In this case the
investor has constant relative risk aversion with repect to the market cash
flow. A constant relative risk averse investor does not change her portfolio
in response to a multiplicative risk with an expectation E(y) = 1. Now,
we compare two cases: 3 and 4, where the expected non-market wealth is
positive. Here, the investor has increasing relative risk aversion with respect
to the market cash flow. The reaction of such an investor to a multiplica-
tive rollover risk is to make her less risk averse, as shown in case 4. The
demand curve has a lower slope in case 4 than in case 3. Finally, comparing
cases 5 and 6, we see the opposite effect. Here, in case 5, the investor with
negative expected non-market wealth exhibits declining relative risk aversion
towards the market cash flow. When the rollover risk is added in case 6, the
effect is to decrease the investment in stocks. This is reflected in a demand
curve which has a slightly higher slope. These examples emphasize the fact

7In this case xn > z0/(γ − 1) is required. In the appendix, we establish Lemma 4,
which states that standard relative risk aversion is preserved in the presence of rollover
risk. Hence it follows that a rollover risk preserves the DRRA, i.e. if the utility function
u(x) is DRRA, then the derived utility function uy(x) is also DRRA. This implies, for
example, that if z0 = 0, then u(x) is CRRA and uy(x) is CRRA. Also, if if z0 < 0, then
u(x) is DRRA and uy(x) is DRRA.
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that the reaction to rollover risk depends upon the expected value of the
non-market wealth. The results stem from Franke, Schlesinger and Staple-
ton (2003), who showed that a multiplicative, independent, unit mean risk
has a negative (positive) effect on derived relative risk aversion, for HARA
utility functions with increasing (declining) relative risk aversion, if γ > 1.
In a sense, investors with increasing relative risk aversion welcome such a
multiplicative risk and become less risk averse to the market cash flows.

5.1 Combined Effects of Non-Market Wealth Risk and
Rollover Risk

In the general case, where there is non-market wealth risk, as well as rollover
risks, the first order condition can be written:

Ey[u
′[xn(rm)ỹ + z0 − ψ]ỹ] = λφ(rm) ; ∀ rm.

ψ is again the precautionary premium due to the additive non-market wealth
risk. Given power utility, this condition can be written as

Ey[[xn(rm)ỹ + z0 − ψ]−γ ỹ] = λφ(rm) ; ∀ rm.

In this case, the twice derived relative risk aversion is

aε,y(xn) =
γEy[(xnỹ + z0 − ψ)−γ−1(1 − ψ′)ỹ2]

Ey[(xnỹ + z0 − ψ)−γ ỹ]
.

It then follows that the log-demand function for contingent claims is

∂ ln xn

∂ ln rm
=

ν(rm)Ey[(xnỹ + z0 − ψ)−γ ỹ]

γEy[(xnỹ + z0 − ψ)−γ−1(1 − ψ′)ỹ2]
. (11)

In this general case, the effect of rollover risk depends upon the relative
size of z0 and σε. These determine whether the response of the investor to
rollover risk resembles that of an agent with declining or increasing relative
risk aversion.

In order to analyse the effect of rollover risk on the portfolio choice, we dis-
tinguish the cases where z0 = 0, z0 < 0 and z0 > 0. In the first two cases the
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joint effect of the two risks is fairly straightforward. The non-market wealth
risk produces a positive (and declining) precautionary premium. This causes
the investor to act, towards the multiplicative rollover risk, like an investor
with declining relative risk aversion. If the expected non-market wealth is
negative, this effect is enhanced. In these cases, the investor becomes more
risk averse to the market risk when faced with the rollover risk. In the ap-
pendix, we prove that in these two cases, relative risk aversion towards the
market risk is increased by rollover risk, and further increased by the pres-
ence of the non-market wealth risk. If a(x) is the relative risk aversion in the
absence of non-market wealth and rollover risk and ay(x) is the once-derived
relative risk aversion in the presence of rollover risk and aε,y(x) is the twice
derived relative risk aversion in the presence of both non-market wealth and
rollover risk, then we can establish:

Proposition 1 Suppose that the utility of wealth is u(w) = w1−γ

1−γ
,γ ≥ 1 and

the expected value of non-market wealth, z0 ≤ 0. Then the twice-derived
relative risk aversion has the property:

aε,y(x) > max[aε(x), ay(x)] ≥ min[aε(x), ay(x)] ≥ a(x) ≥ γ.

First, if utility for wealth is a power function with relative risk aversion γ,
but expected non-market wealth is negative, the relative risk aversion to the
market risk, a(x) exceeds γ. Also, since in this case a rollover risk or a non-
market wealth risk both increase relative risk aversion, then the smaller of
two derived risk aversions (derived over the ε risk and the y risk) exceeds
a(x). However, in this case, the two risks reinforce each other. The relative
risk aversion towards x increases when the y risk is added to the ε risk or
when the ε risk is added to the y risk. Hence, the investor will be most risk
averse to x when faced with both the background risks.

We now consider the more plausible case, where the expected non-market
wealth is positive and risky. In the appendix we prove the following:
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Proposition 2 Suppose that the utility of wealth is u(w) = w1−γ

1−γ
, and the ex-

pected value of non-market wealth, z0 ≥ 0. Also, let the relative risk aversion,
a(w) ≥ 1. Then

1. the derived relative risk aversions have the property:

aε(x) > a(x) > ay(x),

2. defining

a(xy) =
−u′′(xy + z0)

u′(xy + z0)
xy,

(a) if a′ε,y(xy) < 0 and a′′ε,y(x) > 0, then aε,y(x) > aε(x),

(b) if a′ε,y(xy) > 0 and a′′ε,y(x) < 0, then aε,y(x) < aε(x).

With power utility and positive expected non-market wealth, we first know
that the derived relative risk aversion over the ε risk will exceed a(x), because
the utility function for x is standard risk averse. Also, from FSS (2003), the
effect of the rollover risk in this case is to reduce the derived relative risk
aversion. This is the first part of the Proposition. However, the joint effect of
the two risks on the twice-derived relative risk aversion is less unambiguous.
It depends on the first and second derivatives of the relative risk aversion
towards xy, the rollover risk adjusted market cash flow. If the twice derived
relative risk aversion is declining and convex, which it will be if the effect of
the non-market wealth risk outweighs its positive mean value, then the twice-
derived relative risk aversion will exceed aε(x). In this case the rollover risk
makes the investor more risk averse. However, if the twice derived relative
risk aversion is increasing and concave, which it will be if the effect of the
mean of the non-market wealth risk outweighs its risk, then the twice-derived
relative risk aversion will be less than aε(x). In this case the rollover risk
makes the investor less risk averse.

The effect of rollover risk on the demand for contingent claims, in the presence
of non-market wealth risk, is complex. It is best illustrated with a numerical
analysis. In figures 4, 5, and 6 we consider three cases; where z0 = 0, z0 = 30
and z0 = −30. Figure 4 illustrates how the additive and multiplicative
risks can induce non-linearity in the log-return function. When neither risk
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exists, the investor follows the Merton policy and this is reflected in the linear
log-return function. The effect of a pure rollover risk is to produce the same
linear function and is therefore not shown. The effect of the pure non-market
wealth risk on the other hand is to produce an optimal return function with
a lower slope (reflecting increased derived risk aversion) and which is convex
(reflecting declining derived relative risk aversion). When the rollover risk is
added to the non-market wealth risk, the investor becomes even more risk
averse as shown by the even smaller slope of the demand function. Also the
convexity of the function increases.

Figure 5 shows that the story is more complex in the perhaps more realistic
case where expected non-market wealth is positive. Here we assume z0 = 30.
In figure 5, we assume that σy = 0.5. Since expected wealth is positive,
the log-return function is convex (reflecting DRRA), in the absence of both
the additive and the multiplicative risks. Also, since the derived relative
risk aversion is DRRA, the effect of the rollover risk alone is to increase the
investment in stocks, producing a return function with a steeper slope. The
effect of the non-market wealth risk alone is to reduce the investment in
stocks, producing a return function with a lower slope. The effect of the two
risks together is to further reduce the investment in stock. Hence the sign of
the rollover risk effect depends upon the size of the non-market wealth risk.
At low levels of non-market wealth risk, rollover risk increases the slope of
the return function. At high levels it reduces the slope.

In Figure 6 we assume z0 = −30. Since expected wealth is positive, the
log-return function is convex (reflecting DRRA), in the absence of both the
additive and the multiplicative risks (case 1). Also, since the derived relative
risk aversion is IRRA, the effect of the rollover risk alone is to reduce the
investment in stocks, producing a return function with a lower slope. This
becomes even lower when a rollover risk is added (case 4).
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6 Stock Proportions and Dynamic Asset Al-

location Strategy

Given our assumptions that the market follows a geometric Brownian motion
and that a riskless bond exists, the market is dynamically complete as in
the Black-Scholes world. It follows that any state-contingent claim demand
xn(rm) can be replicated with a period-by-period stock/bond strategy. In
the case where aε,y(xn) is a constant, we know from Merton (1971) that
the replicating strategy is to hold a constant proportion of wealth in stocks,
throughout the period from time 0 to time n. However, in the general case
where aε,y(xn) is not constant, the dynamic strategy is more complex.

In the following numerical simulations, we approximate the market return
with a log-binomial process. At time n, the state-contingent claim xn(rm)
has n + 1 outcomes, indexed by i = 0, 1, ..., n. Moving back to time n − 1,
the market return has i = 0, 1, ..., n− 1 states. In state i at time n− 1, the
market return can only move to state i or state i + 1 at time n. It follows
that there is a unique stock/bond strategy for each state at time n− 1. The
optimal dynamic strategy can be found by moving back through the binomial
tree and solving for the stock/bond proportions at each point of time and in
each state. If rm,t is the market return in period t, and the risk-free rate is
rf , then

xn

x0
= πn

t=1[αi,t−1rm,t + rf (1 − αi,t−1)]

is solved for the dynamic stock proportion, αi,t.

Non-Market Wealth Effects

First, we show the stock proportions at time 0 and in year 4 for the case
where there is no rollover risk. These are shown in Table 2. Table 2 shows
the optimal stock proportion in year 4, across different states, for six differ-
ent cases, where in each case the rollover volatility is zero. These are the
same cases for which the log-return function was illustrated in Figure 2. The
states are indexed by the number of down-moves of the binomial process of
the market return. Hence, state 0 is the highest market state and state 4
is the lowest. The percentage of stocks in the portfolio indicates the degree
of relative risk aversion across the various states. Hence, if the percent-
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age is constant (declining) (increasing) across states, this indicates constant
(declining) (increasing) derived relative risk aversion for market wealth. The
results are shown for six different cases, which allow us to analyse the effects
of the expected value of non-market wealth and its volatility, both separately
and jointly.

Cases 1 and 2 show the effect of a zero-mean non-market wealth risk. In the
absence of risk, the investor follows the Merton strategy, investing 56% of
her wealth in stocks in year 0 and also 56% in each state at year 4. When
non-market wealth risk is introduced in case 2, there are two effects. First, in
year 0, the investor holds less stocks (39%). Second, in year 4, she chooses a
larger percentage in stocks in the high market states than in the low market
states. This illustrates the point that the derived utility function exhibits
declining relative risk aversion.

A comparison of cases 1, 3 and 5 illustrates the effect of positive and of
negative non-market wealth, when σε = 0. In case 3 the positive non-market
wealth increases the percentage invested in stocks and induces increasing
relative risk aversion in the derived utility function. This is evidenced by the
year 4 stock proportions, which increase as the market wealth increases. The
opposite effect (more risk aversion and declining relative risk aversion) is the
result in case 5, where the non-market wealth is negative.

We now consider the joint effect of a non-zero mean and σε > 0. Comparing
case 6 with case 1, when z0 < 0 and σε > 0, the investor unambiguously
becomes more risk averse, buying less stocks, and her utility exhibits declin-
ing relative risk aversion. However, now consider case 4. This is the case
of a positive, risky non-market wealth, which could be regarded as typical
for most investors. Here there are two competing effects. The positive mean
tends to produce less risk averse and increasing relative risk averse behav-
iour, whereas the risk σε > 0 has opposite effects. The net effect in case 4 is
to produce the same stock proportion in year 0, with some small degree of
declining relative risk behaviour.

Rollover Risk Effects

We again use the scenario detailed in Table 1 to illustrate these effects. We
choose σy = 0or0.3 and σε = 0. Table 3 shows the optimal stock proportions
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in six cases, allowing us to compare the effects of the multiplicative rollover
risk for different levels of expected non-market wealth. These are the cases
shown before in Figure 3. First, looking at the year 0 proportions, we see
that there is no effect of rollover risk in the case where z0 = 0. In this case
the investor has constant relative risk aversion with repect to the market cash
flow. A constant relative risk averse investor does not change her portfolio
in response to a multiplicative risk with an expectation E(y) = 1. Also, the
state-by-state year 4 stock proportions shown in columns 3-7 confirm that
the Merton strategy, holding a constant proportion of wealth in stocks in
each state at each time, is unaffected by the rollover risk.

Now, we compare two cases: 3 and 4, where the expected non-market wealth
is positive. Case 3, where there is no rollover risk is the same case as case
3 in Table 2. The investor has increasing relative risk aversion with respect
to the market cash flow. The reaction of such an investor to a multiplicative
rollover risk is to make her less risk averse, as shown in case 4. The optimal
policy has 72% initially invested in stocks as opposed to 70% in case 3.
Finally, comparing cases 5 and 6, we see the opposite effect. Here, in case
5, the investor with negative expected non-market wealth exhibits declining
relative risk aversion towards the market cash flow. When the rollover risk
is added in case 6, the effect is to decrease the investment in stocks. In year
0, the percentage in stocks declines from 42% to 38%.

These examples emphasize the fact that the reaction to rollover risk depends
upon the expected value of the non-market wealth. The results stem from
Franke, Schlesinger and Stapleton (2003), who showed that a multiplicative,
independent, unit mean risk has a negative (positive) effect on derived rel-
ative risk aversion, for HARA utility functions with increasing (declining)
relative risk aversion, if γ > 1. In a sense, investors with increasing relative
risk aversion welcome such a multiplicative risk and respond by buying more
stocks.

The Effect of Non-Market Risk and Rollover Risk

In Table 4, we show optimal stock proportions for three cases, where z0 =
−30, 0 30. These correspond to the cases in Figures 4, 5 and 6. In the first
section of the table, where expected non-market wealth is 0, we illustrate the
pure effect of the additive and the multiplicative risks. If both risks are zero,
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in case 1, the investor follows the Merton strategy, with a constant proportion
(56%) invested in stocks. This is also true in case 2, where the positive
rollover risk has no effect on the optimal strategy of the CRRA investor. In
case 3, where there is a positive non-market wealth risk, the investor acts
like a DRRA investor, since the precautionary premium in equation (11) is
positive for all values of xn. The investor buys less stocks than in case 1.
In case 4, where both the non-market wealth risk and the rollover risk are
positive the investor becomes even more risk averse buying less stocks in year
0 and in each state in year 4. Hence, in this case, where z0 = 0, the two risks
re-enforce each other.

We now consider the case where expected non-market wealth is negative. In
case 5, where z0 = −30, the investor acts like a DRRA investor, reacting to a
multiplicative risk, in case 6, by becoming more risk averse and investing in
less stocks. In case 7, where there is a positive non-market wealth risk, the
investor again acts like a DRRA investor, since the precautionary premium
in equation (11) is positive for all values of xn and adds to the effect of
the negative z0. Finally, in case 8, where both the non-market wealth risk
and the rollover risk are positive the investor again becomes even more risk
averse, buying no stocks at all.8

The final section of table 4 shows an example of the case where expected non-
market wealth is positive. Here the reaction of the investor to the rollover
risk, depends upon the existence of the non-market wealth risk. The positive
non-market wealth in case 9 makes the investor act as if she had IRRA utility.
Such an investor reacts to a multiplicative risk by buying more stocks, as in
case 10. However, the additive non-market wealth risk can negate or reverse
the effect of the positive mean of non-market wealth. This is the case in case
11, where the additive risk causes the investor to buy less stocks than in case
9, where there was no risk. Also, because the effect of the risk outweighs the
positive mean of the non-market wealth, the investor now acts as if she has
DRRA utility. This effect is then compounded in case 12 when the rollover
risk is added.

Dynamic Asset Allocation Strategies: An Illustration

In the following figures we illustrate the optimal asset allocation strategy over

8We assume here that the investor cannot sell short the risky asset.
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a five-year time interval. In Figures 3a and 3b, we assume that expected non-
market wealth is z0 = 100, with a volatlity of 20%. In figure 3a, the rollover
risk is zero. The effect is to produce IRRA behaviour and this is reflected
in the dynamic asset allocation strategy shown. The investor starts with
93% invested in stocks at year 0. Then at year 1, this declines to 87% if
the market moves up (0 down moves) and increases to 99% if the market
moves down (1 down move). At year 2, the investor puts either 82%, 91%
or 106% in stocks depending on the market state. Since there is an inverse
relationship between the number of down-moves and the level of the market,
the strategy reflects IRRA utility (more is invested in stocks as the market
declines). Comparing the asset allocation in Figures 3a and 3b, the addition
of rollover risk marginally increases the stock proportions, which is consistent
with IRRA behaviour. However, the general pattern of the optimal strategy
is unchanged.

In Figures 3c and 3d, we assume that expected non-market wealth is z0 = 0,
with a volatlity of the assets of 20%. In figure 3c, the rollover risk is zero.
The effect of the zero-mean risky non-market wealth is to produce DRRA
behaviour and this is reflected in the dynamic asset allocation strategy shown.
The investor starts with 39% invested in stocks at year 0. Then at year 1,
this increases to 42% if the market moves up (0 down moves) and declines
to 37% if the market moves down (1 down move). At year 2, the investor
puts either 45%, 40% or 35% in stocks depending on the market state. Since
there is an inverse relationship between the number of down-moves and the
level of the market, the strategy reflects DRRA utility (less is invested in
stocks as the market declines). Comparing the asset allocation in Figures
3c and 3d, the addition of rollover risk reduces the stock proportions, which
is consistent with DRRA behaviour. However, again, the general pattern of
the optimal strategy is unchanged.

7 A Comparison With Alternative Models

In this section we introduce a second model where, again, both non-market
wealth risk and rollover risk exist. Although similar to the model analysed
so far, it produces quite different results.
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Suppose, for example, that the investor holds a portfolio of stocks and bonds,
then at the end of the investment horizon receives an uncertain bequest,
and then converts her total wealth into a pension annuity. The difference
compared to the previous examples, is that both the investment fund and the
bequest are annuitized. As a second example, assume that investment is in
foreign stocks and bonds and a bequest is received also in the foreign currency.
Then the total wealth is converted into the investor’s home currency at the
exchange rate prevailing at time n.

For convenience, we use the same notation as in the previous model. Con-
summable wealth (or the annuity) is wn, where

wn = [xn(r̃m) + z0 + ε̃]ỹ. (12)

This compares with the model in equation (1) analysed above. The first
order condition for a maximum in this model is

Eε,y[u
′(xn(rm) + z0 + ε̃)ỹ] = λφ(rm) ; ∀ rm. (13)

However, when utility is CRRA, this condition simplifies to

Eε[[xn(rm) + z0 + ε̃]−γ ]Ey(ỹ
−γ) = λφ(rm) ; ∀ rm.

Since the factor Ey(ỹ
−γ) is a constant, it does not affect the demand for

contingent claims. Hence, in this model, the rollover risk has no affect.9

The two models of wealth, in equations (1) and (12), yield quite different
predictions for the effect of rollover risk. For example, in the case where
the expected value of non-market wealth is zero, as in Figure 1, our original
model predicted that the rollover risk would reinforce the non-market wealth
risk effect, making the investor act in a more risk averse manner. However,
in the alternative model, there is no rollover risk effect. Hence, the investor
acts in a somewhat less risk averse manner in the alternative model.

9The irrelevance of rollover risk for the demand for state-contingent claims was noted
in Franke, Schlesinger and Stapleton (2003). As they point out, with DRRA or IRRA this
result does not hold.
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8 Conclusions

Portfolio selection is complicated by personal circumstances which can rad-
ically affect the asset allocation strategy of the investor. Here, we have
analysed the optimal strategy of a power utility investor in a market where a
single risky asset follows geometric Brownian motion. The investor has sto-
chastic non-market wealth and chooses strategies given an uncertain rollover
rate. The existence of non-market wealth causes the investor to act as if
her utility had increasing or declining relative risk aversion, depending on
the size and risk of the non-market wealth. The response to a rollover risk
depends upon whether the derived utility is DRRA or IRRA.

Consideration of the additive non-market wealth risk and the multiplicative
rollover risk together in one model is important, since the combined effect
can be different from the effect of rollover risk alone. We illustrated a case
where the effect of rollover risk alone is to increase investment in stocks,
whereas the effect of rollover risk is to reduce investment in stocks when it
is included in a model where non-market wealth risk exists. Ignoring the
interaction effects between the risks can lead to incorrect predictions.

In our model, resolution of the uncertainty surrounding the non-market
wealth and rollover risks only takes place at the horizon date. We solve
what is essentially a single-period model for the optimal demand function
for state-contingent claims. However, since the market for the risky asset is
dynamically complete, this function can be represented by a dynamic asset-
allocation strategy involving stocks and bonds. We find that this strategy is
both time and state dependent. It follows that simple prescriptions for asset-
allocation such as “lifestyle”, which suggests a shift of assets from stocks to
bonds as retirement approaches, is unlikely to be optimal.
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9 Appendix

In this appendix we prove Propositions 1 and 2. First we establish the
following:

Lemma 1 uy(x) is SRA if u(x) is SRA.

Proof

We show that SRA is preserved under the rollover risk for any SRA utility
function.

1. u(x) is declining absolute risk averse (DARA) if and only if

u′′′(x)

−u′′(x) ≥ −u′′(x)
u′(x)

. (14)

This is preserved under the rollover risk if and only if

Ey[u
′′′(xy)y3]

Ey[−u′′(xy)y2]
≥ Ey[−u′′(xy)y2]

Ey[u′(xy)y]
≡ ∆(x), ∀x.

Equivalently,

Ey[u
′′(xy)y2] + ∆(x)Ey[u

′(xy)y] = 0 ⇒
Ey[u

′′′(xy)y3] + ∆(x)Ey[u
′′(xy)y2] ≥ 0 , ∀x.

By the diffidence theorem, this holds iff ∃m(x) such that for every y,

u′′′(xy)y3 + ∆(x)u′′(xy)y2 ≥ m(x)[u′′(xy)y2 + ∆(x)u′(xy)y]

⇔

−u′′(xy)y
[
−∆(x) +

u′′′(xy)

−u′′(xy)
y

]
≥ m(x)u′(xy)

[
∆(x) +

u′′(xy)

u′(xy)
y

]
.

From (14) it follows that this inequality holds if

−u′′(xy)y
[
−∆(x) +

−u′′(xy)
u′(xy)

y

]
≥ m(x)u′(xy)

[
∆(x) +

u′′(xy)

u′(xy)
y

]
.
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Let m(x) = −∆(x). Then the last inequality yields

[
−u

′′(xy)

u′(xy)
y − ∆(x)

]2

≥ 0.

Hence uy(x) is DARA if u(x) is DARA.

2. Along the same lines, declining absolute prudence of u(x) can be shown
to imply declining absolute prudence of uy(x).

3. Finally, positivity of the absolute risk aversion of u(x) implies positivity
of the absolute risk aversion of uy(x). The same holds for absolute
prudence. Hence SRA of u(x) is preserved under a rollover risk. 2

Corollary 1 Given that

u(x) =
1

1 − γ
(z0 + x)1−γ

is SRA, then

uy(x) =
1

1 − γ
Ey[(z0 + xy)1−γ]

is SRA.

Proof

u(x) is SRA, given γ > 0 and hence the result follows from Lemma 1.2

Lemma 2 If u(w) is HARA, with γ > 0, then the third derivative of the
precautionary premium with respect to x is negative.

Proof

Let ν = x+ z0 and ε = ση, where η is a random variable with mean zero and
unit variance. We have

(ν − ψ)−γ = Eε[(ν + ε)−γ]
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or (
1 − ψ

ν

)−γ

= Eν

[(
1 +

ση

ν

)−γ
]
.

For a given η distribution, it follows that

ψ

ν
= f

(
σ

ν

)

or

ψ = νf
(
σ

ν

)
.

Differentiating w.r.t. ν

ψν = f
(
σ

ν

)
+ νf ′

(
σ

ν

) −σ
ν2

= f
(
σ

ν

)
− f ′

(
σ

ν

)
σ

ν

and differentiating w.r.t. σ

ψσ = νf ′
(
σ

ν

)
1

ν
= f ′

(
σ

ν

)

Hence

ψν = f
(
σ

ν

)
− ψσ

σ

ν
.

Differentiating again w.r.t. ν

ψνν =
∂ψν

∂ σ
ν

∂ σ
ν

∂ν
=
∂ψν

∂ σ
ν

(
− σ

ν2

)

and differentiating again w.r.t. σ

ψνσ =
∂ψν

∂ σ
ν

∂ σ
ν

∂σ
=
∂ψν

∂ σ
ν

(
1

ν

)
.

It follows that

ψνν = ψνσ

(
−σ
ν

)
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which is a function of σ/ν. Hence,

ψννν =
∂ψνν

∂ σ
ν

∂ σ
ν

∂ν
=
∂ψνν

∂ σ
ν

−σ
ν2

and

ψννσ =
∂ψνν

∂ σ
ν

∂ σ
ν

∂σ
=
∂ψνν

∂ σ
ν

1

ν
> 0.

Positivity is shown in FSS (JET), lemma 3, and hence

ψννν = ψννσ

(
−σ
ν

)
< 0.

2

Lemma 3 Assume that z0 ≤ 0, γ > 0, x > 0. Then the derived relative risk
aversion has the properties a′ε(x) < 0 and a′′ε(x) > 0.

Proof

The derived relative risk aversion is

aε(x) = γ
1 − ψ′(x)

x + z0 − ψ(x)
x

Differentiating w.r.t. x we have

a′ε(x) = −γ ψ′′(x)x

x + z0 − ψ(x)
+
aε(x)

γx
[γ − aε(x)]. (15)

For z0 ≤ 0, SRA of u(x) implies aε(x) ≥ a(x) ≥ γ. Hence, since also
ψ′′(x) > 0 [from FSS, JET, lemma 2], a′ε(x) < 0 follows. Differentiating the
first term of (15) w.r.t. x yields

−γ ψ′′′(x)x

x + z0 − ψ(x)
+

ψ′′(x)

x + z0 − ψ(x)
[aε(x) − γ],

which is positive, since ψ′′′(x) < 0, by Lemma 2. Also, the second term in
(15) clearly increases with x, since a′ε(x) < 0. Hence, a′′ε(x) > 0.2
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Lemma 4 uy(x) is standard relative risk averse if u(x) is standard relative
risk averse.

Proof

The relative risk aversion of u(x) is

a(x) = −u
′′(x)

u′(x)
x,

and hence
ln a(x) = ln−u′′(x) − lnu′(x) + ln x.

Therefore,

∂a(x)

∂x
≤ 0 ⇔ ∂ ln a(x)

∂x
≤ 0

⇔ u′′′(x)

u′′(x)
− u′′(x)

u′(x)
+

1

x
≤ 0

⇔ u′′′(x)

−u′′(x) ≥ −u′′(x)
u′(x)

+
1

x
, ∀x.

Then the proof follows along the same lines as the proof of Lemma 1.2

Corollary 2 Given that

u(x) =
1

1 − γ
(x+ z0)

1−γ

is SRRA, then

uε(x) = Eε

[
(x+ z0 + ε)1−γ

1 − γ

]
,

is SRRA. This property is preserved also under the joint non-market wealth
and rollover risk.
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Proof

Now consider the utility derived over the ε-risk:

uε(x) = Eε

[
(x+ z0 + ε)1−γ

1 − γ

]
,

this function is DRRA for z0 ≤ 0. It follows that rollover risk preserves
DRRA by Lemma 4.2

Proof of Proposition 1

First, z0 ≤ 0 implies that a(x) ≥ γ, a′(x) < 0, and a′′(x) > 0. From
Proposition 1(i) in FSS (2003), ay(x) > a(x). Also, since u(x) is SRA,
aε(x) > a(x). Hence min[aε(x), ay(x) ≥ a(x) ≥ γ. Second, from Lemma 1,
a′ε(x) < 0, a′′ε(x) > 0, and hence from FSS (2003), Proposition 1(i) aεy(x) >
aε(x). Finally, since u(x) is SRA, uy is SRA from Lemma 1, hence aεy(x) >
ay(x).2

Proof of Proposition 2

1. Since u(x) is SRA, aε(x) > a(x). Also, since a′(x) < 0 and a′′(x) > 0,
with z0 > 0, FSS (2003), Proposition 2(i) implies at a(x) > ay(x).

2. (a) if a′ε(xy) < 0 and a′′ε(xy) > 0 then FSS (2003), Proposition 1(i)
implies aεy(x) > aε(x) and

(b) if a′ε(xy) > 0 and a′′ε(xy) < 0 then FSS (2003), Proposition 2(i)
implies aεy(x) < aε(x)2
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Table 1: Portfolio Optimisation Example: Data

Expected Return Horizon, n 5 years
on Market 10% Coefficient of
Risk-free Rate 5% Relative Risk aversion, γ 2

Expected Non-market
Volatility of Wealth, z0 -30, 0, 30
Market Return, σm 20% Investible wealth, x0 100

Volatility of
Non-market wealth σε 0, 0.2
Standard deviation of
Rollover Rate σy 0, 0.3

1. We assume that the market return follows a discrete binomial process, with
a mean return of 10 % over each year. The volatility, of the underlying
continuous process is 20%.

2. The risk-free rate of interest is 5% on a discrete, annual basis.

3. In the right hand columns we show the investor characteristics. The horizon,
when non-market wealth is realised is 5 years. The coefficient of relative risk
aversion is γ = 2.
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Table 2: Non-Market Wealth Effects on Stock
Proportions

Year 4: state
Case Year 0 0 1 2 3 4 Derived Utility

1 z0 = 0, σε = 0 56 56 56 56 56 56 CRRA
2 z0 = 0, σε = 0.2 39 49 46 41 36 29 DRRA
3 z0 = 30, σε = 0 70 63 66 69 73 80 IRRA
4 z0 = 30, σε = 0.2 56 59 59 57 55 51 DRRA
5 z0 = −30, σε = 0 42 47 45 42 40 37 DRRA
6 z0 = −30, σε = 0.2 20 34 29 23 16 10 DRRA

1. All data is as shown in Table 1.

2. The state is indexed by the number of down-moves in the binomial process
after 4 years.

3. z0 is the expected non-market wealth of the investor at time 0. σε is the
(annualised) volatility of the non-market wealth process.

4. Column 3 shows the percentage of stocks in the optimal portfolio in year 0.

5. Columns 4-8 show the percentage of stocks in the optimal portfolio in year
4 in the various states.

6. The derived utility is the utility for market wealth, xn. It is of the type
CRRA (constant relative risk aversion), DRRA (declining relative risk aver-
sion), or IRRA (increasing relative risk aversion)
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Table 3: Rollover Risk Effects on Stock Proportions

Year 4: state
Case Year 0 0 1 2 3 4 Derived Utility

1 z0 = 0, σy = 0 56 56 56 56 56 56 CRRA
2 z0 = 0, σy = 0.3 56 56 56 56 56 56 CRRA
3 z0 = 30, σy = 0 70 63 66 69 73 80 IRRA
4 z0 = 30, σy = 0.3 72 65 67 71 76 83 IRRA
5 z0 = −30, σy = 0 42 47 45 42 40 37 DRRA
6 z0 = −30, σy = 0.3 38 44 42 39 35 32 DRRA

1. All data is as shown in Table 1.

2. The state is indexed by the number of down-moves in the binomial process
after 4 years.

3. z0 is the expected non-market wealth of the investor at time 0. σy is the
(non-annualised) standard deviation of the rollover rate.

4. Column 3 shows the percentage of stocks in the optimal portfolio in year 0.

5. Columns 4-8 show the percentage of stocks in the optimal portfolio in year
4 in the various states.

6. The derived utility is the utility for market wealth, xn. It is of the type
CRRA (constant relative risk aversion), DRRA (declining relative risk aver-
sion), or IRRA (increasing relative risk aversion)
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Table 4: Rollover and Non-Market Wealth Risk Effects
on Stock Proportions

Year 4: state
Case Year 0 0 1 2 3 4 Derived Utility

1 z0 = 0, σε = 0, σy = 0 56 56 56 56 56 56 CRRA
2 z0 = 0, σε = 0, σy = 0.3 56 56 56 56 56 56 CRRA,
3 z0 = 0, σε = 0.2, σy = 0 39 49 46 41 36 29 DRRA
4 z0 = 0, σε = 0.2, σy = 0.3 25 42 36 28 19 10 DRRA
5 z0 = −30, σε = 0, σy = 0 42 47 45 42 40 37 DRRA
6 z0 = −30, σε = 0, σy = 0.3 38 44 42 39 35 32 DRRA
7 z0 = −30, σε = 0.2, σy = 0 20 34 29 23 16 10 DRRA
8 z0 = −30, σε = 0.2, σy = 0.3 0 0 0 0 0 0 CRRA
9 z0 = 30, σε = 0, σy = 0 70 63 66 69 73 80 IRRA
10 z0 = 30, σε = 0, σy = 0.3 72 65 67 71 76 83 IRRA
11 z0 = 30, σε = 0.2, σy = 0 56 59 59 57 55 51 DRRA
12 z0 = 30, σε = 0.2, σy = 0.3 53 58 57 55 51 44 DRRA

1. All data is as shown in Table 1.

2. The state is indexed by the number of down-moves in the binomial process
after 4 years.

3. z0 is the expected non-market wealth of the investor at time 0. σy is the (non-
annualised) standard deviation of the rollover rate. σε is the (annualised)
volatility of the non-market wealth process.

4. Column 3 shows the percentage of stocks in the optimal portfolio in year 0.

5. Columns 4-8 show the percentage of stocks in the optimal portfolio in year
4 in the various states.

6. The derived utility is the utility for market wealth, xn. It is of the type
CRRA (constant relative risk aversion), DRRA (declining relative risk aver-
sion), or IRRA (increasing relative risk aversion). RA stands for risk aver-
sion.
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Figure1: Non-stochastic NMW
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Figure 2: NMW Risk and Optimal Return 
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Figure 3: Rollover Risk and Optimal Return
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Figure 4: Expected NMW Zero 
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Figure 5: Expected NMW 30
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Figure 6: Expected NMW -30
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Figure 3a: Asset Allocation, IRRA
 and No Rollover Risk
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Figure 3b: Asset Allocation, IRRA
 and Rollover Risk
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Figure 3c: Asset Allocation, DRRA
 and No Rollover Risk
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Figure 3d: Asset Allocation, DRRA
 and Rollover Risk
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