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quirements on bank risk taking. In particular, with risk management,
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Do Bank Risk Management and Regulatory Policy
Reduce Risk in Banking?

1 Introduction

Dynamic risk management plays an increasingly important role in banks and
other financial institutions and the attention paid to this topic has grown
commensurately in recent years12. At the same time a much broader range
of risk management instruments is now available to banks to manage their
risk. As well as standard contracts such as futures, swaps and options linked
to interest rates we may now add loan sales and securitization and a wide
variety of credit-linked derivatives such credit default swaps and collateralized
debt obligations.

However, almost all analyses of bank risk taking, from moral hazard mod-
els of deposit insurance to the VaR systems actually used by banks, assume
static portfolio positions. Indeed, some theoretical models assume that a
bank’s portfolio position is fixed exogenously.

In this paper we address three main issues. First, what is the impact of
dynamic risk management on bank risk taking? Along with the quantity of
risky assets held, we use two metrics for “riskiness”: the first, in common
with much of the literature, is the present value of the deposit insurance
liabilities (PVDIL)3. The second is the probability of default; if there are
externalities to bank failure, e.g., through bank runs, then it is likely that
these costs will increase with the number of failures, i.e., with the probability.

We find that, in general, banks will have an incentive to respond to
changes in asset values by dynamically adjusting their portfolios and lever-
age; in other words that they will engage in risk management. Such dynamic
behavior leads to changes in portfolio risk over time with consequent effects
on the ability of a bank to exploit future rents, its probability of default and
the PVDIL.

Overall, we find that dynamic portfolio strategies reduce the probability
of default but increase the PVDIL.

1We refer throughout to “banks” even though much of our analysis would also apply
to other financial institutions with some form of franchise value.

2See Merton and Perold (1993), Merton (1995) and Bessis (1998).
3PVDIL, e.g. the present value of deposit insurer as FIDIC.
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Second, the paper analyzes how banks’ use of risk management may
change the impact of capital requirements on (a) the probability of default
and (b) the PVDIL. Finally, we analyze how our conclusions on the first two
questions are affected by the presence of rents on the bank’s assets.

Our analysis is carried using a multi-period model (similar to that used
in Suarez (1994) and Hellmann et al. (2000)) but where banks manage their
portfolios dynamically. The paper focuses on how the bank’s franchise value,
determined endogenously in our model, affects its incentive to take risk.

The problem faced by the bank in our model is not simply to maximize the
value of a one-period deposit insurance put, as in the static model proposed
by Merton (1977). Here, the bank has an infinite horizon and faces multiple
audits. Its objective is to maximize the value of equity that reflects not only
the value of the put on the deposit insurance scheme, as in the standard
case, but also the value of a call held by the regulators who, in the event of
default, are able to remove both the banking licence and the franchise value.

Thus, in managing its portfolio the bank must trade-off the effects of
changes in risk on the value of these two claims. The put option makes the
bank’s payoffs convex in the value of the underlying asset while the loss of the
franchise value creates a concavity. The trade-off is between the conflicting
incentives of (a) increasing risk to exploit the deposit insurance put and (b)
reducing risk in order to survive and so preserve the franchise value.

Our model leads to a number of conclusions that contrast with those of
the standard analysis. First, even in the case where the only rent to the
bank’s shareholders comes from deposit insurance, the bank nonetheless has
an incentive to manage its portfolio dynamically so as to preserve the value
of these rents4. Thus, even if bank competition eliminates rents from sources
other than deposit insurance, it does not follow that banks always take on
as much risk as possible. In this paper we refer to dynamic management of
the bank’s portfolio as “risk management”.

Second, we show that the presence of zero marginal cost deposit insurance
put does not always lead the bank to choose a portfolio with the maximum
possible level of risk: when the asset value is low and the audit date rel-
atively close, the bank moderates its asset risk to preserve the rent from
deposit insurance. In this case, as the bank approaches the audit date and is
close to the default threshold, small changes in the asset value lead to large
shifts in portfolio holdings as the bank attempts to get “in the money” while
remaining solvent.

4Froot & Stein (1998) motivate risk management in terms of avoiding the frictional
costs of raising external finance and the presence of asset rents. Our motivation for risk
management is still conditional on the assumption of frictional costs however we show that
deposit insurance rents are sufficient to induce banks to manage their portfolios.
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Third, we show that the imposition of capital requirements may induce
banks to increase risk taking. The intuition here is that capital requirements
reduce the extent to which a bank is able to exploit rents in the future. Thus
the marginal benefit of preserving future rents is reduced and this may lead
the bank to adopt a more extreme portfolio position now.

The effect of an increase in risk taking, when capital requirements are
not binding, may raise both the probability of default and the PVDIL. In
particular, we observe that the perverse effects of capital requirements on
default probability and the PVDIL are intimately related to the sources of
the rents. When rents are derived only from deposit insurance, capital re-
quirements increase the probability of default but not the PVDIL. When the
bank earns rents on its assets as well as from deposit insurance, risk-based
capital constraints may also increase the PVDIL.

The remainder of the paper is structured as follows: Section 2 describes
the related literature. Section 3 presents the model. Section 4 characterizes
the bank’s optimal investment decisions. Section 5 examines the effects of
capital requirements on bank risk taking, the probability of default and the
PVDIL. Section 6 extends the analysis to asset rents. Section 7 concludes.

2 Related literature

The role of franchise value in creating incentives for banks to reduce risk
has long been recognized in the literature. This effect, first pointed out by
Merton (1978) and Bhattacharya (1982), arises in a static model using an
option framework by Marcus (1984) and in a state preference model by Furlog
and Keeley (1987)5.

The implications of a positive franchise value for the design of regulatory
policy has been recently analyzed, again using an exogenous franchise value,
by Acharya (1996), Park (1997), Marshall and Venkataraman (1999). Other
studies that analyze the role of the franchise value in a dynamic framework
are: Suarez (1994), Bhattacharya et al. (2000) and Hellmann et al. (2000)).

5These models assume that banks are risk neutral and attempt to show that risk in
banks “matters”, not because banks are risk averse, but because a bank failure is costly
to bank owners. When the bank defaults shareholders loose not only their current capital
but the “franchise value”, defined as the net present value of future rents. This is a
valuable “intangible” asset that the bank holds as long as it is solvent. The relevance of
the franchise value has acquired credence after Keeley’s (1990) empirical findings on the
role of the franchise value in creating incentives for bank managers to increase or reduce
risk and capital.
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However, much of this literature assumes an exogenous franchise value
and static portfolio composition. Among the contributions that consider
deposit rents as the main source of franchise value assume, the volatility of
bank assets is either (i) fixed exogenously (Merton (1978) and Bhattacharya
et al. (2000)) or (ii) chosen only at audit times (Suarez (1994)). Neither
of these approaches recognizes the possibility that banks may respond to
changes in asset values by changing the composition of their portfolio between
audits.

Ritchken et al. (1993) show that, when the option to adapt portfolio
composition to changes in asset value is considered explicitly, extreme policies
may no longer be optimal. However, in their model the franchise value is
unrelated to the bank’s portfolio composition. In contrast, in our model the
franchise value is endogenous and depends on the dynamic portfolio policy
adopted by the bank.

Our paper also addresses the impact of risk-based capital requirements
on the bank’s portfolio strategy. This question has previously been discussed
by, among others, Kahane (1977), Koehn and Santomero (1980) Kim and
Santomero (1988), Furlog and Keeley (1990) and Rochet (1992). While these
papers all address some aspect of the interaction between capital adequacy
rules and portfolio choice, they have in common that the model used is static
and assumes that banks have a horizon of only one period.

The importance of taking into account the dynamic aspects of the problem
was first considered by Blum (1999) who demonstrated that capital adequacy
rules may increase the bank investment in the risky asset6.

While our study is closer in spirit to that of Blum (1999), it is more
general in a number of aspects as discuss below.

3 The model

3.1 Timing and assumptions

In our model a bank is an institution that holds financial assets and is fi-
nanced by equity and deposits.

Bank shareholders and depositors: Shareholders are risk neutral,
enjoy limited liability and are initially granted a banking charter. The charter

6Dangl and Lehar (2000) develop a continuous time framework that allows banks to
switch between two (fixed) asset portfolios with different risk levels and use this to analyze
the risk taking incentives created by the building block approach of the Basle Accord and
Value-at-Risk based capital requirements.
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permits the bank to continue in business indefinitely under the control of its
shareholders unless, at the time of an audit, the regulator determines that it
is insolvent. In this case the charter is not renewed, the shareholders loose
the control of the bank and the value of their equity is zero.

If the bank is solvent at time t − 1, it raises deposits7 Dt−1 and capital
kDt−1, k > 0 so that total assets invested are:

At−1 = (1 + k)Dt−1. (1)

The deposits are one-period term deposits paying a total rate of return
of rd. Thus, at maturity the amount due to depositors is:

Dt = Dt−1(1 + rd). (2)

At this point, if the bank is ”solvent”, the accrued interest, rdDt−1, is
paid to depositors and deposits are rolled over at the same interest rate.

Regulators and audit frequency: We assume that audits take place at
fixed times t = 1, 2, .... The government guarantees the deposits and charges
the bank a constant premium per dollar of insured deposits. This premium
is included in the deposit rate 8 rd.

Portfolio revisions and investment choice: Between successive audit
dates there are n equally spaced times at which the portfolio may be revised.
Setting ∆t ≡ 1/n the portfolio revisions dates, between audit dates t−1 and
t, are therefore:

t, t + ∆t, t + 2∆t, . . . .., t + (n − 1)∆t, t + 1. (3)

For simplicity we assume that the bank may choose between two assets: a
risk free bond with maturity 1/n, yielding a constant net return r̂ per period
of length 1/n (r per period of length 1) and a risky asset yielding a gross
random return Rt+j∆t over the period (t+(j−1)∆t) to (t+j∆t)9. Returns on
the risky asset are independently distributed over time and have a constant
expected gross return of E [Rt+j∆t] ≡ (1 + â), where â is the net expected
return per period of length 1/n. Notice that we assume that, at each portfolio
revision date, the bank is allowed either to increase or decrease its investment
in the risky asset, i.e. the risky asset is marketable.

Portfolio choice: Let wt+j∆t denote the percentage of the portfolio
held in the risky asset at time t + j∆t with the remainder invested in the

7We take the volume of a bank’s deposits as exogenous.
8Equivalently, we may interpret this arrangement as one where the depositors pay the

deposit insurance premium and receive a net interest rate of rd.
9This means that we do not address the issues related to portfolio diversification as in

Boot and Thakor (1991).
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“safe” security. We limit the leverage that the bank can take on by imposing
a no-short selling constraint (0 ≤ wt+j∆t ≤ 1) on both the risky and safe
assets10:

0 ≤ wt+j∆t ≤ 1 ∀ t ∈ [0,∞] ,∀ j ∈ [0, n − 1] . (4)

The bank’s portfolio management strategy can be represented as a se-
quence of variables Θ = (θ0, θ1, ., θt, ., θ∞) with:

θt =
(
wt, wt+∆t, .., wt+j∆t, .., wt+(n−1)∆t

)
for all 0 ≤ t ≤ ∞ (5)

and 0 ≤ j ≤ n − 1, where θt represents the strategy between audit
dates t and t + 1 and Θ the collection of these sub-strategies for audit dates
1, 2, . . . , t, . . .∞.

Intertemporal budget constraint: The intertemporal budget con-
straint is given by:

At+(j+1)∆t = [wt+j∆tRt+j∆t + (1 − wt+j∆t)(1 + r)] At+j∆t, (6)

and so the bank’s asset value at the audit time t + 1 is:

At+1 =
n−1∏
j=0

[wt+j∆tRt+j∆t + (1 − wt+j∆t)(1 + r)] At (7)

Bank closure rule: Bank solvency is determined by audit. The closure
rule we consider in this paper is the so-called threshold rule: at an audit time
t, the bank is declared insolvent if the audit value of the asset, At, is lower
than the value of deposit liabilities including accrued interest Dt; that is Dt

is the threshold point for the bank failure. If regulators determine that the
bank is insolvent at time t it is also insolvent for all future periods s > t.

More formally, let the indicator variable It represent whether the bank is
open (It = 1) or closed (It = 0) at time t:

10It may not be immediately apparent that a non negativity constraint on the risky
asset would ever been binding. However, under the assumptions that we introduce below
,limited liability, we show that the bank will be risk preferring in some regions and would
short the risky asset if they could.
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A=(1+k)D

D

1 t

A

Figure 1: Dividend policy and capital replenishment
This Figure plots three potential paths of asset value on the period t − 1 to t and the
corresponding cash flow at audit time t. If at time t, A < D the bank default and
shareholders neither receive dividend nor contribute capital. If A > D(1 + k), the bank
pays a positive dividend and if D < A < D(1 + k) shareholders provide capital. If A > D

the volume of assets at the start of next period t to t + 1 is the same as at t − 1.

It =



0 if
t−1∏

s=0

Is = 0

0 if
t−1∏

s=0

Is = 1 and At < Dt

1 if
t−1∏

s=0

Is = 1 and At ≥ Dt

(8)

with I0 = 1.

Dividend policy and capital replenishment: In our model we
assume that the volume of deposits raised by the bank at each audit time t
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- if solvent - is constant and equal to D. If the bank is solvent at time t and
At − D(1 + rd) > kD, shareholders receive the excess At − D

[
(1 + rd) + k

]
as a dividend. If the bank is solvent and At−D(1+rd) < kD, shareholders11

contribute kD − (At − D(1 + rd)) in the form of new equity. These rules
implies that, at the start of each period in which the bank is solvent it has
the same volume of assets and the same leverage. Figure (1) gives a graphical
representation of the policy12. In summary the cash flow to shareholders at
time t is:

dt =

{
At − D

[
(1 + rd) + k

]
, if It = 1

0, otherwise.
(9)

The policy defined by equation (9) is exogenous to the model and is
adopted for simplicity13. In particular, we do not claim that this policy is
optimal e.g. in the sense that it maximizes the value of equity14.

This assumption does however imply that the distribution of future divi-
dend is the same at each audit point and this greatly increases the tractability
of the problem of calculating the value of equity and the franchise value.

The bank’s potential sources of rent: As mentioned above, we as-
sume that deposit insurance premia are a fixed percentage of deposits and, in
particular, independent of the bank’s portfolio composition. At the margin,
therefore, an increase in portfolio risk increases the value of deposit insurance
put or PVDIL without a corresponding increase in the bank’s costs and this
represents a rent to the bank’s shareholders.

In our model rents from deposit insurance generate a valuable asset for
shareholders, the franchise value, that is contingent on the bank continuing in
business and thus provides an incentive for shareholders to avoid insolvency.

The bank may also earn rents from one or both of two other main sources:
earning a super-normal rate of return i.e. â > r̂ on its assets or paying a rate
on its deposits lower than the riskless rate, i.e. r > rd.

In our model we initially assume that banks earn rents solely from deposit
insurance, i.e. â = r̂ and r = rd. Later we consider the case where the bank
also earns rents on its assets i.e. â > r̂. In this paper we do not consider the

11The question if it is optimal to provide this capital by shareholders is analyzed in a
latter section.

12In Pelizzon (2001) we show that equityholders has an incentive to inject capital when
the bank is solvent but loss making.

13A similar dividend policy has been assumed in the banking literature by Suarez (1994),
Hellman et al. (2000) and, with k = 0, by Allen and Gale (2000).

14We discuss this point, and in particular less restrictive dividend policy, later on in the
paper.
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case where the bank earns rents from its depositors15; the model can be easily
extended to include this case but the results here do not differ substantially
from the case with rents derived only from deposit insurance.

3.2 The problem

The problem faced by the bank is to choose the investment policy θ∗t , (i.e.
the percentage “w∗

t+j∆t” invested in the risky asset at each time t + j∆t )
that maximizes the value of equity:

θ∗ ∈ arg max
{θt}∞t=0

S0 =
∞∑

t=1

(1 + r)−tE [dt] (10)

subject to (4) and where dividends, dt, are defined in (9).

This problem is time invariant at any audit because, if the bank is solvent
at time t, then, since the distribution of future dividends is identical at t+1,
the portfolio problem faced by the bank is also identical at each audit time if
the bank is solvent. This means that the value of equity at time t, conditional
on solvency, is given by:

St =

{ ∑∞
t+1(1 + r)−(s−t)E [ds] = (1 + r) {E [dt+1] + St+1} if It+1 = 1

0 if It+1 = 0
,

(11)
is (i) constant at each audit time where the bank is solvent and (ii) given

by the following expression16:

S(θ∗) =
E [d(θ∗)]
r + π(θ∗)

(12)

where d(θ∗) is given in (9) and π(θ∗) is the probability of default at next
audit. Thus, the value of equity is equal to the expected dividend divided

15We use the phase “rents from depositors” to distinguish the case where the bank pays
depositors a rate less than the riskless interest rate from the case where the bank earns
rent from deposit insurance.

16For details see appendix A.
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by the sum of risk free rate and the probability of default. In other words,
the value of equity has a character of a perpetuity were the discount rate is
adjusted for default17. Equation (12) also highlights the conflicting incentives
that shareholders face in choosing the optimal portfolio composition. On one
hand increasing exposure to the risky asset increases the expected dividend
and so increases S(θ∗) while at the same time it increases the probability
of insolvency, i.e. π(θ∗), and so decreases S(θ∗). At the optimum these two
effects: (i) exploiting the deposit insurance put and (ii) preserving future
rents just offset.

Finally we define the franchise value as the difference between the equity
value (12) and the value of capital kD, i.e.:

F (θ∗) = S (θ∗) − kD (13)

4 Bank’s optimal portfolio management

In this section we describe the main features of the bank’s optimal portfolio
management policy. Our main result is that, even when the bank earns rents
only from deposit insurance, it nonetheless has an incentive to manage its
portfolio dynamically, i.e. to engage in risk management.

4.0.1 Static multiperiod model

Merton (1977) shows that the put option represented by deposit insurance
provides an incentive for the bank to choose the maximum level of risk for
its asset portfolio. We first extend this result to a static multiperiod model,
i.e. where the bank revises its portfolio only at each audit date. Thus, the
portfolio weights wt, wt+∆t, .., wt+j∆t, .., wt+(n−1)∆t are constant over time and
equal to w, say. In this case the bank does not engage in risk management.
Equation (12) becomes:

S(w) =
E [d(w)]

r + π(w)
(14)

17A similar relation obtained in a number of models of defaultable bonds (see Lando
(1997) and Duffie and Singleton (1999))
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where E [d(w)] denotes the expected one-period dividend, and π(w) the
one-period probability of default given the investment decision w.

Using (13) and (14) the franchise value of the bank is given by:

F =
(1 + r)Put

r + π(w))
= PV DIL (15)

where “Put” represents the value of the one period put option held by
the bank on the deposit insurance scheme, i.e.:

Putt−1 =

∫ Dt

−∞(Dt − At)f(At)dAt

(1 + r)
≡ Put (16)

Proof.
See the Appendix B.

Once again the time homogeneity of the problem means that this value
is the same at each audit time. Equation (15) makes it clear that here where
the bank earns rents only from deposit insurance its franchise value is simply
the present value of a defaultable stream of puts on the deposit insurance
scheme, i.e. the present value of the deposit insurance liabilities.

To provide direct comparability with Merton (1977) we analyze this case
under the assumption that the gross return on the portfolio asset is lognor-
mally distributed with standard deviation equal to σ, that is18

R̂t = (1 + r̂)e

(
σzt−σ2

2

)
(17)

where zt is a unit normal Gaussian i.i.d. process.
In this case the optimal strategy is given by the following Lemma.

LEMMA 1: In a stationary multiperiod setting when:

18Here, for tractability as well as for comparability with Merton we assume (i) a log-
normal distribution for the risky asset portfolio and (ii) that the portfolio choice variable
is the volatility parameter of this distribution.
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• the gross rate of return on the asset portfolio is lognormally distributed
with volatility parameter σ ∈ [0, σ] ,

• no portfolio revision is possible between audit dates,

• the bank earns no rents from either its assets or its deposits,

the optimal portfolio has the maximum possible volatility, i.e. σ = σ.

Proof.
See the Appendix C.

Lemma 1 shows that even though deposit insurance rents generate a fran-
chise value that the bank has an incentive to preserve, the optimal strategy
in a multi-period Merton model with no portfolio revision between audits is
nonetheless unchanged and the bank chooses the portfolio with the highest
possible level of risk.

The result also serves to emphasize the different consequences for portfolio
policy of an endogenous versus exogenous franchise value. Marcus (1984)
using the Black and Scholes-Merton framework and no portfolio revisions
between audit dates shows that with an exogenous franchise value the optimal
strategy is always at a corner, i.e. involving either the least risky portfolio or
the most risky portfolio. Keeley and Furlog (1989), again using an exogenous
franchise value, obtain the same result in a more general state preference
framework.

In our case however, with an endogenous franchise value the optimal
strategy is always the maximum portfolio risk. The other ”corner” involving
zero portfolio risk gives rise, in our model, to a zero franchise value and so
is never optimal.

4.1 Dynamic multiperiod model.

We now introduce the possibility of portfolio revision and assume that the
bank, that is solvent at time t, may revise its portfolio at times t, t + ∆t,
t + 2∆t, .. up to the next audit date t + 1.

Under this assumption we obtain two principal results. First, it is no
longer true that the bank will always choose the portfolio with the maximum
possible risk. In other words, the multiperiod extension of Merton (1977)
given in Lemma 1 no longer holds when portfolio revision is introduced.
Second, the optimal policy for the bank now involves risk management, i.e.
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its portfolio choice now depends on the relation between the value of its asset
and its liabilities and on the time to the next audit.

We demonstrate this result via a numerical counter example (the multi-
period version of Merton with portfolio revision is not amenable to analytical
solution). We discuss this counter example and its numerical solution later
in this section. First, we present a binomial example in order to develop
some intuition on the role of revision in the bank’s optimal management of
its portfolio.

In our example we assume that the time between audits is one period and
that the bank is able to revise its portfolio at each audit date and in addition
once between audits. In this case therefore, n = 2 and ∆t = 1

2
.

We assume that current values of bank’s deposits and assets are 99 and
100 respectively and that the risk-free rate and the rate paid on deposits are
both equal to 5%. The returns on the risky asset are either +30% or −20% in
each period of length ∆t and are equiprobable. This means that the expected
return on the risky asset, â, is also 5% and, as before, the bank earns rents
only from deposit insurance. Also, as before, we assume risk neutrality.

Figure (2) shows the evolution of the price of the risky asset which is
initially 100 at time t. In the Figure the proportion of the portfolio invested
in the risky asset at each point in time and at each date (wt+j) is 100%, i.e.
the optimal portfolio choice in the case without portfolio revision ( since the
assets are entirely invested in the risky asset in this case the value of the
asset portfolio in each state is simply equal to the price of the risky asset).

At the first audit date, t+1, the bank defaults if the value of its asset is less
than the amount owed to depositors which in this case is 99(1.05)2 = 109.15.
Thus, in three of the four states at time t + 1 the bank pays zero dividends
(d) and defaults. In the remaining case, the asset value is 169 and the bank
pays a dividend of 58.85 and continues with an asset value equal to 100.

The probability of default at each audit date, π, is equal to 0.75, the
expected dividend is 0.25 ∗ 58.85 = 14.71 and, using (12,13) the franchise
value is easily calculated from as 16.25.

However, the strategy of investing 100% of the portfolio in the risky asset
is no longer optimal strategy. Figure (3) shows that a strategy characterized
by internal solutions at time t (w∗

t = 0.84) followed by corner solutions at
time t + ∆t 19 leads to a higher franchise value20.

19The optimal decision in period two is a corner solution since in this case the decision
is the same as in the case with a static single period model with exogenous franchise value.
As Marcus (1984) demonstrates in this case corner solutions are optimal.

20Corner solution in the first period are not optimal. In particular, the optimal strategy
w∗

t = 0.84 is unique. However, at t + ∆t in the up state the optimal strategy has a range
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TIME

t j=0 w 1
A, P 100

t+ ∆ t j=1 up +30% down -20%
w 1 w 1
A, P 130 A, P 80

t+1 up +30% down -20% up +30% down -20%
A, P 169 A, P 104 A, P 104 A, P 64
div. 58.85 div. 0 div. 0 div. 0

Audit dividend payment default default default

t+1 j=0 w 1
A, P 100

t+1+ ∆ t j=1 up +30% down -20%
w 1 w 1
A, P 130 A, P 80

t+2 up +30% down -20% up +30% down -20%
A, P 169 A, P 104 A, P 104 A, P 64
div. 58.85 div. 0 div. 0 div. 0

Audit dividend payment default default default

………………

E(d) π F

14.71 0.75 16.25

Figure 2: Binomial tree with extreme strategies
This Figure plots the value of asset (A),the strategy (w), the expected dividend,
the probability of default and the franchise value. The parameters used are:
D = 99, k = 1.01%, a = r = rd = 5%, and n = 2.
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TIME

t j=0 w 0.84
A 100

t+ ∆ t j=1 +30% -20%
w 0 w 1
A 126 A 83.96

t+1 +30% -20% +30% -20%
A 132.3 A 132.3 A 109.2 A 67.17
div. 22.19 div. 22.19 div. -1 div. 0

Audit dividend payment dividend payment dividend payment default

t+1 j=0 w 0.84
A 100

t+1+ ∆ t j=1 +30% -20%
w 0 w 1
A 126 A 83.96

t+2 +30% -20% +30% -20%
A 132.3 A 132.3 A 109.2 A 67.17
div. 22.19 div. 22.19 div. -1 div. 0

Audit dividend payment dividend payment dividend payment default

………………………

E(d) π F

10.85 0.25 29.77

Figure 3: Binomial tree with interior strategies
This Figure plots the value of asset (A), the strategy (w), the expected dividend, the

probability of default and the franchise value. The parameters used are: D = 99, k =
1.01%, a = r = rd = 5%, and n = 2.
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Figure (3) highlights three important features of the solution. First, the
strategy of investing 100% in the risky asset is no longer optimal since the
solution in Figure (3) leads to a higher franchise value. Second, the optimal
solution in the figure involves the bank choosing an internal optimum at time
t, in other words the optimal strategy with portfolio revision does not consist
solely of corner solutions. Third, the bank engages in risk management, i.e.
the portfolio chosen in different states at time t + ∆t depends on the state.

4.1.1 Numerical solution to the Merton problem with revision

We now return to the framework of the Merton model and consider the
case with portfolio revision between audit dates. Our numerical solution of
problem (10) shows that Proposition 1 still holds if we assume that the gross
return on the risky asset is lognormally distributed.

Figure (4) shows the solution to the portfolio optimization problem when
the bank is able to revise its portfolio 12 times between audit dates. Panels
(a), (b) and (c) show the optimal investment in the risky asset as a function of
A D at revision dates 1-5 (panel (a)), 6 (panel (b)) and 11 (panel (c)). Panel
(a) shows that up to and including date 5 the optimal portfolio is entirely
invested in the risky asset. At date 6 (panel (b)) there is marked change in
the policy and, for a wide range of values, the investment in the risky asset
is substantially less than 100%. For asset values greater than D the strategy
is similar to portfolio insurance, i.e., as the asset value falls towards D the
proportion of the portfolio invested in the risky assets is reduced. In this
range, the strategy is dominated by the need to preserve the franchise value.
For asset values below D the bank ”gambles for resurrection” and maximizes
its investment in the risky asset to increase the value of the deposit insurance
put. The portfolio strategy at date 11 (Panel (c)) is similar to the date 6
strategy but more extreme.

There is a discontinuity in the optimal portfolio policy between dates
5 and 6. For example, when A/D is around 1.04 the investment in the
risky assets falls from 100% at 5 to about 10% at date 6. The discontinuity
results from the non-convexity of the objective function which means that,
at intermediate dates, the value function may have both a local interior
maximum and a global maximum on the boundary. As time moves forward
a small change in the values of the interior and boundary maxima can move
the optimal portfolio from the boundary to the interior. In our example this
occurs between dates 5 and 7.

from 0 to 0.73.
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Figure 4: Optimal portfolio strategies and the distribution of asset
value
This Figure plots the optimal strategies conditional on time to audit and the distribution of
asset value at different times. We consider an audit frequency of one year. The parameters
used are: D = 100, k = 5%, n = 12, a = r = rd = 5%, σ = 10%.
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Panels (d) - (f) show the distribution of the asset value at times 1 and
6 (panel (a)), 7 (panel (b)) and 12 the audit date (panel (c)). Because the
portfolio composition up to date 5 is (a) static and (b) entirely invested in the
risky asset, the distribution is lognormal. However at time 7 (panel (b)), one
period after the discontinuity in the portfolio policy, the distribution is quite
different. In particular, it is bimodal with one mode above D and the other
below. At the audit date (panel (c)) the bimodality is more marked and the
shape of the distribution also allows us to understand the effect of portfolio
policy on the probability of default and the value of deposit insurance. The
expected loss is clearly greater in the case of a policy that always invests
100% in the risky asset but the conditional expected loss is larger with risk
management. It is simple to show that, as the interest rate goes to zero, the
optimal policy maximizes the conditional expected loss rate.21.

An important feature of the solution is that the bank has an incentive to
engage in risk management, even when franchise value is non-zero only as a
result of underpriced deposit insurance.

In summary we see that the main features of the optimal portfolio strategy
established in the binomial example also obtain in the multiperiod extension
of the Merton model with portfolio revision. More formally we have:

Proposition 1: In a stationary multiperiod setting where:

1. the bank is able to revise its portfolio n times per period

2. the gross rate of return on the asset portfolio over each interval of length
1
n

between successive portfolio revisions is lognormally distributed with
volatility parameter σj ∈ [0, σ] , j ∈ [0, n − 1]

3. the bank earns no rents from either assets of deposits

then:
(i) the bank optimally engages in risk management
(ii) the strategy σj = σ is no longer always optimal

Intuitively, the reason the bank has an incentive to reduce risk to exploit
the put option is that depositors are willing to hold risky bank deposits at
an interest rate equal to the riskless rate because they are insured and the
difference between the rate the bank would have to pay in the absence of
insurance and the riskless rate is a subsidy in the banks funding cost. The

21It is important to note that for low levels of leverage the optimal strategy is not unique
since any investment in the risky asset generates the same value of equity.
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higher is the asset risk, other things equal: (a) the higher the subsidy per
period but (b) the smaller the expected number of periods that the bank will
benefit from the subsidy before default. The optimal portfolio risk trades off
these two effects and it is the opportunity for risk management that facilitates
the trade-off by allowing the bank to change the distribution – not just the
scale – of asset returns.

4.1.2 Risk management and bank risk

One of the main objectives of this paper is to analyze the impact of banks’
risk management activities on their riskiness. The change in the distribution
of asset returns generated by risk management has important implications
for bank risk. To assess bank risk we employ two measures: the probability
of default at the next audit, π, and the PVDIL.

As mentioned above, these two measures, although related, are different.
In the case with no portfolio revision and where the asset return distribution
is lognormal both π and PVDIL are monotonically increasing in volatility
and there is therefore a relation one to one between these two measures.
However, with the opportunity for portfolio revision, banks undertake risk
management and, in doing so change the shape of the distribution of asset
values (as shown in the previous Figure). In this event, the one to one relation
between π and PVDIL is no longer guaranteed.

Table 1: Comparison between dynamic strategies and no portfolio
revisions

This Table compares the probability of default and the value of deposit insurance
generated by a multiperiod model with no portfolio revision with the case when the
bank can perform dynamic portfolio management strategies. The parameters used
are: D = 100, k = 5%, n equal respectively to 1 and 12%,a=r=rd = 5%, σ = 10%.

π PV DIL/D

No RM 0.33 5.97%
with RM 0.18 6.75%

Table (1) compares π and PVDIL in the case with and without portfolio
revision. In the case without portfolio revision (“No RM”) the bank always
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chooses the highest possible level of asset volatility. With portfolio revision
the asset risk is, in some states, lower than the maximum and so the average
risk in this case is lower than without portfolio revisions. We might expect,
therefore, that both π and PVDIL would be lower in the latter case. In
fact, as the Table shows, while the probability of default is indeed lower, the
PVDIL is higher. As mentioned above, this occurs because the shape of the
distribution in this case is different. The rents earned by the bank are the
losses of the deposit insurance agency and so to exploit this source of rents to
the maximum the bank uses risk management to increase the loss in the case
where the bank does default while simultaneously reducing the probability
of default, π, and therefore increasing the length of time the bank expects to
receive dividends before default.

This means that risk management reduces risk in the sense that the value
of the one period put (numerator of equation (15) is reduced but this is more
than offset by the reduction in the frequency of default π in the denominator.

We summarized these effects of risk management in Proposition 2.

Proposition 2: Dynamic risk management may reduce the probability
of default and increase the PVDIL

If we recall that the PVDIL is equal to the franchise value, it is perhaps
curious to reflect that, compared to the case with no portfolio revision the
deposit insurer is worse off in the case when both the one period put liability
and the probability of default are lower.

A further consequence of our analysis is that the value of the deposit in-
surance is affected by banks ability to engage risk management and estimates
of the cost of the deposit insurance that ignore this feature are likely to be
understated.

5 Capital rules

In the early 1980’s, as concern about the financial health of international
banks mounted and complaints of unfair competition increased, the Basle
Committee on Banking Supervision initiated a discussion on the revision of
capital standards. An agreement was reached in July 1988, under which the
new rules would be phased in by January 1993. The Basle accord of 1988
explicitly considered only credit risk and imposed an 8% capital requirement
on risk-adjusted assets22. Following its introduction, the Accord has been

22Risk-adjusted assets are defined as a weighted sum of bank assets whose weights
depend on asset risk buckets. See Cooke (1990) for the debate that led to the Accord and
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fine-tuned to accommodate financial innovation and to reflect some risks not
initially considered. In particular, (see Basle (1999, 2001) a new approach
has recently been proposed to take into account some of the limitations of
the earlier framework. In particular, financial innovation made it increasingly
easy for banks to find “cosmetic” adjustments to boost their reported capital
ratio without enhancing their soundness (Jones (2000)).

One of the main objectives of our paper is to analyze the effects of capital
regulation on bank risk taking. However, our analysis to this point assumes
an environment that is entirely unregulated except for periodic audits when,
if the bank is insolvent, it is closed. Between audits, however, the bank has
complete freedom to choose the risk of its portfolio even if insolvent.

In practice banks are obliged to observe capital requirements continuously
through time and face censure, or worse, if they are discovered, even ex-post,
to have violated the rules. However, if (i) asset prices are continuous, (ii)
capital rules are applied continuously through time and (iii) capital rules
force banks to eliminate risk from their portfolio when their capital falls
below a given (non negative) level, a bank’s probability of default becomes
zero. In our framework, then, capital rules effectively change the closure rule
from the one that we have used in the analysis so far, as well as introducing
capital requirements that place constraints on portfolio composition if the
bank is solvent. In the previous analysis the bank was assumed to be closed
unless the value of its assets exceeded the value of the deposit liabilities and
this test was applied only at the time of an audit. Under capital rules this
same test is applied at each portfolio revision date. In the analysis it is
important to differentiate between these two consequences of capital rules –
closure and portfolio composition. In our calculations, therefore, we include
the case of “capital rules with no capital requirements”, i.e., where the only
change from the “no regulation” case is the change in the closure rule. In
cases with capital requirements, the closure rule continues to be applied along
with constraints on portfolio composition.

In our model default may occur only if the solvency requirement is applied
at discrete time intervals. With continuous revision, as noted above, the
default probability is zero unless banks are able to “cheat”. The issue is
analogous to the problem of fixing the default boundary in models of credit
risky debt. If lenders (in our case regulators) are able to monitor asset values
continuously and to force closure at any point, the value of assets will never
fall below the value of liabilities and the losses to lenders (in our case the
deposit insurer) will be zero. With continuous portfolio revision the only way
to avoid this unrealistic conclusion is to assume – perhaps not unrealistically

Basle Committee (1999) for the Accord and its amendments.
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– that banks are able to continue to operate, and to invest in risky assets,
even when the value of their assets is below that of their liabilities.

In the early Accord required capital assume a linear relationship between
capital and investment. More recently capital requirements rely with VaR
(Value-at-Risk) and there is a link to portfolio composition. Our approach
is consistent with both of these. Indeed, in our model there is only one
risky asset and therefore the volatility of the return of the bank’s portfolio
is proportional to wj, the fraction invested in the risky asset. It follows
that any VaR based capital rule in which the required level of capital is
proportional to the volatility on the portfolio value KR = αV aR(A), where
KR is the required capital given the portfolio composition of bank’s asset,
can be written as:

kR = λwj
Aj

Dj

(18)

where kR is the required amount of capital expressed as a percentage of
deposits and λ is a constant.

This VaR based rule is the one used in the paper and it follows from
the foregoing that this rule is consistent with a one-to-one mapping between
the minimum permissible amount of capital kj in period j (expressed as a
percentage of deposits) and wj the percentage of the assets invested in the
risky asset. This means that, at each portfolio revision date, wj is constrained
according to:

wj ≤ kj
Dj

Aj

1

λ
≡ w(kj,

Dj

Aj

, λ) (19)

where w represents the maximum permissible investment in the risky asset
for a given ratio of deposits to assets and percentage of capital kj defined as:

kj =
Aj − D(1 + rd)1/n

D
(20)

Initially, if the bank is insolvent at a portfolio revision date it is assumed
to default, i.e., we assume “no cheating”. If it is solvent, the bank’s portfolio
choice must satisfy the capital requirements. Later we consider the case
where banks are able to cheat.
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In this section we ask how the introduction of capital requirements affects
risk taking when banks are able to engage in risk management.

Our main result is that, with risk management, banks may have a higher
risk exposure in the presence of capital requirements than without. The
intuition for this result comes from intertemporal considerations. Capital
rules constrain banks’ ability to exploit deposit insurance in the future and
this occurs in two ways. First, the closure rule prevents banks from “bidding
for resurrection” in the future. Second, capital requirements constrain the
bank’s future ability to take risk by limiting its investment in risky assets.
Both these effects reduce the benefits of survival and so may increase the
bank’s willingness to take risk today. We first consider the case where (i) as
in the previous section, the risky asset price follows a binomial process and
(ii) we impose only the new closure rule (i.e., the solvency constraint) and
not the capital requirement (i.e., λ = 0). The results are given in Figure (5).

At each node we show the optimal strategy (w) and the asset value (A).
At j = 1 we see that when the bank is solvent the optimal investment in the
risky asset is the same as in the unregulated case. When the bank is insolvent
at j = 1 the bank is now closed; in the previous case the bank invested 100%
in the risky asset in a “bid for resurrection”. The bank’s inability to do this
under the new closure rule means that, at j = 0, the bank is now better off
investing 100% in the risky asset. The bank’s inability to bid for resurrection
in the future reduces its probability of survival and so increases the incentives
for risk taking in earlier periods. In other words, if the bank is expected to
“live” for a shorter time it makes sense to exploit the rents from deposit
insurance more intensively by taking greater risk now.

The perverse effect of capital rules on the bank’s optimal strategy is
summarized in the following Proposition.

Proposition 3: Under the new closure rule, and compared to the unreg-
ulated case with only a solvency requirement at audit, the bank may have:

1. a higher investment in the risky asset in the states where the solvency
requirement is not binding

2. a higher probability of default.

We now present a numerical example that generalizes the binomial result
to the case of asset returns that are lognormally distributed. The bank is
able to revise its portfolio once per month and the remaining parameters are
the same as those used earlier (see, e.g. Figure 5). Table (2) contains results
for two cases. In the first, the bank is subject only to the new solvency
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TIME

t j=0 w 1
A 100

t+ ∆ t j=1 up +30% down -20%
w 1 w
A 130 A 80

default

t+1 up +30% down -20%
A 169 A 104
div. 58.85 div. 0

Audit dividend payment default

t+1 j=0 w 1
A 100

t+1+ ∆ t j=1 up +30% down -20%
w 1 w
A 130 A 80

default

t+2 up +30% down -20%
A 169 A 104
div. 58.85 div. 0

Audit dividend payment default

………………

E(d) π F
14.71 0.75 16.25

Figure 5: Binomial tree with capital requirements
This Figure plots the value of asset (A), the strategy (w), the expected dividend, the

probability of default and the franchise value. The parameters used are: The parameters
used are: D = 99, k = 1.01%, a = r = rd = 5%, and n = 2.

25



requirement. In the second, the bank is subject to both solvency and capital
requirements and we provide results for a range of range of values of λ. For
the purposes of comparison, the table also contains the results for the case
presented earlier in Table (1) when the bank is unregulated except for a
solvency requirement at the time of audit.

Table (2) shows the probability of default, π, and the PVDIL per dollar
of deposit for different level of capital requirements (λ). The point to note
from the table is that, consistent with our results in the binomial case, in-
troducing the new closure rule increases the probability of default from 17%
to 36%. Again, consistent with the binomial example, this occurs because,
under the new closure rule, the bank increases its exposure to the risk asset.
However, the new result from Table (2) is that when the bank is subject to a
positive capital requirement (1% in this case) and to the new closure rule its
probability of default is higher than with the closure rule alone (46% versus
36%). In other words, constraining the bank’s investment in the risky asset
may increase its probability of default even when it is subject to the new
closure rule.

As explained earlier, the PVDIL in this case is equal to the franchise value
that equity-holders seek to maximize. Any reduction in the set of feasible
portfolio choices cannot increase, and will generally decrease, the franchise
value and, therefore, the PVDIL. Thus, both (i) moving from the old closure
rule to the new one and (ii) increasing capital requirements decreases – or at
least cannot increase – the PVDIL. Thus, in table 2 we find that the PVDIL
is monotonic and decreasing as we move from the old closure to the new
closure rule and to higher values of capital requirements.

Proposition 4: In a multiperiod model with risk management, tighten-
ing capital requirements may increase the probability of default.

Traditional discussions of capital requirements (Kahane (1977), Furlog
and Keeley (1987), Rochet (1992), Marshall and Venkataraman (1999)) have
placed much emphasis on the asset-substitution effect. In this context capital
requirements are seen as off-setting the incentive to increase risk by limiting
the bank’s ability to invest in risky assets. Our propositions show that,
surprisingly, this assumption may be misplaced and that increasing capital
requirements may, in fact, lead the bank to take on more risk.

Blum (1999) has shown that the perverse incentives of capital require-
ments arise in a two-period model with asset rents. The intuition for this
result is that capital requirements lower “bank profits” and so lower the
bank’s incentive to preserve future rents. However, in the absence of asset
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Table 2: Comparison between dynamic strategies and no portfolio
revisions

This Table compares franchise value, the probability of default and the value of
deposit insurance generated by a multiperiod model with no capital requirements
with the case when the bank has capital requirement constraint.

π PV DIL/D

No CR 0.18 6.75%
(New closure rule) 0%

1%
f(w, σ) = 2%

3%
4%

0.36
0.46
0.27
0.19
0.12

1.61%
1.40%
1.20%
1.05%
0.91%

rents, this mechanism does not operate and the model reverts, essentially, to
the static Merton case where the bank optimally maximizes portfolio risk in
period zero23.

To our knowledge, ours is the first paper to show that capital requirements
may have perverse effects even when rents arise only from deposit insurance24.

5.1 Continuous Capital Requirements

Suppose that capital requirements are such that, whenever a bank’s capital
falls to some small value ε > 0, the permissable investment in the risky asset
is also zero. If such a rule could be enforced effectively at all points in time
then the probability of bank default also would be zero25.

23In Blume (1999) the only incentive the unconstrained bank has to maximize risk taking
is the fix asset rent in period two. higher is this rent higher is the bank incentive to reduce
risk taking. Without the asset or deposit rent, i.e. R = Rf and C(D)=RfD the bank has
no incentive to reduce asset risk. As a consequence capital requirements could only reduce
bank risk taking since without capital requirement constraint the bank will maximize asset
risk.

24Our model is further differentiated from Blum (1999) because it does not consider the
“leverage effect” of capital rules that raises the value of equity tomorrow. In fact, in our
model the investment in the risky asset is bounded by the level of deposits. In our analysis
we demonstrate that the first effect (the reduction of future profits) is sufficient for capital
requirements to increase the investment in the risky asset when the bank is solvent.

25We assume here that asset prices are continuous, e.g. they follow a diffusion.
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In practice, however, we observe that although actual capital rules are
more restrictive than the one just described, nonetheless banks do fail. We
therefore conclude that regulators are either unable or unwilling to enforce
capital requirements effectively at all points in time.

The enforceability of capital requirements is analogous to the effectiveness
of restrictive covenants in loan contracts. The fact that the recovery ratio
in bond defaults is only around 51% (as estimated by Moody’s) shows that
covenants themselves are not always effective in forcing firms to adopt policies
that protect lenders from losses. In the same way, the fact that bank failure
occurs suggests that capital regulations are also less than entirely effective
in forcing banks to reduce asset risk as their asset value declines. In other
words, banks are sometimes able to operate outside the strict requirements
of capital rules, i.e., they ”cheat”

Other authors have also considered the possibility that banks are able to
cheat in this way. For example in Cuoco and Liu (2002) banks are able to
misrepresent the VaR that they report to regulators.

We now have a modelling choice because in a model where (a) capital
requirements apply continuously in time and (b) there is no cheating, banks
never fail. In the analysis presented up this point we relax the assumption
that capital rules apply continuously. Specifically, we assume that capital
rules apply only at portfolio revision dates. Between these dates the bank’s
capital is not subjective to regulatory constraint and, indeed, the bank may
fail. Note, however, that the bank’s ability to exploit this assumption is
limited because, in the event of a portfolio revision, capital rules would apply.

The alternative is to assume that the rules apply at all points in time
and that banks cheat by misrepresenting their capital or asset values. We
have carried out some calculations in which a bank overstates the value of its
assets when, at any point, its asset value lies between (D−L) and D(1+ k),
with D > L > 0, where the lower limit represents a level of assets that
is sufficiently low that the bank is unable any longer to disguise its capital
deficiency. If, on a portfolio date, the asset value is lower than D−L, the bank
is closed. We assume that the amount by which the assets are overstated is
proportional to the difference between the threshold amount D(1 + k) and
the actual value of the assets. We also assume that banks are unable to
“cheat” at the time of an audit. The relation between claimed and actual
capital is shown in Figure (6).

In this case we find that cheating always increases the PVDIL because, as
in our earlier results, the bank acts to maximize the franchise value that is in
turn equal to PVDIL and cheating provides more flexibility. The probability
of default, however, may either increase or decrease because the bank takes
more risk and, as we have seen earlier, this may lead to either higher or lower
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Figure 6: Relation between claimed and actual asset value
This Figure plots the value of claimed asset (Â) and actual asset (A) value when the bank
overstates the value of its assets if its asset value lies between (D−L) and D(1 + k), with
D > L > 0, where the lower limit represents a level of assets that is sufficiently low that
the bank is unable any longer to disguise its capital deficiency. If, on a portfolio date, the
asset value is lower than D−L, the bank is closed. We assume that the amount by which
the assets are overstated is proportional to the difference between the threshold amount
D(1 + k) and the actual value of the assets.
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default probabilities. Similarly, Proposition 5 continues to hold in this case.

6 Other sources of rents: asset rents

Following Genotte and Pyle (1991), Chan et al. (1992), Craine (1995), Be-
sanko and Kanatas (1994), Froot and Stein (1998), Kupiec and O’Brien
(1998), we next consider the case where banks have a comparative advantage
in their ability to identify and efficiently manage their loan portfolios.

The net present value of investments available to banks depends on com-
petitive conditions in the loan market. We assume that banks have some
degree of “monopoly power”. This assumption may be justified on the basis
of banks’ special expertise in performing activities such as credit assessment
or economies of scale in monitoring (Diamond (1984)). As discussed in Mayer
(1988) and Sharpe (1990), financial intermediation as delegation arises not
only from technical scale economies in monitoring, but also from “strategic
scale economies” involving the effect of the number of financiers on their
relations with borrowers and, in particular, on their bargaining power in
potential renegotiations of contracts. Petersen and Rajan (1994) show that
there are natural barriers to bank entry. One such barrier is the informational
monopoly a bank may possess with respect to its clients.

A formal model of loan market competition is beyond the scope of this
paper and we simply assume that the bank is able to acquire assets which earn
a positive “spread”, â − r̂. Because, as described earlier, banks are assumed
to be risk neutral, a positive spread implies positive rents. The present value
of these represents an intangible asset that forms part of the franchise value.

In this section we describe the effects of asset rents on the bank’s optimal
portfolio policy. We show that when the bank earns rents from its assets
it nonetheless has an incentive to choose an internal portfolio solution even
in the static multiperiod model. Moreover, we show that with asset rents
the perverse intertemporal effects of capital requirements are even stronger:
tightening capital requirements may increase the bank’s investment in the
risky asset in states where capital requirements are not binding and this
increases not only the probability of default, as in the previous case, but also
the PVDIL.

6.1 Static multiperiod model

To provide direct comparability with the case when there are only deposit
insurance rents we assume that the gross return on the risky asset, R, is
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lognormally distributed with standard deviation equal to σ, that is:

R = (1 + â)e

(
σz−σ2

2

)
(21)

where z is a gaussian white noise process and â > r̂.

Also, because the riskless interest rate, r, is non-negative and this assump-
tion implies a stationary distribution of dividends the value of the equity is
bounded, i.e., the transversality condition is satisfied, even though the bank’s
assets earn a non-zero rent.

In this case the bank’s optimal strategy is characterized, once again,
by the trade-off between short run profits and preserving the future rents
through avoiding default. The main difference is that reinvestment in the
risky asset now gives rise to two sources of rent: deposit insurance as well
as the spread, â − r̂. Increasing investment in the risky asset makes default,
and therefore loss of the franchise value, more likely. The bank maximizes
short-run profits by investing entirely in the risky asset and maximizes its
chances of survival by investing only in the riskless asset.

The franchise value in this case is:

F (w) =

{{
(1 + k)e[w(ac−rc)+rc]N (d1) − (1 + r)N (d2) − k(1 + r)

}
D

r + 1 − N (h2)

}
(22)

where:

h2(w) =
ln

(
1+k
1+r

)
+

(
w(ac − rc) − σ2w2

2

)
σw

(23)

rc and ac represents the continuously compounded equivalent r and a
rates26,

26That is:

ac = ln(1 + a)

and

rc = ln(1 + r)
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h1(w) = h2(w) + σw (24)

and the PVDIL is still equal to formula (15).
It is never optimal for the bank to invest entirely in the risk-free asset

because in this case the franchise value is zero. Indeed, the bank is able to
generate rents (from the spread and from deposit insurance) only by investing
in the risky asset.

The first question we address here is whether, under these conditions, an
internal solution exists. Lemma 2 provides the answer.

LEMMA 2: if a > r = rd then w is never be equal to zero. However, an
interior solution (w < 1) for w may exist.

Proof.
See the Appendix C.

The result that internal solution may be optimal is interesting since this is
not true in (i) the static case (Merton (1977)), (ii) the case with an exogenous
franchise value (Marcus (1984)), or (iii) the case with an endogenous franchise
value generated by deposit insurance rents alone. Figure (7) provides the
intuition for this result. With a static portfolio policy - in the case under
consideration here - the present value of rents from deposit insurance is an
increasing function of asset risk. The same is not true, however, for the rents
the bank earns from the loan asset spread. Here, increasing risk raises the
probability of loosing the franchise value -“long term profits”-and this loss
may offset the value of the higher profits the bank earns from the spread in
the short run. The two present values combined -from deposit insurance and
spread - may similarly have an interior maximum.

6.2 Dynamic multiperiod model and capital require-
ments

When asset rents are present the bank has a stronger incentive to undertake
risk management both to exploit these rents in the short term and to preserve
them in the future. The optimal dynamic strategy is similar to that described
earlier for the dynamic case without asset rents.
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Figure 7: Trade off between deposit insurance rents and asset rents
This Figure shows the two components of the franchise value, asset rents and deposit
insurance rents, for different investment in the risky asset w .
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Figure 8: Relation between the level of capital requirements and (a)
the franchise value and (b) the PVDIL
This Figure shows that the relation between the franchise value and the level of capital
requirements is monotonic but that between PVDIL and capital requirements is not.

In the present case, with asset rents Proposition 3 continues to hold,
i.e. introducing capital requirements may lead to an increase in the bank’s
exposure to risk in states where the capital requirement is not binding.

However, the presence of asset rents means that (i) the franchise value is
no longer equal to PVDIL and therefore, (ii) maximizing the franchise value
does not necessarily maximize the PVDIL. This leads to a surprising result.
While it is true that tightening capital requirements always reduces the fran-
chise value, because the latter is no longer equal to PVDIL, a reduction in
the franchise value is not always accompanied by a reduction in the PVDIL.
In fact, in some cases, tightening capital requirements can lead to an increase
in the value of deposit insurance liability.

This point is illustrated in Figure (8) which shows the relation between the
level of capital requirements and (a) the franchise value and (b) the PVDIL.
The relation between the franchise value and the level of capital requirements
is monotonic but that between PVDIL and capital requirements is not. In
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particular, when capital requirements are increased from 8% to 8.5%, the
PVDIL increases.

This result is summarized in the following proposition:

Proposition 5: In a multiperiod model with risk management and as-
set rents, tightening capital requirements may increase the value of deposit
insurance.

The intuition for this result is that in, the presence of asset rents, capital
requirements not only reduce the extent to which the bank can exploit deposit
insurance – as in the previous case – but, in addition, reduce its ability to earn
asset rents in the future. Thus, relative to the case with deposit insurance
rents only and for a given increase in capital requirements, the bank has a
stronger incentive to increase its risk taking since the resulting reduction in
the franchise value is higher. Thus the bank’s incentive to increase short term
profits by investing in the risky asset, i.e., its “appetite” for taking risk now,
is also increased. In the previous case – with only deposit insurance rents
– the increase of risk taking as a result of tightening capital requirements
cannot generate a higher value for deposit insurance than without capital
requirements. The reason is, simply, that with only deposit insurance rents,
the franchise value is equal to the PVDIL and the bank acts to maximize
the former. Thus the overall maximum value of the PVDIL occurs with no
constraints on bank portfolio choice, i.e., with no capital requirements.

Here, however, the franchise value reflects two sources of rents: deposit
insurance and asset rents. In this case the higher franchise value may produce
a strong incentive for the bank to moderate its risk now so as to preserve the
franchise value. Introducing, or increasing capital requirements may in turn
so limit the banks ability to exploit its rents in the future that it produces
a large increase in risk taking now. This increase may be sufficiently large
that the PVDIL actually increases as capital requirements are tightened.

7 Conclusion

In this paper we present an intertemporal model in which banks manage
their portfolios dynamically and where they earn rents both from deposit
insurance and from their assets. These rents give banks a positive franchise
value. In the model a bank’s optimal portfolio choice reflects a trade-off
between increasing short term profits and preserving the franchise value.
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We show that, although they are assumed to be risk neutral, banks will
have an incentive to manage their portfolio’s dynamically (“engage in risk
management”) even in the case where rents are earned only from deposit
insurance. In other words, when a bank’s franchise value derives entirely
from its put option on the deposit insurer but where the franchise value is
lost in the event of default, it is not optimal for the bank to maximize the
volatility of its asset portfolio at all times. A bank’s portfolio strategy in our
model has similarities to portfolio insurance.

Compared to the case where banks are unable to revise their portfolios,
we show that the ability to engage in risk management increases the value
of deposit insurance but decreases the default probability. Introducing capi-
tal rules offsets these effects and reduces the value of deposit insurance but,
perhaps perversely, increases the probability of default. In some cases this
perverse effect occurs even in the case of tightening – as distinct from intro-
ducing – capital rules.

With asset rents we find that it is possibility that capital rules have effects
that are even more perverse. In this case increasing capital requirements may
lead, not only to an increase in the probability of default, but to an increase
in the present value of deposit insurance liabilities.

Perhaps the most important general conclusion from the paper is to high-
light the importance of risk management for regulatory design. First, it is al-
most a contradiction to construct a dynamic model with capital requirements
under the assumption of a static portfolio policy (unless, with probability one,
capital requirements are never binding). Second, with static portfolio policies
there is a one-to-one positive relation between a bank’s default probability
and the PVDIL. With dynamic strategies this is no longer the case. Third,
tightening capital rules is now no longer guaranteed to reduce both default
probability and the PVDIL.

More generally, when banks have an incentive to engage in risk manage-
ment, risk measures such as VaR that are based on the assumption of static
portfolio policies are fundamentally flawed. Capital requirements rules, such
as those recently introduced by the BIS, based on Value-at-Risk, will not
perform reliably over the relatively long horizons that are of interest to reg-
ulators who are able to monitor bank solvency only infrequently. VaR is a
static measure and does not reflect the behavioral response in bank portfolio
composition to changes in asset values. However, our analysis of bank risk
taking does take into account this aspect of bank behavior and our results
show that, as a result of intertemporal effects (i) VaR based risk measures
may underestimate default probabilities and (ii) tightening VaR based capi-
tal requirements may increase both the probability of default and the value
of deposit insurance.
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APPENDIX A

Given the dividend policy (9), the value of the solvent bank at each audit
time is always the same and so constant since:

(St|It = 1) = (St+1|It+1 = 1) ≡ S ∀ t (25)

The same applies to the bank optimal strategy, that is:

(θ∗t |It = 1) =
(
θ∗t+1|It+1 = 1

) ≡ θ∗ ∀ t (26)

However, whilst stationarity at each audit time, (10) is a dynamic problem
because the existence of future rents affects the portfolio behavior of the bank
in the current period and the portfolio management strategy between audits.

Using dynamic programming, and assuming It = 1, we have that:

St = max
θt

(1 + r)−1Et [dt+1 + St+1] (27)

that is:

St = max
θt

{
(1 + r)−1E [dt+1] + (1 + r)−nE [St+1]

}
(28)

Now, using formulas (11, 25), we can write:

E [St+1] = Pr [It+1 = 1|It = 1] S (29)

Indicating with π the probability of bank insolvency, that is Pr [It+1 = 0|It = 1] =
π we have that Pr [It+1 = 1|It = 1] = (1−π), and plugging formula (29) into
formula (28) we get:

S = max
θt

{
(1 + r)−1E [dt+1] + (1 + r)−1(1 − π)S

}
(30)
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Because of stationarity S is the same and also the strategy is the same.
This equation is fully time and state independent at audit time so we can
drop audit time indices and have:

S = max
θ

(1 + r)−1E [d (θ)] + (1 + r)−1(1 − π (θ))S (31)

From the formula above we determine formula (12)

Unfortunately, we are not able to determine analytically the value of
equity27 For this reason we re-formulate the problem and solve it numerically
using dynamic programming.

Since28:

E [d (θ)] = E [C(θ)] − kD(1 − π(θ)) (32)

where29:

27The determination of the optimal dynamic policy between audit is not so easy because
we cannot use the classical approaches applied to optimal portfolio choice in a discrete
multiperiod model. In fact, our objective function does not satisfy the classical necessary
conditions, in particular global concavity in the objective function.

28The term C (θ) could be considered the audit capital and is determined as the differ-
ence between the value of assets and deposits (before interest payment) if positive or zero
otherwise.

29Proof.
Assuming again It = 1 and indicating Et as E we have:

E [dt+1|It+1 = 1] = E
[
At+1 − D(1 + rd) − kD|It+1 = 1

]
and:

E [dt+1] = E [dt+1|It+1 = 1] (1 − π)

since, by definition:

E [dt+1|It+1 = 0] = 0

Moreover:

[
At+1 − D(1 + rd)|It+1 = 1

]
= [Ct+1|It+1 = 1]

and:
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C(θ) =

{
A(θ) − D(1 + rd), if A(θ) > D(1 + rd)

0 otherwise
(33)

and:

S (θ) = kD + F (θ) (34)

we can reformulate our problem as:

S = max
θ

(1 + r)−1 {E [C(θ)] − kD(1 − π(θ)) + (1 − π(θ)) (kD + F (θ))}
(35)

E [dt+1] = E [Ct+1 − kD|It+1 = 1] (1 − π)
= {E [Ct+1|It+1 = 1] − E [kD|It+1 = 1]} (1 − π)
= E [Ct+1|It+1 = 1] (1 − π) − kD(1 − π)

However,

E [Ct+1] = E [Ct+1|It+1 = 1] (1 − π)

since, by definition:

E [Ct+1|It+1 = 1] = 0

and so:

E [dt+1] = E [Ct+1] − kD(1 − π)

since E [d] is fully time and state independent at audit time so does E [C] .
Q.E.D.
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that is:

S = max
θ={wj∆t}n

j=0

(1 + r)−1 {E [C(θ)] + (1 − π(θ))F (θ)} (36)

From this formulation we have that (1 + r)−1 {(1 − π(θ))F (θ)} is the
expected value of a cash-or-nothing call held by shareholders with final payoff:

Y =

{
F (θ), if At > Dt

0 otherwise
(37)

where (1−π(θ)) is the probability that the bank does not lose the franchise
value, i.e. that the option finishes in the money.

The objective function is characterized by the trade-off between (i) the
bank’s desire to increase the expected value of the capital (and so short
term expected dividend and long term conditional expected dividends) by
increasing the investment in the risky asset, and (ii) its desire to increase the
expected franchise value by increasing the probability that the audit capital
at audit times t is positive by reducing the investment in the risky asset.

In order to solve the problem we consider firstly the franchise value as
exogenous (FE) and determine S∗ and secondly we calculate recursively the
franchise value which guarantees that:

FE = S (θ∗) − kD (38)

The problem with the exogenous franchise value is:

S = max
θ

(1 + r)−1
{
E [C(θ)] + (1 − π(θ))FE

}
(39)

subject to:

0 ≤ wj∆t ≤ 1 ∀ j ∈ [0, n − 1] (40)

A(j+1)∆t = [wj∆tR + (1 − wj∆t)r] Aj∆t (41)
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Figure 9: Shareholders payoff
This Figure shows the shareholders payoff at next audit time.

Thereafter we drop also the ∆t time interval and indicate the portfolio
rebalance points just with j.

Problem (39) objective function payoff at time 1 before the cash-flow
payment is presented in Figure (9).

From this Figure it is interesting to observe that the franchise value gen-
erates a discontinuity in the objective function. Moreover, the objective
function payoff is no longer globally convex, as in Merton (1977) and it is
not globally concave, as in the standard portfolio approach.

It turns out that a negative shock has two counteracting effects on banks’
risk incentive. On the one hand, it aggravates the moral hazard problem
of debt financing. The reason is that a negative shock reduces short term
profit, which constitute an implicit bank capital. Hence lower capital implies
that bank owners have less to lose on a risky strategy (as in Holmstrom and
Tirole (1993)). On the other hand, a negative shock increases the expected
bankruptcy costs (that is, the probability to loose the franchise value).
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The Bellman equation for the optimal contingent policy’s value function30

reads:

Jj(Aj) = max
wj

E[(1 + r̂)−1J(Aj+1)|Aj] (42)

s.t. Aj+1 = [wjR + (1 − wj)(1 + r)] Aj

0 ≤ wj ≤ 1

with the boundary condition:

Jn(An) =

{
An − D(1 + rd) + FE, if An > D(1 + rd)

0 otherwise
(43)

where Jj(Aj) is the maximal value of equity of the bank at time j if the
bank follows an optimal portfolio policy thereafter. The optimal initial value
of equity J0(A0) can be obtained by solving equation (42) recursively.

The unknown function which solves the finite horizon stochastic dynamic
problem (42) is not generally available in closed form, but can be character-
ized numerically. We solve numerically the problem in three steps.

Step 1: we assume initially a constant arbitrary franchise value FE, that
does not prevent the recursion in (42) and so the use of standard algorithms
for seeking a numerical solution.

Step 2: we calculate numerically the optimal strategy and the implicit
franchise value.

Step 3: we compare this value with our assumed franchise value. If the
two values are the same the optimal strategy and the franchise value are the
solutions of our problem. If not, we use the calculated franchise value as the
constant franchise value and return to Step 2.

The programs which perform the numerical exercises presented in this Pa-
per are written in GAUSS. The numerical procedures we used in step 2 are
based on discretizing the decision variable wj into 100 values and the state
variable Aj in 400 values, 200 above and 200 under the initial deposit value
D. We used linear interpolation between points in the state space. More-
over we discretized the risky asset price distribution with 100 points. With
this approach we are able to approximate properly the continuous lognormal
distribution of the risky asset independently from the number of portfolio

30Jj(Aj) is the maximal equity value of the bank at time j if the bank follows an optimal
portfolio policy thereafter.
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Figure 10: Binomial, multinomial and lognormal cumulate distribu-
tions
This Figure shows a comparison between the cumulate lognormal distribution, binomial
distribution and multinomial distributions used for numerical procedures.

revisions. The approach we follow to discretize the distribution is based on
the rule that any point has the same probability and the distribution main-
tains the same mean and variance as the theoretical. In this way we obtain
a better fit of the theoretical lognormal distribution with 100 points with
respect to a binomial tree with 99 steps (that is 100 points at the end) as
evidenced in Figure (10).

To compute the solutions illustrated in the Figures the program evaluates
backwards, at any step and for any state the objective function J(Aj) for each
100 wj values and selects the maximal elements. The programs used to draw
the Figures use a grid of 400 points on an asset interval wider than the one
used for plotting purposes, to ensure that no relevant truncation occurs at
the upper bound.
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APPENDIX B

It is interesting to observe that we have:

S(w) =
E [C(w)] − kD(1 − π)

r + π(w)
(44)

where:

E [d(w)] = E [C(w)] − kD(1 − π) (45)

and E [C(w)] represents the expected value of audit capital31.
When the risky asset is lognormally distributed and the bank maintains

constant portfolio proportions, At is also lognormally distributed, and in
particular:

ln

(
A1

A

)
∼ Φ

[(
rc − σ2w2

2

)
, σw

]
(46)

where Φ [m, s] denotes a normal distribution with mean m and stan-
dard deviation s and rc represents the continuously compounded equivalent
r rates32.

These assumptions imply that A1 has a lognormal density and:

A1(x) = Ae

(
rc−σ2w2

2

)
+σwx

(47)

where x is i.i.d. and is distributed as Φ(0, 1).
In order to determine the first order derivative we need to calculate π and

E(C(w)). From (47) the probability that the asset value exceeds the value
of deposits at maturity, i.e. the survival probability (1 − π), is given by:

31See appendix A for the proof.
32That is:

rc = ln(1 + r)
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1 − π = N(h2) (48)

where:

h2 =
ln

(
A
D1

)
+

(
rc − σ2w2

2

)
σw

(49)

and N(.) is the cumulate standard normal distribution.
Direct calculation using the density of At gives:

E [C1] = A(1 + r)N (h1) − D(1 + rd)N (h2) (50)

where:

h1 = h2 + σw (51)

Using formulas (44, 48, 50) we can reformulate S(w) as:

S(w) =
{(1 + k)(1 + r)N (h1) − [(1 + r) + k] N (h2)}D

(1 + r) − N (h2)
(52)

From formula (52) we infer that:

F =

{{(1 + k)(1 + r)N (h1) − (1 + r)N (h2) − k(1 + r)}D

(1 + r) − N (h2)

}
=

{
(1 + r) {(1 + k)N (h1) − N (h2) − k}D

(1 + r) − N (h2)

}
=

=

{
(1 + r) {(1 + k) [N (h1) − 1] − [N (h2) − 1]}D

(1 + r) − N (h2)

}
=

{
(1 + r) {[1 − N (h2)] − (1 + k) [1 − N (h1)]}D

(1 + r) − N (h2)

}
=

{
(1 + r) {DN (−h2) − (1 + k)DN (−h1)}

(1 + r) − N (h2)

}
since:
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Put = DN (−h2) − (1 + k)DN (−h1)

we have:

F =

{
(1 + r)Put

(1 + r) − N (h2)

}
Since:

π(w) = 1 − N (h2)

we have:

F =
(1 + r)Put

r + π(w)

Q.E.D.

APPENDIX C

Proof of LEMMA 1:
Since:

∂S

∂w
=

∂F

∂w

we have:

∂F

∂w
=

(1 + r)D ∂Put
∂w

+ Fn(h2)
∂h2

∂w

[r + 1 − N(d2)]
=

=
(1 + r)Dn(h2)σ − Fn(h2)

h1

w

[r + 1 − N(h2)]

since:

∂Put

∂w
= Dn(h2)σ > 0

∂h2

∂w
=

−h1

w
< 0

and n(.) is the standard normal distribution density function.
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The second order derivative is:

∂2F

∂w2
=

Λ

(1 + r − N(h2))

−
[
(1 + r)Dn(h2)σ − Fn(h2)

h1

w

]
n(h2)

h1

w

(1 + r − N(d2))
2

where:

Λ = Dn(h2)σh2
h1

w
− ∂F

∂w
n(h2)

h1

w
− Fn(h2)h2

(
h1

w

)2

+ Fn(h2)

(
h1

w3
+

h2

w2

)

If an interior solution exists, ∂F
∂w

would have to be zero and ∂2F
∂w2 would

have to be negative. However, when ∂F
∂w

= 0 we have that:

(1 + r)Dn(h2)σ − Fn(h2)
h1

w
= 0

and so:

∂2F

∂w2
=

Fn(h2)
(

h1

w3 + h2

w2

)
(1 + r − N(h2))

This implies that ∂2F
∂w2 > 0 contradicting the necessary second order con-

dition for a maximum. Consequently, w∗ may be either 1 or 0. However,
when a = r = rd we have that:

S(0) = kD

and:

S(1) =
(1 + r)Put

[r + 1 − N(h2)]
+ kD

and so:

S(1) > S(0)

and the only optimal solution is w∗ = 1
Q.E.D.

Proof of LEMMA 2:
Since:
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F (w) =

{{Ca − k(1 + r)}D

r + π

}
where:

Ca = (1 + k)e[w(ac−rc)+rc]T N (h1) − (1 + r)N (h2)

we have:

∂F

∂w
=

∂Ca
∂w

D

[r + 1 − N(h2)]
+

(Ca − k(1 + r))Dn(h2)
∂h2

∂w

[r + 1 − N(h2)]
2

=
(1 + k)eg(w)N (h1) (ac − rc)T + (1 + r)Dn(h2)σ

[r + 1 − N(h2)]

− Fn(d2)
m1

w

[r + 1 − N(d2)]

since:

∂Ca

∂w
= (1 + k)Deg(w)N (h1) (ac − rc) + (1 + r)Dn(h2)σ

∂h2

∂w
=

−m1

w

m1 =
ln

(
A
D

)
+ σ2w2

2

σw

g(w) = [w(ac − rc) + rc]

The second order derivative is:

∂2F

∂w2
=

Λ

(1 + r − N(d2))

−∂F

∂w

n(d2)
m1

w

(1 + r − N(d2))
2

where:

Λ =
∂2Ca

∂w2
− ∂F

∂w
n(h2)

m1

w
− Fn(d2)h2

(m1

w

)2

+ Fn(d2)

(
h1 + h2

w2

)
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If an interior solution exists, ∂F
∂w

would have to be zero and ∂2F
∂w2 would

have to be negative. However, when ∂F
∂w

= 0 we have that:

(1 + k)Deg(w)N (h1) (ac − rc) + (1 + r)Dn(h2)σ − Fn(h2)
m1

w
= 0

and so:

∂2F

∂w2
=

Fn(h2)
(

h1+h2

w2

) − (1 + k)Deg(w)N (h1) (ac − rc) [1 − (ac − rc)]

(1 + r − N(h2))

This implies that ∂2F
∂w2 could be negative when the first derivative is equal

to zero.
Q.E.D.
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