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Abstract

In this paper, we investigate the investor’s portfolio allocation focusing on the role

played by skewness and kurtosis. Our setting involves a numerical portfolio optimization

between the risk free asset and a risky portfolio the return of which is described by a

skewed Student t. We compare from an allocation, value at risk, and expected shortfall

point of view the benchmark CRRA utility maximisation with Taylor expansions there-

off, modified skewness and kurtosis preferences, as well as Value at Risk constraints. We
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1 Introduction

The aim of this paper is to investigate, how downside risk constraints may be incorporated

within a utility maximization framework. The reason why a utility maximization rather than

just downside risk limitation may be of interest is that the downside risk limitation leaves

open the issue what happens at the upper end of the distribution. One may imagine that in

practice, investors are interested in reaping large positive returns. In other words the entire

distribution seems to matter and not only the lower part.

The problem of portfolio allocation is essential to financial research. Our study is mo-

tivated by the existing literature in the following way. Firstly, there is the literature on

downside risk. In his seminal contribution to modern finance theory, Markowitz (1959) al-

ready discusses the possibility that agents care about downside risk, rather than about market

risk. Downside risk can also be explained by “prospect theory”, which is introduced by Kah-

neman and Tversky (1979) from the observation that people underweight outcomes that are

merely probable in comparison with outcomes that are obtained with certainty. They suggest

that the value function is normally concave for gains, commonly convex for losses, and is

generally steeper for losses than for gains. Gul (1991)’s “disappointment averse” model also

gives heavier weight to the losses. We recall the definition by Ang, Chen and Xing (2001)

that downside risk is the risk that an asset’s return is highly correlated with the market when

the market is declining. They also reported the empirical evidence supporting the claim that

“stocks with higher downside risk have higher expected returns”. In a recent study, Ang and

Chen (2002) reported that regime-switching models fit the downside risk well.

Secondly, there is the literature on value at risk, VaR. VaR has been a standard tool for

the disclosure of financial risk. For a given time horizon t and confidence level p, VaR is the

loss in market value over the time horizon t that is exceeded with probability 1 − p (Duffie

and Pan, 1997). The Bank for International Settlements has set p to 99% and t to 10 days for

the measuring of the banking capital adequacy. One well-known shortcoming of VaR is that

it is not a coherent measure of risk1. Specifically, VaR does not satisfy “subadditivity” con-

dition apart from the Gaussian world and some other special cases (Artzner, Delbean, Eber,

and Heath (1999)). With increasing literature providing evidence against the VaR approach,

certain modifications have been proposed. The “Expected Shortfall”, ES, (sometimes called

“Conditional Value at Risk, CVaR”, or “Tail Conditional Expectation, TCE”)2 is introduced

instead. ES is defined as the expected value of the loss of the portfolio in the p percent worst

1The coherent measure of risk is introduced by Artzner, Delbean, Eber, and Heath (1999).
2For more rigorous comparison of ES, CVaR, TCE, and WCE (worst conditional expectation), see Acerbi

and Tasche (2002).
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case in the time horizon t.3 Sentana (2001) provides a unifying approach to Mean-Variance

analysis and VaR. He shows how to take decisions within the mean-variance allocation frame-

work that satisfies the VaR restrictions. Krokhmal, Palmquist and Uryasev (2001) provide

an approach to maximize the expected returns under CVaR constrains.

Thirdly, there is the literature on higher moments. It is widely known that the returns of

financial assets follow non-normal distribution, with positive or negative skewness. Authors,

among others, who consider higher moments than mean and variance include Alderfer and

Bierman (1970), Levy (1969), and Samuelson (1970) in a non-market context, and Arditti

(1967), Jean (1971), Rubinstein (1973), and Kraus and Litzenberger (1976) in a market

context. Chunhachinda, Dandapani, Hamid and Prakash (1997), Harvey, Liechty, Liechty,

and Müller (2002), Jondeau and Rockinger (2002) are some recent papers on higher moments.

Fourthly, one may relate our study to the literature on strategic asset allocation that

begins with Brennan, Schwartz and Lagnado (1997). They analyze the portfolio problem of

an investor who can invest in bond, stock, and cash when there is time variation in expected

returns on the asset classes. The time variation is assumed to be driven by three state

variables, the short-term interest rate, the rate on long-term bonds, and the dividend yield on a

stock portfolio, which are all assumed to follow a joint Markov process. Bajeux-Besnainou and

Portait (1998) derived closed-form solutions for three-asset, dynamic mean-variance allocation

in a Vasicek-type market.

One difficulty that arises with all these studies is that the view is partial, focusing on the

lower tail of the distribution.4 It appears worth investigating the limitations and possibilities

of reconciling expected utility maximisation while controlling the left tail.

Our findings are:

• If one uses a fourth order Taylor expansion or directly a CRRA utility function, the

asset allocation remains the same.

• Changes in volatility affect very strongly the asset allocation in a CRRA framework.

• Deviations from the normal distribution via an increase of skewness changes the alloca-
tion by a few percentage points (say up to 5%)

• Introduction of kurtosis has no impact in the CRRA framework.

These finding suggest that the use of the CRRA utility function does not allow a realistic

description of portfolio allocation since investors claim that they are concerned by higher

moments.
3See Embrechts, Klüppelberg, and Mikosch (1997), chapter 6, and the references inside.
4One alternative approach to capture the entire distribution is the Omega function of Keating and Shadwick

(2002).
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• A decrease in the riskyness of the risky portfolio may lead to an increase of the exposure
towards that asset. This may yield an increase in VaR and ES, therfore leading to

perverse allocations. This raises the question what risk really means.

• It is found that within the CRRA framwork the allocation is not sufficiently responsive
to higher moments because of the shape of the utility funtion. The weights found on

higher central moments are too small. This suggests that the utility function should

be expressed directly in terms of skewness and kurtosis rather than in terms of higher

central moments. We leave aside the issue how to reconcile such a choice with a Von

Neuman Morgenstern economic theoretic frame.

• If one introduces skewness and kurtosis in the utility function then the impact on port-
folio allocation is found to be very strong.

• We show that if investors care about skewness and kurtosis that their allocation may
be more conservative that with a VaR constraint.

• More work needs to be done to be able to calibrate skewness and kurtosis preference so
that they correspond to real life allocations.

The rest of the paper is organized as follows. We discuss the investor’s problem and present

theoretical elements in section 2. We show our numerical optimization results in section 3.

Section 4 is devoted to calibration with empirical data. The concluding remarks are offered

in section 5. Mathematical derivations are collected in the appendix.

2 Theoretical elements

2.1 The benchmark utility maximization

In this section, we will discuss the basic setting that we are working with. We assume that

our investor has an initial wealth W0. He may allocate this wealth to the risk free asset,

paying a rate of rf , or to some risky investment, paying a stochastic rate r̃P . We denote by

α the fraction allocated to the risky asset. It is the distribution of r̃P that will allow us to

focus on the importance of skewness and kurtosis. The investor is assumed to maximize a

von Neumann-Morgenstern expected utility. Formally, this may be written as

max
α

E[U(W̃ )] (1)

s.t. W̃ = (1 + (1− α)rf + αr̃P )W0.
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Consistent with recent studies in risk management, e.g. Das and Uppal (2001), Basak,

Shapiro, and Teplá (2002), Liu, Pan and Wang (2002), as well as Hou and Jin (2002), we take

a constant relative risk aversion, CRRA, utility function

U(W̃ ) =
W̃ 1−A − 1
1−A

if A 6= 1, (2)

= ln(W̃ ) else.

The density of r̃P will be denoted by g. We assume that g belongs to the family of

distributions with finite fourth moment. Of course, these moments may be large, even though

it is known that skewness, s, must follow the relation s2 < k + 1 where k is the kurtosis,

see Jondeau and Rockinger (2003). In the following calibration exercise, we will focus on

the skewed-t distribution of Hansen (1994). This density is easily tractable while spanning

a large domain of skewness and kurtosis. It also has the advantage that one can get an

analytical formula of value-at-risk and expected-shortfall. In an appendix we summarize all

the quantitiative tools developed for this study.

The skewed-t distribution depends on two parameters η and λ. The first parameter is

related to the tail-thickness whereas the second parameter is related to the asymmetry of the

distribution. Notice that both the skewness and kurtosis depend on these two parameters. It

may be shown that if η > 3 then skewness exists. Furthermore, if η > 4, then kurtosis also

exists. In figure 1, we show the shape of some densities of Hansen’s skewed-t distribution with

different parameters.

Insert Figure 1 somewhere here.

In our calibration exercise it will not be possible to obtain an explicit analytical formula

for the optimal allocation. In other words, we will solve the optimization after performing a

numerical integration. To solve the integration we will use a Gauss-Legedre quadrature based

on 40 points.5

2.2 Utility maximization under fourth moments preferences

In this section we will chose, in the spirit of Rubinstein (1973), a Taylor approximation up

to the fourth moment of the utility function. By using such an approximation, we will be

able to investigate the consequences of replacing the general utility function by a function

only involving a small number of moments. The fourth-order Taylor’s expansion of the utility

around W ≡ E[W ] yields

U(W ) = U(W ) + U (1)(W )(W −W ) +
1

2
U (2)(W )(W −W )2

+
1

3!
U (3)(W )(W −W )3 +

1

4!
U (4)(W )(W −W )4, (3)

5In an appendix, we show how this optimization may be solved.
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where U (j) is the jth derivative of the utility function. Replacement by the CRRA utility

function, neglecting moments beyond the fourth one, introduction of parameters as explained

below to give flexibility, and taking expectations yields

E[U(W )] =
W

1−A

1−A
−1
2
AW

−A−1
m2+

β3
6
A(A+1)W

−A−2
m3−β4

24
A(A+1)(A+2)W

−A−3
m4, (4)

where mj = E(W −W )j are higher central moments. The parameter A is the traditional pa-

rameter of risk aversion. The additional parameters β3 and β4 measure preference deviations

of the third and fourth moment with respect to the CRRA utility function. If β3 = β4 = 1

we are in the situation of a simple Taylor expansion. By using different values of β3 and β4

it is possible to introduce some flexibility that allows us to emphasis preferences of higher

moments. Note that Harvey, Liechty, Liechty, and Müller (2002)’s study is equivalent to

set A = −0.5, β3 = 0.5, and β4 = 0. Our framework, therefore, nests various alternative

frameworks.

In (4) we express expected utility as a function of third or fourth moments of expected

wealth. It may be interesting to also introduce an equivalent expression where the emphasis

is put on skewness and kurtosis. This equivalent expression may be written, after defining

skewness, Sk, and excess kurtosis, XKu,

Sk =
m3

m2
3/2

, XKu =
m4

m2
2
− 3,

as

E[U(fW )] = W
1−A

1−A
− 1
2
AW

−A−1
m2 +

β3
6
A(A+ 1)m2

3/2W
−A−2

Sk

−β4
24

A(A+ 1)(A+ 2)W
−A−3

m2
2XKu. (5)

This scaling could lead to a stronger reaction of preference changes towards higher moments

than the previous expression.

2.3 Optimization under downside risk

Sentana (2001) derives the solution to the mean-variance portfolio allocation problem in the

presence of a value-at-risk, VaR, constraint. Presently, we cast his model into our framework.

We recall that the VaR is a quantile. This quantile is associated with a certain return and

measures, for a given time horizon, the maximal loss given a level of confidence.6

Sentana (2001) proposes to call “IsoVaR” all portfolios that have the same value-at-risk.

Recall that in our setting the value of the investor’s portfolio is

W̃ = (1 + (1− α)rf + αr̃P )W0. (6)

6See, for example, Duffie and Pan (1997), Tasche (2002) or Artzner, Delbaen, Eber and Heath (1999).
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The probability that a reduction in wealth larger than a positive threshold value V occurs,

is given by

P [−(1− a)rf − αr̃P ≥ V ] = P [r̃P ≤ −V − (1− a)rf
a

] (7)

= P [
r̃P − µP

σP
≤ −V − (1− a)rf − µP

aσP
]

= G(
−V − (1− a)rf − µP

aσP
|η, λ),

where µP and σ2P are the mean and variance of rP . The letter G denotes the cumulative

density function of the skewed Student t discussed with more details in the appendix.

It is straightforward to see that there are infinitely many portfolios that will share the same

value of V and P , for different combinations of parameters µP , σP , η, and λ. Specifically, for

a pre-specified probability, say 0.01, portfolios with IsoVaR are given by

G(
−V − (1− a)rf − µP

aσP
|η, λ) = 0.01. (8)

In the previous sub-section, we discussed the optimal asset allocation of an investor, when

there is skewness and kurtosis in the return of his portfolio. Here, we impose in addition a

VaR constraint. Then the problem becomes

max
α

E[U(W̃ )] (9)

s.t. W̃ = (1 + (1− α)rf + αr̃P )W0 (10)

and G(
−V − (1− a)rf − µP

aσP
|η, λ) ≤ Pa, (11)

where V is the value-at-risk and Pa is the probability for calculating V .

The inequality constraint of (10) can be solved as following. Indeed, we have

−V − (1− a)rf − µP
aσP

≤ G−1(Pa|η, λ) (12)

=⇒ a ≤ V + rf + µP
rf − σPG−1(Pa|η, λ) . (13)

This constraint may be easily implemented in the numerical optimization.

3 Empirical Results

In this section, we discuss the parameter choice of our empirical implementation. The riskfree

rate rf is set equal to 0.05. The risk aversion parameter A may take the values of 2, 3, 5,
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10, and 20.7 The risky asset return has a mean of 0.1 and a standard deviation of 0.1 or 0.2.

To control the skewness and the kurtosis of risky asset return, we use various combination

of η and λ for G. For example, when λ = 0 and η = 100 then G behaves like a Gaussian

distribution. If the parameters are λ = −0.05 and η = 5.5, then skewness takes a value

of -0.1929 and kurtosis a value of 7.0565, which corresponds roughly to the S&P 500 index

return.8

3.1 The limitations of CRRA utility

In Table 1 we present for various levels of risk aversion and various parameters of the density

of the risky portfolio the optimal portfolio allocation between the riskless and the risky asset.

The column labeled Alpha, Benchmark corresponds to the parameter α when one uses the

CRRA utility function. The column labeled Alpha, Taylor corresponds to the allocation when

one uses the fourth-order Taylor approximation of the utility function as given in (4). The

last two columns of Table 1 present the values taken by the 1% Value at Risk for a 1 year

horizon and the associated expected shortfall. These values are computed for the allocation

obtained using the CRRA utility function rather than its approximation.

As a first exercise we also implemented for verification purposes an optimisation where

the density was the Gaussian one. We compared that case with the one where we used the

skewed Student t with parameters λ = 0 and η = 100. We found that the results are nearly

identical, differing in the third decimal.

Insert Table 1 somewhere here.

From an economically relevant point of view, a first observation, obtained by comparing

the columns labeled Alpha, Benchmark and Alpha, Taylor is that the allocation virtually does

not change as one replaces the CRRA with its fourth-order expansion. The largest change is

obtained for the case where the parameter of risk aversion, A, takes the value 2 and where

the values taken by µ, σ, Sk,Ku are 0.1, 0.2, -0.85, 5.87 respectively. In this case the optimal

allocation moves from 0.60 to 0.62. A very small change indeed. This observations seems to

justify the interest in a limited amount of moments only. Because of the closeness of the two

allocations, we will presently discuss the case of the optimization done with the CRRA utility

function.

We observe that as the level or risk aversion increases, the allocation in the risky asset

decreases. For instance, for the benchmark normal case with skewness of 0 and kurtosis of 3,
7These are popular parameters of risk aversion. See the discussion in Aït-Sahalia and Brandt (2000).
8Recall that the optimization is done numerically, using a quasi-Newton algorithm. Numerical integration

is done with Gauss-Legedre quadrature. VaR and expected shortfall are calculated with explicit formula. All

the programs are written in GAUSS and are available upon request.
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we observe a decrease from 0.64 to 0.07 as the parameter of risk aversion increases from 2 to

20.

As the level of kurtosis increases, moving from 3 to 5, we notice that there is virually no

impact on the asset allocation. It is only at the third decimal that one finds a decrease in the

allocation in the risky asset. This slight decrease in the portfolio allocation confirms that the

investor tends to dislike kurtosis.

The fact of increasing symetrically the tail of the distribution does not appear to impact

the portfolio allocation. One may therefore ask if in general, symmetric increases of risk do not

affect the portfolio allocation. We answer this question by considering a lowering of volatility

from 0.2 down to 0.1. As we perform this change, we notice that the allocation strongly

increases, moving from 0.65 up to 2.15, corresponding to a situation where an investor would

wish to borrow at the short rate and invest in the risky asset more than his initial wealth.

Symmetric increases of risk matter, it is just that for the CRRA utility function, the tails do

not matter, only the central part of the distribution is really taken into consideration.

One may also investigate how the portfolio allocation changes as one modifies the asymme-

try of the distribution. These situations are investigated in the blocs of parameters located at

the bottom of Table 1. As one introduces negative skewness, one notices that the investor will

invest slighly less in the risky asset. This result was expected since in general one would pre-

fer positve skewness rather than negative skewness. The variation in the allocation is rather

small with a change from 0.64 to 0.60, i.e. of 0.04. The introduction of positive skewness of

the same magnitude changes the allocation to 0.72, i.e. a change of 0.08.

Presently we wish to discuss the impact on expected shortfall and value at risk as one

changes the setting of the experiment. Insection of these parameters as the coefficient of risk

aversion increases in the benchmark normal case shows that, as expected, when one decreases

the exposure to risk that the value at risk diminishes and that expected shortfall improves.

The introduction of kurtosis does not appear to modify significantly VaR but increases

(in absolute value) the expected shortfall.9 As the distribution becomes more fat tailed the

expected losses also increase. The next situations, that is as volatility is halved, represents

an interesting situation. We notice that the allocation in the risky asset increases because

of the decrease in risk, as measured by volatility. At the same time we notice that in the

tails, the risk measured by VaR is significantly modified. For the least risk averse investor

with a risk aversion parameter of A = 2, we obtain an increase in the VaR from -0.13 to

-0.17. The losses one faces therefore increase. Not only that, when we consider the expected

shortfall, we notice that the expected shorfall increases from -0.20 to -0.29. From a purely

practical point of view, the increase in the exposure of the asset that has a smaller risk

9In our discussion, we will always refer to the absolute value of VaR and expected shortfall.
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measured via volatility, actually becomes riskier as viewed from the prospective of the tails.

This observation shows that either one explicitely takes into account a VaR constraint, or one

attempts to tune preferences in such a way that the preferences take into account the increase

of risk in the tails. Similar findings have been reported by Alexander and Baptist ().

We will presently start with an investigation of the latter. That is we will investigate if

skewness and kurtosis preferences can be adjusted.

3.2 Skewness and kurtosis preferences

As a start we present in Table 2 the coefficients on the central moments and the various central

moments. We recall that the weights of the various central moments, m2, m3, and m4 are

given by −1
2
AW

−A−1
, 1
6
A(A+1)W

−A−2
, and − 1

24
A(A+1)(A+2)W

−A−3
.We notice that for

the given parameters of risk aversion, A, the weights tend to be rather small. This statement

holds at least for small levels of A. We notice also that the third and fourth central moments

are ridiculously small. One would expect that these moments be taken into consideration if

the associated weights are rather large. The failure for the CRRA to take into account the

impact of varations of skewness and kurtosis seems that too little weight is being placed in

the more remote areas of the distribution.

Insert Table 2,3, and 4 somewhere here.

To go beyond this observation it is necessary to put more weight in the tails or rescale the

parameters. In the theoretical section of this work we presented an alternative expression for

the higher order moments, namely

1

6
A(A+ 1)m2

3/2W
−A−2

Sk − 1

24
A(A+ 1)(A+ 2)W

−A−3
m2

2XKu,

where the preferences are expressed in terms of skewness and kurtosis. Table 3 we present the

same results as in Table 2 but by changing the variables represented. We notice first, that

for the optimal asset allocation, the portfolio allocations, presented in the columns PtSk and

PtKu take reasonable values. For the case where one has normality, corresponding to the first

five lines, one notices that also the resulting portfolio will be normal. For the non-normal

cases, the skewness and kurtosis are determined by the amount invested into the risky asset.

We notice that the values of skewness and kurtosis take larger values and that the coefficients

of the various moments are very small. Indeed, the skewness coefficient ranges between 0.0001

and 0.0086. The kurtosis coefficient ranges between -0.0000 and -0.0019.This suggests that if

one expresses the parameters of the distribution of the risky assets in terms of skewness and

kurtosis that the impact of a change in the coefficients will have a significant impact. This

raises the question how big the parameter changes should be.
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In two empirical studies of US, European, and Latin American equity markets, Chun-

hachinda, Dandapani, Hamid and Prakash (1997) and Prakash, Chang, and Pactwa (2003)

used the polynomial goal programming model10 and gave implicit weight to the skewness in

the investor’s utility function. Harvey, Liechty, Liechty, and Müller (2002) suggested that

the investor has the same preference on the skewness as on the variance. But they failed to

consider the kurtosis aversion.

In the theoretical part of the work, we suggested to use a modified weighting of skewness

and kurtosis of the portfolio. This may be rewritten as

β3
6
A(A+ 1)m2

3/2W
−A−2

Sk − β4
24

A(A+ 1)(A+ 2)W
−A−3

m2
2XKu.

Rather than performing a calibration exercice corresponding to actual preferences, we

impose in an ad hoc manner that investors have a skewness preference-correcting factor, β3,
and a kurtosis preference-correcting factor, β4. We chose as values (β3, β4) equals (5,50) and

(10,100). We see that the optimal asset allocations are dramatically changed. For example,

in the first setting, investor allocates much less in the risky asset. In one case it is from 2.14

to 0.86. The optimization results are more near the real life allocation now.

Also we can see that with the the direct preferences in terms of skewness and kurtosis,

investor can differentiate risky assets of different higher moments better. For the positive

skewness, it is from 0.64 to 0.32, while for the negative skewness, it is from 0.64 to 0.29.

3.3 Allocation under VaR constraint

It is common that when the investor decides on his portfolio allocation, he constrains his

downside risk. The constraint may come from the regulator, or from the internal risk-control

authority. Following the theoretical dicussion of subsection 2.3, we run again the optimization

but with a VaR constraint. We set the VaR equal to 10% of the portfolio value, and probability

(Pa) equal to 1%.

Insert Table 5 somewhere here.

Inspection of Table 5 shows that α undergoes significant changes. For example, for the risk

aversion parameter of 2, a skewness of 0.85, and a kurtosis of 5.87, the α decreases from 0.723

to 0.342, i.e., the VaR constraint forces investors to allocate less than half without constraint

in the risky asset. Note that in some cases, for example the 16th, 17th and 18th cases, the

α0s are same. The reason for this is that the constraint is binding and the optimisation gives

a corner solution.
10This method was introduced by Tayi and Leonard (1988).
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4 Calibration with actual data

In this section, we investigate the relevance of higher moments within the context of hedge

fund indices, as well as of stock market indices.

4.1 Descriptive statistics of the data

We use CSFB/Tremont Hedge Fund Index11, as well as monthly returns for the following

indices S&P 500, Dow Jones Industrial, DAX 30, CAC 40, and Nikkei 225. The time period

covers January 1990 to December 2002.

Insert Table 6 somewhere here.

Table 6 reports the descriptive statistics of the data. One can see that except for the

Japanese market, the normal distribution hypothesis is rejected for all the indices. The hedge

fund index exhibits highest returns, lowest standard deviation, and positive skewness. The

indices S&P 500, Dow Jones Industrial, DAX 30, and CAC 40 have negative skewness. The

Japanese market has on average a negative return in the sample period of twelve years.

4.2 Optimal asset allocation

In this section, we show for any individual investor in these markets, what the optimal asset

allocation to the riskless and the risky asset is. We take the return of these indices one by one,

using the corresponding local risk free rate. The optimization results are reported in Table 7.

One can see that there is a huge difference between the case that where we consider the higher

moments and the case where we do not. For example, for an investor in the German market,

when he considers not only the first and second moment but also higher moments, he will

change his allocation in the DAX 30 from 3.83% to -92.6%, given a risk aversion parameter

of 8.

Insert Table 7 somewhere here.

4.3 Estimation of skewness and kurtosis parameters

Similar to previous section, but in a real world setting, we can do the multivariate estimation

of the skewness and the kurtosis parameters. The methodology is described in Chunhachinda,

Dandapani, Hamid and Prakash (1997). We only need to be given the VaR parameters and

can estimate the equivalent skewness and kurtosis parameters. We illustrate with an investor

11The hedge fund index data are downloaded from the website of CSFB/Tremont:

http://www.hedgeindex.com/.
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in US market. Suppose his VaR constraint is set equal to 10% of his portfolio value, and

probability threshold is set equal to 1%. The polynomial-goal-programming gives that his

VaR constraint is equivalent to ρ1 = 1.14 and ρ2 = 1.16. That is to say, the investor should

care 1.14 times the skewness and 1.16 times the kurtosis as before, if he wants to achieve the

equivalent VaR constraint.

5 Discussion

In this study, we investigate the investor’s portfolio allocation if we uses traditional utility

function in the presence of skewness and kurtosis. We use the Hansen (1994)’s skewed-t

distribution to model skewness and kurtosis. We show that the optimal portfolio allocation

will be changed, if we consider the skewness and kurtosis of the investor. Furthermore, both

VaR and ES estimation are changed with the introduction of skewness and kurtosis. We show

that with the presence of skewness and kurtosis, it is very dangerous to control the risk, when

one wants to work with the assumption of return follows Gaussian distribution. We also show

the consequence, when the investor has a VaR constraint. To make illustration, we take hedge

fund index, S&P 500, Dow Jones Industrial, DAX 30, CAC 40, and Nikkei 225 indices return

in the end.

One direction for the further research is to consider the default risk of portfolio, which will

be built on credit risk literature. There is also literature dealing with the skewness introduced

by ”jumps”12. Although it is possible that jumps introduce skewness or kurtosis, but they

actually introduce discontinuity, which is not the case of many asset returns. This explains

why in Das and Uppal (2001), the skewness in the calibration result cannot match the real

data. Another promising direction is to extend to the case of several risky assets, and consider

the dependence between their returns.

12For example, Duffie and Pan (1999).
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Appendix A
Hansen’s (1994) skewed Student t appears to have interesting properties for the modeling

of the distribution of returns. In the following we recall certain established results, see also

Jondeau and Rockinger (2003), and provide some new results geared to risk-management.

The density (g) of Hansen’s skewed t distribution (G) is defined by

g(z|η, λ) =

 bc
³
1 + 1

η−2
¡
bz+a
1−λ

¢2´−η+1
2

if z < −a/b,
bc
³
1 + 1

η−2
¡
bz+a
1+λ

¢2´−η+1
2

if z ≥ −a/b,
(14)

where

a ≡ 4λcη − 2
η − 1 , b2 ≡ 1 + 3λ2 − a2, c ≡ Γ

¡
η+1
2

¢p
π(η − 2)Γ ¡η

2

¢ .
The symbol Γ(·) represents the gamma function. It is shown by Jondeau and Rockinger (2003)
that the CDF of G is defined by

G(z) =

 (1− λ)A
³
bz+a
1−λ

q
η

η−2 , η
´

if z < −a/b,
(1 + λ)A

³
bz+a
1+λ

q
η

η−2 , η
´
− λ if z ≥ −a/b

.

where A(t, η) is the CDF of a Student t distribution of η degrees of freedom, which is provided

in many software packages.

A(x, η) =

xZ
−∞

Γ
¡
η+1
2

¢
Γ
¡
η
2

¢√
πη

µ
1 +

z2

η

¶−η+1
2

dz.

If a random variable Z has the density g(z|η, λ), we will write Z ∼ G (z|η, λ). Inspection
of the various formulas reveals that this density is defined for 2 < η < ∞ and −1 < λ < 1.

Furthermore, this density encompasses a large set of conventional densities. For instance, if

λ = 0, Hansen’s distribution reduces to the traditional Student t distribution. We remind

that the traditional Student t distribution is not skewed. If in addition η =∞, the Student t
distribution collapses to a normal density. We notice that λ controls skewness: If λ is positive,

the probability mass concentrates in the right tail.

It is well known that the traditional Student t distribution with η degrees of freedom

allows for the existence of all moments up to the ηth. Therefore, given the restriction η > 2,

Hansen’s distribution is well defined and its second moment exists.

Hansen (1994) concstructed the density in such a manner that its mean is 0 and its variance

1. Jondeau and Rockinger (2003) introduce

m2 = 1 + 3λ2,

m3 = 16c λ(1 + λ2)
(η − 2)2

(η − 1)(η − 3) if η > 3,

m4 = 3
η − 2
η − 4(1 + 10λ

2 + 5λ4) if η > 4,
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and show that

E[Z3] = [m3 − 3am2 + 2a
3]/b3, (15)

E[Z4] = [m4 − 4am3 + 6a
2m2 − 3a4]/b4. (16)

Given that skewness and kurtosis are defined as

S[Z] = E
·
(Z − E [Z])3
(Var[Z])3/2

¸
, K[Z] = E

·
(Z − E [Z])4
(Var[Z])2

¸
,

and since Z has zero mean and unit variance,they obtain for skewness S[Z] = E[Z3], and for

kurtosis K[Z] = E[Z4].

We notice that the density g exists if η > 2. From equation (15), it follows that skewness

exists if η > 3 and, from equation (16), we obtain that kurtosis is defined if η > 4. We define

as D the domain (η, λ) ∈]2,+∞[×]− 1, 1[ for which the density is well defined.
For value-at-risk computations, it is also necessary to derive the expression of the inverse

CDF of the skewed Student t as well as the expression of expected shortfall.

It is straightforward to show that the inverse of the CDF of G may be written as

G−1(y) =


1
b

h
(1− λ)

q
η−2
η
A−1

¡
y
1−λ , η

¢− a
i

if y < 1−λ
2
,

1
b

h
(1 + λ)

q
η−2
η
A−1

¡
y+λ
1+λ

, η
¢− a

i
if y ≥ 1−λ

2
.
.

Furthermore, the expected shortfall is defined as the expected value conditional on returns

exceeding a certain threshold. Fro benchmark purposes, we recall that for a standard normal

density, the expression of the value at risk, θ, and of the expected shortfall, ES, is

θ = Φ−1(a),

ES = E [Z|Z < θ] =
φ(θ)

Φ(θ)
.

For the skewed-t, tedious but straightforward computations yield the following expression

that holds if x < θ < −a
b

E[X|X < θ] =
1

G(θ)

Z θ

−∞
bc

Ã
1 +

1

η − 2
µ
bx+ a

1− λ

¶2!−η+1
2

xdx

=
c(1− λ)2

bG(θ)

η − 2
1− η

Ã
1 +

1

η − 2
µ
bθ + a

1− λ

¶2!1−η
2

− a

b
.

Similarly for the positive thresholds, x > θ > −a
b
,

E[X|X > θ] = − c(1 + λ)2

b[1−G(θ)]

η − 2
1− η

Ã
1 +

1

η − 2
µ
bθ + a

1 + λ

¶2!1−η
2

− a

b
.
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If X denotes a random variable with mean 0 and variance 1, then the value-at-risk and

expected shortfall for a portfolio with return Y = (1− α)rf + αX is given by the map

V ar(Y ) = (1− α)rf + αµ+ ασV ar(X),

E[Y |Y < θ] = (1− α)rf + αµ+ ασE[X|V ar[X]].

Appendix B
In this section we recall how we perform the numerical computations of the various integralsZ ∞

−∞
U(z)g(z)dz =

Z U

L

U(z)g(z)dz =

Z +1

−1
U(x)g(x)h(x)dx.

The last equality follows from a change in variable from z to x. We set

z = ax+ b, U = a+ b, L = −a+ b,

Hence a =
U − L

2
, b =

U + L

2
, and dz = adx.

The expected utility of the investor’s portfoilo may be computed as following

E[U(W̃ )] =

Z +∞

−∞
U((1 + (1− α)rf + αx)W0)g(x;µ, σ, s, k)dx

=
nX

i=−n
U((1 + (1− α)rf + αyi)W0)g(yi;µ, σ, s, k)wi. (17)

The points are set with the so-called Gaussian-Legendre quadrature. This quadrature

involves points (xi, wi) where xi are points in the interval ] − 1, 1[ and where wi are associ-

ated weights. The infinite bounds of the integral may be easily approximated by choosing

a threshold for the density thereby efficiently limiting the probability mass located in the

neglected tails. Such a threshold could be chosen such that only 10−5% of the probability

mass is located in the corresponding tail. If L and U are the upper and lower bounds, then

it is necessary to map the range of the integrand into the interval ] − 1, 1[ over which the
Gauss-Legendre quadrature is done. This mapping may be easily done setting

yi = L+
(xi + 1)(U − L)

2
.

The optimisation is done numerically using a quasi-Newton algorithm.
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Captions:
Figure 1: Hansen’s skewed-t distribution

Table 1: Optimal Asset Allocation: the benchmark case and the Taylor’s ex-

pansion

Table 2: Optimal Asset Allocation: skewness and kurtosis parameters prefer-

ences are expressed in terms of third and fourth central moment

Table 3: Optimal Asset Allocation: skewness and kurtosis parameters prefer-

ences are expressed in terms of skewness and kurtosis (I)

Table 4: Optimal Asset Allocation: skewness and kurtosis parameters prefer-

ences are expressed in terms of skewness and kurtosis (II)

Table 5: Optimal Asset Allocation with Skewness, Kurtosis and VaR Cap

Table 6: Descriptive Statistics of the Data

Table 7: Empirical Illustration of Optimal Asset Allocation

23





Risk Aversion Mean Volatility Skewness Kurtosis VaR ES
A
2 0.1 0.2 0.00 3.06 0.64 0.65 -0.13 -0.19
3 0.1 0.2 0.00 3.06 0.43 0.44 -0.07 -0.11
5 0.1 0.2 0.00 3.06 0.26 0.26 -0.02 -0.05
10 0.1 0.2 0.00 3.06 0.13 0.13 0.01 0.00
20 0.1 0.2 0.00 3.06 0.07 0.07 0.03 0.03
2 0.1 0.2 0.00 5.00 0.64 0.65 -0.13 -0.20
3 0.1 0.2 0.00 5.00 0.43 0.44 -0.07 -0.12
5 0.1 0.2 0.00 5.00 0.26 0.26 -0.02 -0.05
10 0.1 0.2 0.00 5.00 0.13 0.13 0.01 0.00
20 0.1 0.2 0.00 5.00 0.07 0.07 0.03 0.02
2 0.1 0.1 0.00 5.00 2.14 2.15 -0.17 -0.29
3 0.1 0.1 0.00 5.00 1.57 1.73 -0.14 -0.24
5 0.1 0.1 0.00 5.00 0.99 1.04 -0.06 -0.13
10 0.1 0.1 0.00 5.00 0.51 0.52 -0.01 -0.04
20 0.1 0.1 0.00 5.00 0.26 0.26 0.02 0.01
2 0.1 0.2 -0.85 5.87 0.60 0.62 -0.14 -0.23
3 0.1 0.2 -0.85 5.87 0.41 0.42 -0.08 -0.14
5 0.1 0.2 -0.85 5.87 0.25 0.26 -0.03 -0.07
10 0.1 0.2 -0.85 5.87 0.13 0.13 0.01 -0.01
20 0.1 0.2 -0.85 5.87 0.06 0.06 0.03 0.02
2 0.1 0.2 0.85 5.87 0.72 0.71 -0.11 -0.17
3 0.1 0.2 0.85 5.87 0.48 0.48 -0.06 -0.10
5 0.1 0.2 0.85 5.87 0.29 0.29 -0.02 -0.04
10 0.1 0.2 0.85 5.87 0.14 0.14 0.02 0.01
20 0.1 0.2 0.85 5.87 0.07 0.07 0.03 0.03

Table 1 Optimal Asset Allocation: The Benchmark Case and the Taylor's 
Expansion

Alpha, 
Benchmark

Alpha, 
Taylor

This table investigates the impact on the portifolio allocation as various parameters change. The column 
Alpha Benchmark corresponds to the case of the CRRA utility function and Alpha Taylor corresponds to 
a fourth-order Taylor expansion. Risk aversion is the parameter A in the CRRA utility function.  When 
alpha is larger than 1, it means investor should short the riskfree asset. VaR is value-at-risk. ES is 
expected shortfall.



RA Mean Volatility Sk Ku Coeff m2 Coeff m3 Coeff m4 m2 m3 m4

2 0.1 0.2 0.00 3.06 0.65 -0.79 0.73 -0.67 0.0169 0.0000 0.0009
3 0.1 0.2 0.00 3.06 0.44 -1.14 1.41 -1.65 0.0076 0.0000 0.0002
5 0.1 0.2 0.00 3.06 0.26 -1.73 3.26 -5.36 0.0027 0.0000 0.0000
10 0.1 0.2 0.00 3.06 0.13 -2.73 9.47 -26.90 0.0007 0.0000 0.0000
20 0.1 0.2 0.00 3.06 0.07 -3.36 22.34 -116.67 0.0002 0.0000 0.0000
2 0.1 0.2 0.00 5.00 0.65 -0.79 0.73 -0.67 0.0165 0.0000 0.0011
3 0.1 0.2 0.00 5.00 0.44 -1.14 1.41 -1.65 0.0075 0.0000 0.0002
5 0.1 0.2 0.00 5.00 0.26 -1.73 3.26 -5.36 0.0027 0.0000 0.0000
10 0.1 0.2 0.00 5.00 0.13 -2.73 9.46 -26.87 0.0007 0.0000 0.0000
20 0.1 0.2 0.00 5.00 0.07 -3.36 22.32 -116.55 0.0002 0.0000 0.0000
2 0.1 0.1 0.00 5.00 2.14 -0.66 0.57 -0.50 0.0389 0.0000 0.0062
3 0.1 0.1 0.00 5.00 1.73 -0.90 1.05 -1.16 0.0292 0.0000 0.0035
5 0.1 0.1 0.00 5.00 1.04 -1.39 2.53 -4.02 0.0106 0.0000 0.0005
10 0.1 0.1 0.00 5.00 0.52 -2.23 7.60 -21.19 0.0027 0.0000 0.0000
20 0.1 0.1 0.00 5.00 0.26 -2.77 18.23 -94.32 0.0007 0.0000 0.0000
2 0.1 0.2 -0.85 5.87 0.62 -0.79 0.73 -0.68 0.0148 -0.0011 0.0009
3 0.1 0.2 -0.85 5.87 0.42 -1.14 1.42 -1.66 0.0068 -0.0004 0.0002
5 0.1 0.2 -0.85 5.87 0.26 -1.74 3.27 -5.38 0.0025 -0.0001 0.0000
10 0.1 0.2 -0.85 5.87 0.13 -2.73 9.49 -26.94 0.0006 0.0000 0.0000
20 0.1 0.2 -0.85 5.87 0.06 -3.37 22.37 -116.81 0.0002 0.0000 0.0000
2 0.1 0.2 0.85 5.87 0.71 -0.78 0.72 -0.66 0.0195 0.0017 0.0016
3 0.1 0.2 0.85 5.87 0.48 -1.13 1.40 -1.63 0.0087 0.0005 0.0003
5 0.1 0.2 0.85 5.87 0.29 -1.72 3.23 -5.31 0.0032 0.0001 0.0000
10 0.1 0.2 0.85 5.87 0.14 -2.71 9.41 -26.70 0.0008 0.0000 0.0000
20 0.1 0.2 0.85 5.87 0.07 -3.34 22.20 -115.89 0.0002 0.0000 0.0000

Alpha, 
sk&ku

This table presents the values of the coefficients of the second, third and fourth moments as well as the second, third and 
fourth moment of the portfolio at the optimum. These results show that the values taken by the third, and fourth moment are 
very small. Huge coefficients would be required so that the associated moments play a role. Alpha, benchmark is the case 
with CRRA utility. Alpha, sk&ku is the case with skewness and kurtosis parameters.

Table 2 Optimal Asset Allocation: Skewness and Kurtosis Parameters
Preferences are expressed in terms of third and fourth central moment



RA Mean Volatility Sk Ku Coeff m2 Coeff m3 Coeff m4 m2 PtSk PtKu VaR ES

2 0.1 0.2 0.00 3.03 0.64 0.65 -0.79 0.0016 -0.0002 0.02 0.00 3.03 -0.13 -0.19
3 0.1 0.2 0.00 3.03 0.43 0.44 -1.14 0.0009 -0.0001 0.01 0.00 3.03 -0.07 -0.11
5 0.1 0.2 0.00 3.03 0.26 0.26 -1.73 0.0005 0.0000 0.00 0.00 3.03 -0.02 -0.05
10 0.1 0.2 0.00 3.03 0.13 0.13 -2.73 0.0002 0.0000 0.00 0.00 3.03 0.01 0.00
20 0.1 0.2 0.00 3.03 0.07 0.07 -3.36 0.0001 0.0000 0.00 0.00 3.03 0.03 0.03
2 0.1 0.2 0.00 5.00 0.64 0.65 -0.79 0.0015 -0.0002 0.02 0.00 4.11 -0.13 -0.20
3 0.1 0.2 0.00 5.00 0.43 0.44 -1.14 0.0009 -0.0001 0.01 0.00 4.11 -0.07 -0.12
5 0.1 0.2 0.00 5.00 0.26 0.26 -1.73 0.0005 0.0000 0.00 0.00 4.11 -0.02 -0.05
10 0.1 0.2 0.00 5.00 0.13 0.13 -2.73 0.0002 0.0000 0.00 0.00 4.11 0.01 0.00
20 0.1 0.2 0.00 5.00 0.07 0.07 -3.36 0.0001 0.0000 0.00 0.00 4.11 0.03 0.02
2 0.1 0.1 0.00 5.00 2.14 2.59 -0.61 0.0086 -0.0019 0.07 0.00 4.11 -0.24 -0.39
3 0.1 0.1 0.00 5.00 1.57 1.73 -0.90 0.0053 -0.0010 0.03 0.00 4.11 -0.14 -0.24
5 0.1 0.1 0.00 5.00 0.99 1.04 -1.39 0.0028 -0.0004 0.01 0.00 4.11 -0.06 -0.13
10 0.1 0.1 0.00 5.00 0.51 0.52 -2.23 0.0010 -0.0001 0.00 0.00 4.11 -0.01 -0.04
20 0.1 0.1 0.00 5.00 0.26 0.26 -2.77 0.0003 0.0000 0.00 0.00 4.11 0.02 0.01
2 0.1 0.2 -0.85 5.87 0.60 0.62 -0.79 0.0013 -0.0001 0.01 -0.64 4.26 -0.14 -0.23
3 0.1 0.2 -0.85 5.87 0.41 0.42 -1.14 0.0008 -0.0001 0.01 -0.64 4.26 -0.08 -0.14
5 0.1 0.2 -0.85 5.87 0.25 0.26 -1.74 0.0004 0.0000 0.00 -0.64 4.26 -0.03 -0.07
10 0.1 0.2 -0.85 5.87 0.13 0.13 -2.73 0.0002 0.0000 0.00 -0.64 4.26 0.01 -0.01
20 0.1 0.2 -0.85 5.87 0.06 0.06 -3.37 0.0000 0.0000 0.00 -0.64 4.26 0.03 0.02
2 0.1 0.2 0.85 5.87 0.72 0.71 -0.78 0.0020 -0.0003 0.02 0.64 4.26 -0.11 -0.17
3 0.1 0.2 0.85 5.87 0.48 0.48 -1.13 0.0011 -0.0001 0.01 0.64 4.26 -0.06 -0.10
5 0.1 0.2 0.85 5.87 0.29 0.29 -1.72 0.0006 -0.0001 0.00 0.64 4.26 -0.02 -0.04
10 0.1 0.2 0.85 5.87 0.14 0.14 -2.71 0.0002 0.0000 0.00 0.64 4.26 0.02 0.01
20 0.1 0.2 0.85 5.87 0.07 0.07 -3.34 0.0001 0.0000 0.00 0.64 4.26 0.03 0.03

Table 3 Optimal Asset Allocation: Skewness and Kurtosis Parameters
Preferences expressed in terms of skewness and kurtosis (I)

Alpha, 
sk&ku

Alpha, 
Benchm

This table presents the coefficients on variance, skewness and kurtosis as well as the values taken by skewness and kurtosis at the 
optimum. Alpha, benchmark is the case with CRRA utility. Alpha, sk&ku is the case with skewness and kurtosis parameters. Coeff refers 
to the coefficient. PtSk and PtKu are the portfolio skewness and kurtosis respectively.



RA Mean Volatility Sk Ku VaR ES VaR ES

2 0.1 0.2 0.00 3.03 0.64 0.323 -0.040 -0.067 0.267 -0.025 -0.047
3 0.1 0.2 0.00 3.03 0.43 0.231 -0.014 -0.034 0.192 -0.004 -0.020
5 0.1 0.2 0.00 3.03 0.26 0.148 0.009 -0.004 0.124 0.016 0.005
10 0.1 0.2 0.00 3.03 0.13 0.078 0.028 0.022 0.066 0.032 0.026
20 0.1 0.2 0.00 3.03 0.07 0.040 0.039 0.036 0.034 0.041 0.038
2 0.1 0.2 0.00 5.00 0.64 0.303 -0.032 -0.068 0.250 -0.018 -0.047
3 0.1 0.2 0.00 5.00 0.43 0.218 -0.009 -0.035 0.180 0.001 -0.020
5 0.1 0.2 0.00 5.00 0.26 0.140 0.012 -0.004 0.116 0.019 0.005
10 0.1 0.2 0.00 5.00 0.13 0.074 0.030 0.021 0.062 0.033 0.026
20 0.1 0.2 0.00 5.00 0.07 0.038 0.040 0.035 0.032 0.041 0.038
2 0.1 0.1 0.00 5.00 2.14 0.856 -0.044 -0.095 0.688 -0.026 -0.066
3 0.1 0.1 0.00 5.00 1.57 0.615 -0.018 -0.054 0.497 -0.005 -0.034
5 0.1 0.1 0.00 5.00 0.99 0.395 0.007 -0.017 0.321 0.015 -0.004
10 0.1 0.1 0.00 5.00 0.51 0.209 0.027 0.015 0.171 0.031 0.021
20 0.1 0.1 0.00 5.00 0.26 0.108 0.038 0.032 0.088 0.040 0.035
2 0.1 0.2 -0.85 5.87 0.60 0.292 -0.039 -0.083 0.237 -0.022 -0.058
3 0.1 0.2 -0.85 5.87 0.41 0.209 -0.014 -0.045 0.170 -0.002 -0.027
5 0.1 0.2 -0.85 5.87 0.25 0.134 0.009 -0.011 0.110 0.017 0.000
10 0.1 0.2 -0.85 5.87 0.13 0.071 0.029 0.018 0.058 0.032 0.024
20 0.1 0.2 -0.85 5.87 0.06 0.036 0.039 0.034 0.030 0.041 0.036
2 0.1 0.2 0.85 5.87 0.72 0.318 -0.022 -0.048 0.266 -0.011 -0.032
3 0.1 0.2 0.85 5.87 0.48 0.229 -0.002 -0.021 0.193 0.006 -0.010
5 0.1 0.2 0.85 5.87 0.29 0.148 0.016 0.005 0.126 0.021 0.011
10 0.1 0.2 0.85 5.87 0.14 0.078 0.032 0.026 0.067 0.035 0.029
20 0.1 0.2 0.85 5.87 0.07 0.041 0.041 0.038 0.035 0.042 0.039

(β₁=10, β₂=100)

Alpha, 
sk&ku

(β₁=5, β₂=50)

Table 4 Optimal Asset Allocation: Skewness and Kurtosis Parameters
Preferences expressed in terms of skewness and kurtosis (II)

This table presents the optimization result with direct preferences in terms of skewness and kurtosis. Alpha, 
benchmark is the case with CRRA utility. Alpha, sk&ku is the case with skewness and kurtosis parameters. Β₁ and 
β₂ are for the skewness and kurtosis respectively.

Alpha, 
Benchmark

Alpha, 
sk&ku



RA Mean Volatility Sk Ku AlphaV VaR ES AlphaV VaR ES

2 0.1 0.2 0.00 3.03 0.644 0.484 -0.085 -0.126 0.484 -0.085 -0.126
3 0.1 0.2 0.00 3.03 0.434 0.300 -0.034 -0.059 0.300 -0.034 -0.059
5 0.1 0.2 0.00 3.03 0.262 0.300 -0.034 -0.059 0.300 -0.034 -0.059
10 0.1 0.2 0.00 3.03 0.131 0.131 0.013 0.002 0.137 0.012 0.000
20 0.1 0.2 0.00 3.03 0.066 0.066 0.032 0.026 0.068 0.031 0.025
2 0.1 0.2 0.00 5.00 0.639 0.326 -0.038 -0.077 0.325 -0.038 -0.076
3 0.1 0.2 0.00 5.00 0.434 0.300 -0.031 -0.067 0.300 -0.031 -0.067
5 0.1 0.2 0.00 5.00 0.264 0.300 -0.031 -0.067 0.300 -0.031 -0.067
10 0.1 0.2 0.00 5.00 0.133 0.133 0.014 -0.002 0.141 0.012 -0.005
20 0.1 0.2 0.00 5.00 0.067 0.067 0.032 0.024 0.070 0.031 0.023
2 0.1 0.1 0.00 5.00 2.142 0.600 -0.016 -0.052 0.597 -0.016 -0.051
3 0.1 0.1 0.00 5.00 1.574 0.442 0.001 -0.025 0.443 0.001 -0.025
5 0.1 0.1 0.00 5.00 0.991 0.499 -0.005 -0.035 0.499 -0.005 -0.034
10 0.1 0.1 0.00 5.00 0.508 0.478 -0.003 -0.031 0.478 -0.003 -0.031
20 0.1 0.1 0.00 5.00 0.256 0.261 0.021 0.006 0.326 0.014 -0.005
2 0.1 0.2 -0.85 5.87 0.599 0.300 -0.041 -0.086 0.300 -0.041 -0.086
3 0.1 0.2 -0.85 5.87 0.412 0.300 -0.041 -0.086 0.300 -0.041 -0.086
5 0.1 0.2 -0.85 5.87 0.252 0.300 -0.041 -0.086 0.300 -0.041 -0.086
10 0.1 0.2 -0.85 5.87 0.128 0.129 0.011 -0.008 0.147 0.005 -0.017
20 0.1 0.2 -0.85 5.87 0.064 0.065 0.030 0.021 0.073 0.028 0.017
2 0.1 0.2 0.85 5.87 0.723 0.398 -0.041 -0.072 0.392 -0.039 -0.071
3 0.1 0.2 0.85 5.87 0.484 0.300 -0.018 -0.042 0.300 -0.018 -0.042
5 0.1 0.2 0.85 5.87 0.290 0.287 -0.015 -0.038 0.282 -0.014 -0.037
10 0.1 0.2 0.85 5.87 0.145 0.144 0.017 0.006 0.140 0.018 0.007
20 0.1 0.2 0.85 5.87 0.072 0.072 0.034 0.028 0.069 0.034 0.029

Alpha, 
Benchmark (β₁=1, β₂=1) (β₁=0, β₂=0)

Table 5 Optimal Asset Allocation with Skewness, Kurtosis and VaR Constraint

This table shows when we introduce a VaR constraint to the fat-tailed distribution, the optimal allocation to the risky asset, which is 
denoted by alpha, changes. We use CRRA utility function. The first five rows are the Gaussian cases, for the comparison purpose. Risk 
aversion is the parameter A in CRRA utility function. Eta and Lamda are the Hansen's t distribution parameters.When alpha takes the 
negative values, it means that the investor should short the risky asset. When alpha is larger than 1, it means investor should short the 
riskfree asset. Here we set the VaR equal to 10%, with the probability = 0.01.



HF SP DJ DA CA JP
 Mean 0.0122 0.0071 0.0085 0.0059 0.0047 -0.0077

 Median 0.0125 0.0083 0.0130 0.0146 0.0041 -0.0117
 Maximum 0.1007 0.1058 0.1089 0.1848 0.1467 0.1899
 Minimum -0.0792 -0.1595 -0.1884 -0.2685 -0.1892 -0.1829
 Std. Dev. 0.0233 0.0437 0.0452 0.0636 0.0583 0.0628
 Skewness 0.2349 -0.6681 -0.9309 -0.8121 -0.4251 0.3133
 Kurtosis 8.3646 8.0428 8.5907 8.2540 7.0560 6.7153

 Jarque-Bera 37.78 38.73 66.16 50.17 11.95 5.88
 Probability 0.00 0.00 0.00 0.00 0.00 0.05

Interest Rate 0.0040 0.0040 0.0040 0.0047 0.0050 0.0024
 Observations 156 156 156 156 156 156

This table shows the descriptive statistics of our data. The time period is Jan.1990-
Dec. 2002. HF is the HFR hedge fund index. SP is the S&P 500 index. DJ is the 
Dow Jones Industrial Index. DA is the DAX 30 index. CA is the CAC 40 index. JP 
is the Japanese Nikkei 225 index. One can see that except the Janpanese market, 
the normal distribution hypothesis is rejected for all the indices. Interest rate is the 
respective market's long-term government bond rate.

Table 6 Descriptive Statistics of the Data



Risk Aversion Mean Variance Eta Lamda Skewness Kurtosis
Gaussian GT

Hegde Fund Index:
3 0.0122 0.0233 5.15 0.05 0 8.29 5.0042 5.8362
5 0.0122 0.0233 5.15 0.05 0 8.29 3.0299 3.5957
8 0.0122 0.0233 5.15 0.05 0 8.29 1.8994 2.272
10 0.0122 0.0233 5.15 0.05 0 8.29 1.5205 1.8232
20 0.0122 0.0233 5.15 0.05 0 8.29 0.7610 0.9163

S&P500
3 0.0071 0.0437 5.4 -0.19 -0.73 8.13 0.5449 -2.468
5 0.0071 0.0437 5.4 -0.19 -0.73 8.13 0.3271 -1.5048
8 0.0071 0.0437 5.4 -0.19 -0.73 8.13 0.2044 -0.9471
10 0.0071 0.0437 5.4 -0.19 -0.73 8.13 0.1636 -0.7593
20 0.0071 0.0437 5.4 -0.19 -0.73 8.13 0.0818 -0.381

Dow Jones Industrial
3 0.0085 0.0452 5.4 -0.25 -0.94 8.70 0.7390 -3.3593
5 0.0085 0.0452 5.4 -0.25 -0.94 8.70 0.4437 -2.0896
8 0.0085 0.0452 5.4 -0.25 -0.94 8.70 0.2774 -1.326
10 0.0085 0.0452 5.4 -0.25 -0.94 8.70 0.2219 -1.0654
20 0.0085 0.0452 5.4 -0.25 -0.94 8.70 0.1110 -0.5368

DAX30
3 0.0059 0.0636 5.4 -0.21 -0.80 8.31 0.1022 -2.3483
5 0.0059 0.0636 5.4 -0.21 -0.80 8.31 0.0613 -1.4588
8 0.0059 0.0636 5.4 -0.21 -0.80 8.31 0.0383 -0.9252
10 0.0059 0.0636 5.4 -0.21 -0.80 8.31 0.0307 -0.7433
20 0.0059 0.0636 5.4 -0.21 -0.80 8.31 0.0153 -0.3744

CAC40
3 0.0047 0.0583 5.6 -0.12 -0.45 7.05 -0.0297 -1.4106
5 0.0047 0.0583 5.6 -0.12 -0.45 7.05 -0.0178 -0.8539
8 0.0047 0.0583 5.6 -0.12 -0.45 7.05 -0.0111 -0.5358
10 0.0047 0.0583 5.6 -0.12 -0.45 7.05 -0.0089 -0.4291
20 0.0047 0.0583 5.6 -0.12 -0.45 7.05 -0.0045 -0.215

Nikkei 225
3 -0.0077 0.0628 5.7 0.09 0.33 6.69 -0.8564 -0.1558
5 -0.0077 0.0628 5.7 0.09 0.33 6.69 -0.5148 -0.0935
8 -0.0077 0.0628 5.7 0.09 0.33 6.69 -0.3219 -0.0584
10 -0.0077 0.0628 5.7 0.09 0.33 6.69 -0.2576 -0.0467
20 -0.0077 0.0628 5.7 0.09 0.33 6.69 -0.1288 -0.0234

Alpha

Table 7 Empirical Illustration of Optimal Asset Allocation

This table illustrates the optimal portfolio allocation with empirical data, which include hedge fund 
index, S&P 500, Dow Jones Industrial, DAX 30, CAC 40, and Nikkei 225 indicies monthly return data. 
The time period covers January 1990 to December 2002. We use the CRRA utility. Alpha is the 
optimal asset allocation to the risky asset, represented by indicies. Gaussian is the case that investor 
ignores higher moments. GT is the case that invest cares skewness and kurtosis also.


