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1 Introduction

Credit Default Swaps (CDS) are in the process of becoming, liquid and extremely
informative instruments of default risk. Yet, default swap market has several
novel aspects that have not received much attention. In this paper we study
an aspect of CDS’s that relates to the prediction of financial crises in emerging
markets and in case of major multi national corporations.

Casual evidence suggests that the spread between default swap rate and the
risk premium of the benchmark bond shows sudden jumps as soon as default be-
comes a reality. In addition, the CDS market starts showing two more pathologies
as default approaches. First, the market starts trading ”recovery” instead of de-
fault, and second, the market changes the payment structure of the CDS’s. In
particular, CDS payments that are normally made in-arrears, will be made at the
initiation time.

The present paper deals with the first issue. We intend to show that the
information contained in the CDS rates concerning default of a sovereign bond
is much sharper than the information provided by bond spreads over the corre-
sponding treasury. In fact, the bond spreads measure credit deterioration, market
risk and default risk all bundled together. The CDS rate singles out default-risk.
In emerging markets, financial crises are never caused by market risk. Instead the
events that precipitate the crises are either devaluations or defaults on sovereign
bonds. In this sense, the use of CDS rates in financial crisis prediction should
lead to much fewer false alarms. The paper shows that this claim is strongly
supported by data.

In particular we use data from major emerging market economies to calculate
the crisis probability using daily CDS rate observations. This in fact is another
contribution of the paper. There are very few papers that have investigated the
empirical regularities of CDS rate data. The results provided in this paper can
be used in this respect as well.

The major hypothesis that we test in this paper deals with the predictive
performance of various measures of credit riskiness. The classical measure used
by economists in this area has traditionally been the risk premia over the same
maturity treasury rate. We now know that this is not the correct measure of
credit risk. A more correct measure would be spread over the swap rate. This is
the first series that we test.

The second candidate is the CDS rate itself. The discussion above suggests
that CDS rate would be a better predictor of defaults than the bond risk premia.
The reasons for this were discussed above.

The third candidate is the difference between these two indicators. We claim
that as default becomes a real possibility, the structure of the market changes
and the CDS widen much more than the underlying bond spreads. The main
reasons being (1) The delivery option implicit in the contract, (2) The additional
practicality of CDS contracts as insurance against default, compared to the diffi-
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culties and costs associated with shorting underlying bonds, (3) The fact that the
default event definition being broader than the actual default of the underlying
bond.

We intend to “test” the hypothesis that, it is indeed the third indicator that
performs the best in term of predicting financial default and hence the financial
crises that follow. In order to do this we apply the non-linear filter to the three
indicators that are the main candidates. We intend to show that the difference
between the CDS rate and the bond risk premia will indicate the default possi-
bility earlier, and with fewer false alarms. It is in fact this second result that will
be more useful to market practitioners.

The paper indicates that one can indeed develop a much more potent default
prediction tool by using these aspects of the CDS market. This can be applied to
emerging market defaults, as well as defaults by large corporations. The paper is
organized as follows. In second section we deal with the market practice concern-
ing CDS trading. This is important since, this practice is behind the usefulness
of the CDS’s in crisis prediction. Section 3 we provide the formal nonlinear filter
model of crisis prediction, which consists of the continuous time regime change
process. We apply these techniques and present our results in section 4. The
final section summarizes some of the important conclusions.

2 Credit Default Swaps (CDS)

A Credit Default Swap with maturity T , notional amount N and CDS rate ct,
written on a basket of deliverable bonds B1

T , . . . , Bn
T amounts to the receipt of

ctδN at settlement dates ti. The CDs makes the payment,

N − rN

in case of default. Here the r is the non-zero constant recovery rate.
First we look at the way one would hedge a CDS. Suppose a market maker

sells a CDS on a certain credit. How would the market maker hedge this position
while it still on its books?

A market maker who sells such a CDS and provided protection, needs to take
the opposite position on the right hand side of this equation. That is to say, the
credit derivatives dealer will first short the risky bond, deposit the received 100
in a default-free deposit account and contract a payer swap. According to this,
in order to calculate the fee due to writing protection on this credit, all one needs
to do is calculate the difference between the coupon of the corresponding liquid
defaultable bond and the current swap rate.
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2.1 Real world complications

Yet, this natural hedge for the CDS may end up mispricing the CDS in reality.
There are several reasons why the benchmark spread 1 on this credit may deviate
very significantly from the CDS rates.

1. The particular credit may not have outstanding T -maturity bonds at the
time of issue of the CDS. Then the pricing would be much more complicated
and the benchmark spread would naturally deviate from the CDS rate.

2. Even if similar maturity bonds exist, these may not be very liquid, especially
during times of high market volatility. Then it would be very natural to see
deviations between CDS rates and benchmark spreads.

3. Tax treatment of sovereign bonds and CDS’s are different and this will also
introduce a wedge between the corresponding spread and the CDS rate.

4. As mentioned earlier CDS’s result in physical delivery in case of default.
But this delivery is from a basket of deliverable bonds. This means that
the CDS contains a delivery option which was not built in the contractual
equation above.

2.2 Implications of market making behavior

We begin with an interesting observation from financial markets. This observation
looks like a puzzle at the outset. But it is an interesting point concerning real
world hedging difficulties. Let, bto be the yield of a defaultable coupon bond that
was issued at time to at par. Let dto be the T maturity CDS spread on the same
credit. Finally let the st0 and τt0 be the par swap rate and the treasury yield with
maturities T respectively. Then, the simple contractual equation derived above
suggests that we should have

dt0 = bt0 − st0 .

After all, if we have the inequality

dt0 > bt0 − st0 ,

then instead of buying credit protection on the issuer, the client may simply short
the bond and get a receiver swap. This will provide the same protection against
default and at the same time cost less.

Yet, an observation of CDs markets would show that, in real world actual
data will almost always have the following characteristic:

dt0 > bt0 − st0 .

1Over the swaps.
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Does this mean that there is an arbitrage possibility in real world, or is there
another explanation?

As usual in such questions, the correct answer is the existence of other ex-
planation. In fact this inequality can be caused by many different factors. We
briefly list them.

1. CDS protection is easy to buy yet, it is “costly” to short bonds. First of
all, one has to go to repo market to find such bonds and repo has mark-to-
market property. With CDS protection there will be no such “problem”.

2. Shorting a bond is risky because of short-squeeze possibilities. If too many
people are short the bond, the bond may have to be covered at a much
higher price.

3. Some bonds may be very hard to find when a sudden need for protection
arises.

4. Also, as discussed above, there is a delivery option premium included in the
CDS rate.

All these factors may cause the theoretical hedge to diverge from the CDS sold
to clients. Hence, in many cases, and especially when the probability of default
becomes significant CDS dealers may suddenly move their prices out and stop
trading.

3 The Model

We assume that the vector valued process Xt observed economic time series is
driven by the following stochastic differential equation

dXt = A(Xt, θt, λ)dt + dwt, (1)

where {θt} is a finite state Markov process and {wt} is a Wiener process with
variance σ2dt, orthogonal to {θs,∀s}. The A(Xt, θt) is a non-anticipative mean-
reverting function- -i.e. given the information at time t, it is known with certainty.

A(Xt, θt) is given by

A(Xt, θt) =

{

λ(µ1 −Xt) if high default probability at t
λ(µ2 −Xt) if low default probability at t,

(2)

where µi, i = 1, 2 and λ > 0 , are known constants 2. µ1 is the average spread of
market rate with no default probability, and µ2 is the average spread of market
rate with higher default probability.

2Here default means a company that has high default probability , and it does not mean a
legal default event.
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(1) and (2 )describe a system that switches regimes depending on the value
assumed by the Markov process θt . According to (2 ), the state that the θt is in
depends only on the and µi . In this case θt can assume only two values, µ1 and
µ2 .

The building block of the non-linear time series model shown in (1) and (2) is
the probabilistic structure of θt . We assume that the {θt} is a finite state Markov
process with the following transition probabilities:

p(θt+s = µj|θt = µi; θt−u, u > 0) = p(θt+s = µj|θt = µi)
= pij(s).

(3)

To create a closed-form model, we need to parameterize the pij(s). With
assumption that the pij(s) are differentiable with respect to s, the following Taylor
series expansion (around s = 0) is valid:

pij(s) = dij + δijs + o(s), (4)

dij being the Dirac delta function.

pii(s) = 1 + δiis + o(s) i = 1, 2
pij(s) = 0 + δijs + o(s) i 6= j; i, j = 1, 2

(5)

with initial conditions pij(0) = 0 and pii(0) = 1 and the requirements δii <
0, δij > 0.

We attach the following heuristic interpretation to the structure described by
(1) , (2) and (3). Credit markets observe a spread {Xt} which depends on two
separate terms. First, there is the effect of the signal component which depends on
the past of Xt and on θt . Supposedly, this component carries some importance for
the markets. The second component is the serially correlated process −λXt+dwt.
The detection or the prediction problem requires the purging of this disturbance
in order to get to the signal component described by θtdt.

The Markov process described by θt leads to sudden switches in this signal
component and hence plays the central role within this context. The expressions
described by (3) suggest that, once θt settles to a state, say µ1, it stays there for
a (random) period of time. In fact, the representation in (3 ), and the constraints
δii < 0, δij > 0, suggest that, as s increases, the probability that θt , will remain
in the same state will go down, and the probability that it will switch to a new
state will go up. In this sense, the occurrence of the states under consideration,
has a memory . This time spent in a state is important in determining the switch
away from that regime.

The problem faced by the decision maker is to infer the state of the Markov
process θt from observed data on {Xt} in some optimal fashion. The θt will
represent the stage of the credit under consideration. The optimality criterion
that we adopt is the MSE, although a Maximum a-Posteriori Probability Criterion
would also yield the same result. {θt} is estimated by
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min
θ̂t

E[(θt − θ̂t)
2|It], (6)

which yields
θ̂t = E[θt|It]. (7)

It being the information set available at time t. Accordingly

θ̂t = µ1p(θt = µ1|It) + µ2p(θt = µ2|It)
= (µ1 − µ2)p(θt = µ1|It) + µ2.

(8)

Define
πt , p(θt = µ1|It). (9)

According to this, the quantity p(θt = µ1|It) is the key element that determines
the optimal estimate of the unobserved finite state Markov Process θt. Clearly,
p(θt = µ1|It) has to be a non-linear function of the information set It, since it
lies between zero and one. Obtaining an empirical estimation for θt requires first
obtaining a law of motion for the {πt}.

Theorem: Let {Xt}, θt be given by the system (1), (2) and (3). Then,
the optimal MSE estimate of θt will be given by E[θt|It] :

E[θt|It] = (µ1 − µ2)πt + µ2, (10)

where
πt = p(θt = µ1|It) (11)

satisfies the following Ito-Stochastic differential equation:

dπt = [δ11πt + δ21(1− πt)]dt

+λ

[

πt(1− πt)

σ2

]

(µ1 − µ2)[dXt − λ(µ1πt + µ2(1− πt)−Xt)]dt

(12)

where the δij are given by (4) and represent the time derivatives of
the transition probabilities pij(s). We assume that π0 is known.

We provide a summary of the proof of this theorem in appendix. A complete
proof of the Theorem can be found in Liptser and Shiryayev(l978).

4 Application in CDS: parameter estimations

and results

As discussed earlier, non-linear filter is useful mainly when there is an unobserved
(random) discrete change in some economic variable. The sovereign bond spread,
CDS premium and the difference of these two is one example of such phenomena.
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We assume that the near default state of the credit is not observed directly.
Market has to infer this from the data. Thus according to our setup, dXt is
the change in the default indicator, and the near default state is the unobserved
Markov Process θt . The term (−λXt + dwt) represents a serially correlated
unobserved noise that “contaminates” the data so that targeted growth θt , cannot
be observed. To preserve the formulae of the bi-variate state variable θt developed
earlier, we assume that the θt default state fluctuates only between default and
no default. that targeted money growth rates fluctuate between tight and easy
or neutral states. Obviously the techniques can be extended to more than two
states in a straightforward manner.

Thus far the discussion centered on finding a closed form representation of
the filter. The applications of non-linear filtering theory has to deal with two
additional questions. Next two questions deal with discrete time approximation
and estimation of the parameters that are thus far assumed to be known .

4.1 Discrete Time

The issue of how to reconcile discrete time data with continuous time methodol-
ogy in tracking unobserved regime changes is not trivial. First of all, the tools
provided by the continuous time filter are not directly available in discrete time, in
the sense that a closed form representation that gives the trajectory of πt cannot
be derived. This is due to the fact that Lemma 1 used in deriving the non-linear
filter, applies only in continuous time. There is also a second reason for working
with continuous time filter and then deriving the discrete approximation. A dis-
crete time formulation that assumes away all characteristics due to continuous
time, will automatically assume that all integrals implicitly or explicitly used in
the model are of Riemann-Stieltjes type. Whereas, as will be discussed below, in
case of regime changes, continuous time models require the use of Ito- integrals
and may lead to significantly different empirical results.

To see the complications of estimating regime changes first note that the
structure of the non-linear filter is of the following form:

dπt = f(πt)dt + g(πt)dvt, (13)

where the dvt are increments of a Wiener process. and the g(πt) is the filter
gain discussed above. Thus, (13) is a stochastic differential equation where the
diffusion term depends on πt . Lemma I V supplied in the appendix, shows that
every such equation can be discretized only by adding some correction factors .
In case of non-linear filter, g(.) will always depend on πt , thus, one would always
need the se correction factors. Applying Lemma IV we can obtain the discrete
time version of (13) as:

πt+1 = πt + f(πt) + g(πt)(vt+1 − vt) + [dg(πt)/dπt]g(πt) (14)
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where the last term is the correction factor. Applying these to the non-linear
filter we obtain the discrete time formulae

πt+1 = πt + δ11πt + δ21(1− πt)

+λ[
πt(1− πt)

σ
](µ1 − µ2)[(Xt+1 −Xt)− λ(µ1πt + µ2(1− πt)−Xt)]

+[πt(1− πt)(1− 2πt)][λ(µ1 − µ2)/σ]2

(15)
Note that the correction factor becomes zero if πt is around 1/2. On the other

hand it is positive when πt is less than 1/2 and negative otherwise. Thus the
correction factors will always pull the estimated πt towards 1/2 – i.e. they will
make the econometrician act more conservatively. Finally when one becomes very
certain, (πt = 1, or πt = 0), the correction factor again becomes very small.

4.2 Parameter Estimation

The implementation of the non-linear filter also requires a-priori setting of some
parameter values. Besides, one has to select the form, and the parameters of the
equation that gives the a-priori trajectory of the updated estimates. A similar
set of assumptions is to be made in case of non-linear filter. One has to select the
values of λ, µ1, µ2, δ11, δ21, σ a-priori or use what amounts to empirical al priors.
Besides, in both cases one has to select the initial points a-priori. One can then
apply the recursive filter to generate the πt sequentially.

We first briefly summarize the way various parameters were estimated. As
discussed above, in the case of sovereign bond spread, µ1 is the average spread
of market rate with higher default probability, and µ2 is the average spread of
market rate with lower default probability. This also holds for CDS premium.

µ1 = Mean(XX≥Mean[X]); µ2 = Mean(XX<Mean[X]). (16)

Using the following auto-regression to find λ :

Xt −Xt−1 = λ(µ−Xt) + εt, εt ∼ N(0, σ2). (17)

The {δij}’s, which represent the transition densities that determine the rate at
which the unconditional probabilities pij(s) change as s increases, were obtained
as follows.

First, estimates of unconditional transition probabilities were obtained:

pij(s) = Nij(s)/Tij(s), (18)

where Nij(s) are the total number of transitions from state i to state j that are s
periods apart, and the Tij(s) is the corresponding total number of observations.
Variable s is controlled from 1 to 50. This gives the data {p11(s), p21(s) : s =
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1, .., 50}, that we can use to obtain the estimates of the transition densities δij by
using the regression equations:

p11(s)− 1 = δ11s + ε1 s = 1, .., 50
p21(s) = δ21s + ε2 s = 1, .., 50

(19)

where δ11 and δ21 are treated as unknown parameters and the ε1, ε2 are dis-
turbances. According to this, one regresses the estimated p11 and p21 against the
s to estimate the transition densities.

With the result of parameters λ, µ1, µ2, δ11, δ21, σ, plugging first difference of
X and X, we can get

πt+1 = πt + [δ11πt + δ21(1− πt)]4t

+λ

[

πt(1− πt)

σ

]

(µ1 − µ2)[dXt − λ(µ1πt + µ2(1− πt)−Xt)]4t
(20)

from (12).

4.3 Results

Because the portion of 5-year credit default swap business is more than half in
the total CDS business, and 5-year CDS continues to be the engine of market
growth, we pick 5-year CDS of sovereign bonds in estimation. Accordingly, we
got 5-year bond spread from yield curve to make sure that the maturity of CDS
premium and that of sovereign bond premium are consistent. The countries we
are interested are Argentina, Brazil, and Russia.

4.3.1 Results of µi, and δij

We listed the estimated parameters in Table 1. In table 1, “Spread” stands for
sovereign bond spread,“ Premium” is CDS premium, and “Difference” shows the
difference between CDS premium and sovereign bond spread. The table shows
clearly the two states, µ1 and µ2. Parameters δii < 0, (i = 1, 2) manifest that the
probability of staying in the same regime state decreases as time goes on. On the
contrary, δij > 0 (i 6= j, i, j = 1, 2) shows the probability of regime shift increases
as time passes3.

4.3.2 The posterior probability

The estimation of πt’s is shown in Figure 1-3 for Argentina, Brazil and Russia.
Each set of figures has 3 dynamics of πt with respect to 3 data series we applied.
These figures show clearly that the difference between CDS premium and bond
spread is a better predictor in the case of these two countries. We show that

3This is how we constructed δij .
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Table 1: Result of parameter estimation

Argentina(5-year) Brazil (5-year) Brazil (5-year)
Spread Premium Difference Spread Premium Difference Spread Premium Difference

µ1 0.3787 0.8728 0.5201 0.0821 0.0886 0.0095 0.0932 0.0886 0.0021
µ2 0.0631 0.0791 0.0128 0.0568 0.0553 -0.0008 0.0524 0.0522 -0.0070

δ11 -0.0202 -0.0216 -0.0227 -0.0225 -0.0228 -0.0233 -0.0239 -0.0198 -0.0232
δ12 0.0073 0.0069 0.0073 0.0076 0.0082 0.0071 0.0072 0.0061 0.0080
δ21 0.0067 0.0069 0.0079 0.0068 0.0075 0.0076 0.0063 0.0044 0.0064
δ22 -0.0230 -0.0228 -0.0218 -0.0229 -0.0223 -0.0221 -0.0234 -0.0253 -0.0233

the difference between the CDS rate and the bond risk premium will indicate the
default possibility earlier, and with fewer false alarms.

In Brazil case, in the end of 2001, due to the Argentina contagion, its bond
spread, and CDS premium increase. From the Figure 2, the posterior probability
of both spike. However, the posterior probability underling the difference doesn’t
change. In reality, the spike is false alarm. The third candidate, the difference
between CDS premium and bond spread works better.

5 Conclusions

Credit Default Swap market provides unique information concerning default pos-
sibilities. In this paper we showed using the non-linear continuous time filter that
this information is even sharper than the ones found in the bond risk premia. In
particular, for sovereign Default Swaps the difference between the CDS rate and
the bond risk premia behaves in a peculiar way right before defaults become
highly likely. This information can be captured and exploited to predict defaults
and the ensuing financial crises.
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Appendix I: Basic Lemmas

Frost and Kaliath(1971)
We provide the Lemmas used in deriving the filter in a simpler case:

dyt = θtdt + dεt (21)

(A1) where the θt is a two state Markov process given by:

θt = a1 or a2 (22)

we let the optimal MSE estimate of θt be denoted by:

θt = E[θt|{ys, s < t}]. (23)

Then we have:
Lemma l . Given (A1) and (A2) the innovation process defined by:

(A3) dvt = dyt − θtdt (24)

is a Wiener process With the same moments as εt .
This lemma is unexpected, in the sense that altough vt is a function of a highly

non-gaussian variable such as θt , it still is Gaussian.
Lemma 2 . Given (A1)-(A3), we have:

E[Zt|{ys, s < t}] = E[Zt|{vs, s < t}]. (25)

For any random variable Zt

This Lemma implies that the two sets {ys, s < t} and {vs, s < t} span the
same information sets.

Lemma 3 . Given (A1)-(A3), there exists a function g(ys) s < u such that:

yt =

∫ t

o

g(ys)vudu. (26)

This Lemma implies that yt can be expressed as a continuous distributed lag
on vu , except that the distributed lag coefficients may depend on paast values of
yt .

The following Lemma deals with discerete time approximation of Stochastic
Differential Equations (SDE).

Lemma 4 . Given the SDE:

dxt = a(t, xt)dt + g(t, xt)dwt (27)

we have a first order approximation with an error of order o(dt):

xt+1 − xt = a(t, xt) + [dg(t, xt)/dxt]g(t, xt) + (t, xt)(wt + 1− wt) (28)
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Appendix II: Proof of the Theorem

Define the innovation process {vt} using:

dvt = 1/σ(dXt − E[dXt|It])

= 1/σ[λ(θt − θ̂t)dt + dwt]
(29)

Where θ̂t = E[θt|It], It being the information set {Xu, u < t}.
Lemma I states that {vt} is a Wiener process. This is important, and has

no counterpart in discrete time, since the dvt in fact depends on a highly non-
gaussian variable θt .

Lemma II then gives:

E[θt|Xu, u < t] = E[θt|vu, u < t], (30)

i.e. we can express the conditional expectation either in terms of past Xt ’s or in
terms of past vt.

Next, we split the information set into two, use the fact that {vt} is a Wiener
process and obtain:

E[θt|vu, u < t] = E[θt|vu, u ≤ s] + E[θt|vu, s < u < t] (31)

This step is needed since, just like in the case of Kalman Filter, we would like
to show that the θt is made of two components, one which depends on the past
information only, the other on the new information contained in the increment
dvt. The non-linear filter is obtained by expanding the two RHS expectations (31)
and then taking the limit s → t.

Consider the first element of the RHS of (31):

E[θt|vu, u ≤ s] = (µ1 − µ2)p(θt = µ1|vu, u ≤ s) + µ2

= (µ1 − µ2) [p(θt = µ1|θs = µ1; vu, u < s)p(θs = µ1; vu, u < s)
+ p(θt = µ1|θs = µ2; vu, u < s)p(θs = µ2; vu, u < s)] + µ2

(32)
Since {θs} is a Markov process by definition,

p(θt = µ1|θs = µ1; vu, u < s) = p(θt = µ1|θs = µ1), (33)

p(θs = µ1|vu, u < s) = πs, (34)

(32) can be written as

E[θt|vu, u ≤ s] = (µ1−µ2)[p(θt = µ1|θs = µ1)πs +p(θt = µ1|θs = µ2)(1−πs)]+µ2

(35)
In order to get a differential equation describing the trajectory of πt , we need

the increment in this expectation as t changes. Taking the derivative of with
respect to t 4

4dp(θt = µ1|θs = µ1)/dt = δ11,dp(θt = µ1|θs = µ2)/dt = δ21
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dE[θt|vu, u ≤ s] = (µ1 − µ2)[δ11πs + δ21(1− πs)]dt (36)

lim
s→t

dE[θt|vu, u ≤ s] = (µ1 − µ2)[δ11πt + δ21(1− πt)]dt (37)

The expression in (37) gives the first element of the RHS of (31) as s → t.
This component measures the updating required in the estimate of θt due to
past information. Note that one has to update the estimate of θt, even when no
new information becomes available. This is because the odds on θt being in µ1

or µ2 change due to a-priori information– summarized by the δij – i.e. even in
the absence of new information about the economy , the posterior probabilities
governing the state of the system will keep changing.

The second element on the RHS of (31) measures the contribution of com-
pletely new information in updating the θt . From the definition of orthogonal
projections:

lim
s→t

dE[θt|vu, s < u < t] =
E[θtdvt|It]

E[(dvt)2]
dvt

=
1

σ
E

[

λθt[(θt − θ̂t)dt + dwt]|It

]

dvt.

(38)

since the variance of dvt is equal to one. Plugging θt = µi, i = 1, 2 with according
probabilities, θ̂t = (µ1 − µ2)πt + µ2, (38) becomes

lim
s→t

dE[θt|vu, s < u < t] =
λ

σ
[µ1(µ1 − θ̂t)πt + µ2(µ2 − θ̂t)(1− πt)]dvt

=
λ

σ
(µ1 − µ2)

2πt(1− πt)dvt

(39)

Putting (37) together with(39) for s → t gives the law of motion that governs
the over time behavior of θt, –and as well,

dE[θt|It] = (µ1 − µ2)[δ11πt + δ21(1− πt)]dt

+
λ

σ
(µ1 − µ2)

2πt(1− πt)dvt,
(40)

where dvt =
1

σ
[dXt − λ(µ1πt + µ2(1− πt)−Xt)dt].

Since
dE[θt|It]

dt
= (µ1−µ2)

dπ

dt
from (10), consequently the over time behavior

of πt can be expressed as

dπt = [δ11πt + δ21(1− πt)]dt

+λ

[

πt(1− πt)

σ2

]

(µ1 − µ2)[dXt − λ(µ1πt + µ2(1− πt)−Xt)]dt
(41)
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