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Abstract

We analyze an equilibrium model in which agents exposed to id-
iosyncratic risk can purchase insurance policies in addition to financial
assets. The price of an insurance contract depends nonlinearly on the
claims and explicitly contains safety loadings, proportional to variance.
We consider random loading factors that vary with business cycles.

To extract economic information from the equilibrium, we expand
the stochastic discount factor (SDF) in the volatility of consumption
growth, a natural small parameter. We obtain the true dependence of
the SDF on idiosyncratic risk and insurance loadings. Our expression
for the stochastic discount factor displays a threshold loading such that
the equilibrium SDF is monotone increasing in the cross-sectional vari-
ance of idiosyncratic risk for loadings above the threshold. The SDF is
monotone decreasing for loadings below the threshold.

One consequence, for loadings below the threshold, is that counter-
cyclical idiosyncratic risk has the opposite influence on the SDF to that
of the classic Constantinides and Duffie (1996) tradeless equilibrium.
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1 Introduction

We analyze a general equilibrium model that allows us to determine the ex-
plicit dependence of the stochastic discount factor (SDF) on exogenous in-
surance loadings. Our analysis is in the context of an idiosyncratically in-
complete, multiperiod market, where one can purchase insurance policies in
addition to financial assets. This work is a preliminary step in the develop-
ment of a unified, market consistent, theory of asset and liability pricing. In
Malamud, Trubowitz, and Wüthrich (2007), we introduce a framework that
endogenizes insurance loadings.

Traditionally, one distinguishes between the notion of a complete con-
sumption insurance model and its counterpart, an incomplete consumption
insurance model.

A complete, consumption insurance model is functionally a complete
market model, albeit with a small conceptual twist. One imagines that the
market is complete because each agent can buy insurance against any state
contingent shock. There is, however, the unspoken and upon consideration,
the unpalatable assumption that financial assets and insurance policies are
priced by the same mechanism. Of course, the mechanisms are not the same.
The price of an asset is equal to its expected discounted payoff. The price
of an insurance policy is equal to its expected discounted payoff plus a safety
loading.

An incomplete, consumption insurance model is characterized by the
property that an agent can only hedge against agregate shocks, or, equiva-
lently, cannot hedge against idiosyncratic shocks. Incomplete consumption
insurance models have been studied intensely. They are also known as id-
iosyncratically incomplete market models. A great deal of the common wis-
dom about the influence of idiosyncratic shocks on asset prices is based on
the tradeless equilibria of Constantinides and Duffie (1996). In the absence of
trade, they obtain the explicit dependence of the SDF on idiosyncratic risk.
A general solution to the problem, for equilibria with trade, is given for small
idiosyncratic risk in Malamud and Trubowitz (2006a).

The main prerequisite for the formulation of our model is an exogenous
Ansatz for the safety loading. Of course, some fraction of the safety loading is
intrinsically exogenous, imposed by a regulator. The endogenous component
depends on the capital of the insurance company, the risk preferences of the
shareholders and the market. See, Schlesinger and Doherty (1985), Schlesinger
(2000), Dana and Scarsini (2007), Malamud, Trubowitz, and Wüthrich (2007)
for microeconomic theory of insurance premia and loadings.

Naturally, the pricing of an insurance liability must be market consistent
in the sense that it is decomposed into a hedgeable and an unhedgeable com-
ponent. The latter is orthogonal to the market subspace. The hedgeable com-
ponent is priced linearly by arbitrage. The unhedgeable component is priced
nonlinearly. Its price is the safety loading. There is a large literature dedi-
cated to market consistent pricing of insurance liabilities. See, e.g., Bühlmann,
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Delbaen, Embrechts, and Shiryaev (1998), Rouge and El Karoui (2000), Em-
brechts (2000), Henderson and Hobson (2004), Malamud, Trubowitz, and
Wüthrich (2007). The simplest, commonly accepted Ansatz for the loading
is a multiple, α−1

t , of the variance.1 We adopt the Ansatz that the loading
at each period is proportional to the variance of the unhedgeable component
of the claims. The exogenously specified loading factor α−1

t is random and
depends on the time t .2 We will refer to α−1

t as the loading factor.
We assume, as in Constantinides and Duffie (1996), that the economy

is populated by an infinite number of agents with identical risk aversion, dis-
count factors and independent, identically distributed indiosyncratic income
shocks. But, by contrast to Constantinides and Duffie, we allow for an arbi-
trary aggregate endowment process and arbitrary idiosyncratic shocks.

The first step towards analyzing equilibria is to solve the utility maxi-
mization problem for each agent. 3 In our model, an agent faces a difficult
problem of finding an optimal asset-insurance allocation. Namely, he must
choose an optimal combination of a portfolio of financial assets and an insur-
ance contract which, by construction, is priced nonlinearly. The first order
conditions for this utility maximization problem constitute a highly nonlinear
system of equations that is very difficult to analyze. But, when idiosyncratic
shocks and the aggregate uncertainty are both small, we can use standard
perturbation theory (Taylor polynomial approximation) to get exact expres-
sions for the optimal consumption stream. See, Samuelson (1970) and Judd
and Guu (2001) for the description of the perturbative method. See also,
Schlesinger and Doherty (1985), Briys (1986), Moridaira, Urrutia, and Witt
(1992), Aase (1993), Gollier (1994), Meier and Ormiston (1995), Aase (forth),
Schlesinger (2000), Dana and Scarsini (2007), Lee (2007) for other work on
optimal asset-insurance choice.

We expand the equilibrium state price densities in the standard devi-
ation σ of the growth rate of aggregate endowment.4 Using the implicit
function theorem, we show that equilibrium state price densities are analytic
functions of σ and the expansion converges in a small neighborhood. See,
Kogan and Uppal (2001), Chan and Kogan (2002), Leippold, Trojani, and
Vanini (2006) for other applications of perturbation theory to problems in
economics.

Our convergent expansion allows complete control over equilibria. We
explicitly calculate the first two terms of this expansions, those of order σ
and σ2 and show how the presence of insurance screens the precautionary

1If the size of insurance claims is small, we can can approximate the highly nonlinear
insurance premium by its second order Taylor polynomial. Then, obviously, the first order
term is the expected value of claims and the second order is the variance. Thus, the variance
Ansatz makes a perfect sense when insurance claims are small. This is precisely the case
that we analyze in this paper.

2This allows to account for the empirically observed cyclicity of insurance premia.
3See, Malamud and Trubowitz (2006b).
4The standard deviation σ is a natural small parameter. For example, the commonly

accepted value of σ for the US economy is σ ≈ 0.036 .
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savings effect, generated by idiosyncratic shocks and may even drive bond
prices down, relative to the background complete market.

To be able to make concrete economic predictions, based on our ex-
pression for the pricing kernel, we make (following Constantinides and Duffie
(1996)) the simplifying assumption that both aggregate endowment and id-
iosyncratic shocks follow geometric random walks.5 In this case, the extremely
complicated expression for the pricing kernel becomes much more transparent
and many important predictions can be made. As an illustration, we discuss
here the implications for the equity premium.

The general consensus that equity returns are typically procyclical im-
plies that a a highly countercyclical SDF is necessary for a large equity pre-
mium (see, Brav, Constantinides, and Geczy (2002), Storesletten, Telmer,
and Yaron (2007)). This argument is the justification for the commonly ac-
cepted belief that only countercyclical idiosyncratic shocks can increase equity
premium. There are new, economically significant effects in the presence of
insurance because the multiplicative factor appearing in the expression for
the SDF in front of the cross-sectional variance of the growth of idiosyncratic
shocks, changes sign when the loading factor αt crosses an explicitly given
threshold. If, as is common, we make the assumption that the cross-sectional
variance is monotone decreasing in the aggregate consumption growth, then
the contribution to SDF from idiosyncratic risk is countercyclical when αt

lies below the threshold and procyclical when it lies above. In particular, suf-
ficiently small insurance loadings imply that countercyclical idiosyncratic risk
actually reduces equity premium.

2 Setup

We assume a discrete time, pure exchange economy with a single perish-
able consumption good. The economy is endowed with a stream of W =
(Wt , t = 1 , · · · , T ) of the single good, referred to as the aggregate endow-
ment. Equity is the Lucas tree asset whose dividend process coincides with
the aggregate endowment. The supply of equity is normalized to one. Apart
from equity, there are zero coupon risk free bonds of all maturities. All risky
assets apart from equity are assumed to be in zero net supply.

Fix a probability space (Ω , B) . In our model there are T time periods
and two filtrations F = ( Ft , t = 0 , · · · , T ) and G = ( Gt , t = 0 , · · · , T )
of the underlying sigma algebra B satisfying Gt ⊃ Ft for each t = 0 , · · · , T .
We imagine that the filtration F contains information only about ”aggre-
gate” events and that the dominating filtration G contains additional infor-
mation about individuals, that is, idiosyncratic events.

Note that a conditional expectation operator is a projection. Namely, in
the space L2(Ω , B) the operator of conditional expectation on sigma algebra

5Most equilibrium asset pricing models make the random walk assumption. See, e.g.,
Campbell and Cochrane (1999).
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A is the orthogonal projection onto L2(Ω , A) of A -measurable random vari-
ables. For this reason it will be useful for us to use the notation P t

F
and P t

G

for the conditional expectations on Ft and Gt respectively. When working
with processes, we will be often dealing with direct sums

PF = ⊕T
t=1 P t

F and PG = ⊕T
t=1 P t

G

It will be technically useful to assume that knowledge of idiosyncratic events
at time t does not give us any information about aggregate events at time
t + 1 . We make the formal

Assumption 1 For each t = 1 , · · · , T , and for every integrable random
variable Y measurable with respect to Ft+1 ,

E [ Y | Ft ] = E [ Y | Gt ] (2.1)

We assume that

• the probability space Ω is finite;

• the market is complete with respect to the aggregate events;

• all asset price and dividend processes are adapted to the aggregate filtra-
tion F

• there is a unique aggregate state price density process M = (Mt , t =
1 , · · · , T ) through which all assets are priced.6

An important consequence of Assumption 1 is

Proposition 2.1 Under Assumption 1,

qi t = E
[

Mt+1

Mt

(qi t+1 + di t+1) |Ft

]

= E
[

Mt+1

Mt

(qi t+1 + di t+1) |Gt

]

for any asset i in the economy.

As is common in the modern finance literature (see, e.g., Constantinides
and Duffie (1996)), we will be working directly with the pricing kernel M and
then derive all asset prices from M .7

6In fact, the last item is a direct consequence of the first one. The assumption of aggregate
completeness is implies that idiosyncratic risk is the only source of market incompleteness.

7When aggregate endowment is a binomial process (the event tree is binomial), equity
and one period risk free bonds are enough to make the market dynamically complete. In
general, it may happen that equity and zero coupon bonds of all maturities are not enough
to make the market dynamically complete. In this case we can, for example, add several
other multinomial processes to complete the market.
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3 Hedgeable filtration, hedgeable claims and

the size of unhedgeable idiosyncratic risk

Let w = (wt , t = 0 , · · · T ) be the G adapted individual endowment pro-
cess of an agent in our economy.

An agent trades in the market and chooses a G adapted portfolio strat-
egy x = (x1, . . . ,xL) . Here, xj = (xj 0 , · · · , xj T−1 , 0) . and the random
variable xj t counts the number of shares of asset Aj held at time t + 1
before dividends are paid and assets are traded. The last component 0 for-
malizes the convention that no investments are made at the final time period
T . The dividend process Dx generated by the portfolio strategy x is

Dx,t =
L
∑

j=1

(Dj t + qj t) xj t−1 −
L
∑

j=1

qj t xj t (3.1)

for t = 0 , · · · , T , where Dj = (Dj t) and qj = (qj t) are the dividend
and price processes of the asset Aj . In particular, the initial investment is
Dx , 0 = −

∑L
j=1 qj 0 xj 0 , . Our assumption of aggregate completeness allows

for a very simple and elegant description of the set of dividend processes
of portfolio strategies. The following result is an immediate consequence of
Assumption 1 and the standard properties of state price densities.

Lemma 3.1 Let for each t = 1 , · · · , T , Ht = σ(Ft , Gt−1) be the minimal
sigma algebra containing Ft and Gt−1 . Then, for any H -adapted process
Xt there exists a portfolio strategy x , such that

Xt =
L
∑

j=1

(Dj t + qj t) xj t−1 = E

[

T
∑

τ=t

Dx , τ Mτ

∣

∣

∣

∣

Ht

]

for each t .

Filtration Ht has a very clear economic meaning: it is the hedgeable filtration.
Precisely, since the market is complete with respect to Ft , it is possible to
hedge against any event in Ht by a Gt−1 measurable investment at time t−1 .
As above, we will use P t

H to denote the conditional expectation operator and
PH = ⊕T

t=1 P t
H

to denote the direct sum. The difference Q = PG − PH

will also play an important role in our analysis. By the above, this is the
”unhedgeable” projection.

In this paper we will be dealing with insurance policies. An insurance
policy is a contract between the insurer and the insured. The insurer guaran-
tees to pay a stream Z = (Zt , t = 0 , · · · , T ) of insurance claims to the
insured (an agent in our economy), and the agent pays an insurance premia
stream to the insurer, a representative insurance company.

Recall that a claims stream Z = (Zt , t = 1 , · · · , T ) is called hedge-
able if there exists a portfolio strategy x such that Zt = Dx , t for all
t > 1 .The following Lemma is a direct consequence of Lemma 3.1:

5



Proposition 3.2 A claims stream Z is hedgeable if and only if

( I − P t
H ) E

[

T
∑

τ=t

Zτ Mτ

∣

∣

∣

∣

Gt

]

= 0 ⇔ VarH t

(

P t
G

T
∑

τ=t

Zτ Mτ

)

= 0 (3.2)

for all τ = 1 , · · · , T .

Formulae (3.2) mean that a stream is hedgeable if and only if the value
of the future part of the stream at each moment of time stream has no un-
hedgeable component. Intuitively, the conditional variance in (3.2) reflects
the size of unhedgeable idiosyncratic risk.

4 Market consistent pricing of insurance lia-

bilities

In this section we describe the insurance contracts, available for purchasing
in our economy. Insurance market is assumed to be complete: agents are able
to buy insurance against any claims process.

Definition 4.1 An insurance contract consists of two nonnegative random
processes, the insurance claims stream Y = (Yt , t = 0 , · · · , T ) and in-
surance premia stream Π := (πt , t = 0 , · · · , T ). We refer to Y − Π as
the effective dividend process of the insurance contract. We always assume
Y0 = 0 (there are no claims at time zero).

Definition 4.2 An insurance premia stream is a map X → Π(X) mapping
insurance claim streams to insurance premia. We assume that Π is convex
for each t :

πt

(

1

2
(Y1 + Y2)

)

6
1

2
(πt(Y1) + πt(Y2) )

Definition 4.3 Market consistency An insurance premia stream Π =
(πt) is market consistent if for all t > 0

(1) it is linear on the subspace of hedgeable claim streams: for any hedgeable
Z1 , Z2 we have πt(aZ1 + aZ2) = a πt(Z1) + b πt(Z2) ;

(2) for any claims stream Z

E

[

T
∑

t=0

πt(Z) Mt

]

> E

[

T
∑

t=1

Zt Mt

]

and the identity holds if and only if Z is hedgeable.

(3) for any claims stream Y and any hedgeable claims stream Z we have

πt(Y + Z) = πt(Y) + πt(Z)
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Items (1) and (2) mean that hedgeable claims are priced just like assets
in the financial market. Item (3) means that we can always subtract the
hedgeable component from the claims and price it linearly because it can be
perfectly hedged by trading in the financial market. Furthermore, inequality
of item (2) means that insurance loading (=risk premium) for the unhedgeable
component of the claims stream is positive and nonlinear.

From now on we will make the variance Ansatz for the premia streams.
Proposition 3.2 motivates us to make the following

Assumption 2 The insurance premia are determined by

π0(Y) :=
T
∑

t=0

E
[

Yt Mt

]

and

πt(Y) :=
1

2 αt

VarHt

(

M−1
t P t

G

T
∑

τ=t

Yτ Mτ

)

for all t = 1 , · · · , T where A := (αt , t = 1 , · · · , T ) is a F -adapted
positive process, αt > 0 for all t .

Proposition 3.2 immediately yields that the above premia are market
consistent. Furthermore, they can be viewed as a second order Taylor polyno-
mial approximation to the ”real life” premia when insurance claims are small.
This is precisely the case that we analyze in this paper.

5 The problem of individual optimal asset-

insurance allocation

Definition 5.1 An agent with the endowment stream w maximizes

U(C) := E

[

T
∑

t=0

e−ρ t u(ct)

]

over the budget set

B(w) :=
{

C = w + Dx + Y − Π(Y) > 0
∣

∣

∣

Y is G -adapted and x is a G adapted portfolio strategy
}

(5.1)

That is, the agent optimally allocates his wealth between a portofolio of finan-
cial assets and an insurance contract.

Market consistency of the premia streams defined in Assumption 2 allows
us to reduce the above utility maximization problem to a simpler form.

7



Proposition 5.2 A consumption stream C ∈ B(w) if and only if there
exists a G adapted process Z = (Zt , t = 0 , · · · , T ) such that

ct(Z) = wt + Zt − πt(Z)

for all t > 1 and

T
∑

t=0

E
[

Zt Mt

]

= 0 (5.2)

By construction, both insurance and financial markets are assumed to
be perfect. There are no trasaction costs or intermediary fees. Consequently,
since insurance premia are market consistent, an agent is indifferent between
directly trading in the financial market and buying an insurance contract that
would give him the payoff of the corresponding portfolio strategy. Therefore,
everywhere in the sequel we will refer to Z as the optimal claims stream, even
though it in fact incorporates the dividend stream of the optimal portfolio
strategy.8

Note that U(C(Z)) is a concave function of Z since insurance premia
are convex functions of claims. Since the probability space is finite, utility
u satisfies the Inada condition u′(0) = +∞ and we are maximizing over a
convex set defined by (5.2), an interior solution always exists. Inada condition
does not allow the optimal consumption stream come close to zero. Thus, to
understand the strucuture of the optimal consumption stream, we have to
write down the first order conditions.

Proposition 5.3 Let Z be the optimal claims stream maximizing U(C(Z))

and let C = (ct) =
(

ct(Z)
)

be the corresponding optimal consumption
stream. Then,

e− ρ t u′(ct) M−1
t = λ +

t
∑

τ=1

1

M2
τ ατ

(P τ
H

e−ρ τ u′(cτ )) Q τ
T
∑

θ=τ

Zθ Mθ (5.3)

Here, λ is the Lagrange multiplier, uniquely determined by the budget con-
straint (5.2).

First order conditions (5.3) allow us to obtain a lot of important infor-
mation about the optimal cosumption stream. The following is true.

Theorem 5.4 The quotient of the marginal utility process e− ρ t u′(ct) and
aggregate state price density process Mt is a martingale relative to the filtra-
tion (Ht+1 , t = 0 , · · · , T − 1 ) . That is,

P t
H e− ρ t u′(ct) M−1

t = e− ρ (t−1) u′(ct−1) M−1
t−1 (5.4)

8Of course, in the real world both insurance and financial markets are not perfect.
Intermediary costs may be very high. On the other hand, it may be easier and cheaper for
a large insurance/financial company to trade in the market, then for a ”small” agent. The
effect of market imperfections is a topic for future research.
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In fact,

e− ρ t u′(ct) M−1
t = e− ρ (t−1) u′(ct−1) M−1

t−1

+
1

M2
t αt

(

P t
H

e−ρ t u′(ct)
)

Q t
T
∑

τ=t

Zτ Mτ (5.5)

Here, as above, Q t = P t
G − P t

H is the unhedgeable projection.

Note that, in a complete market the marginal utility process is proportional
to the unique (aggregate) state price density process. When the market is
incomplete, the marginal utility is equal to the agent’s own, subjective state
price density. Nevertheless, the agent tries to push his maginal utility to the
”least risky”, aggregate state price densities M . Identity (5.5) provides an
explicit expression for the difference

e− ρ t u′(ct) M−1
t − e− ρ (t−1) u′(ct−1) M−1

t−1

That is, the ”barrier” to market completeness. Clearly, this is the ungedgeable
component

Q t
T
∑

τ=t

Zτ Mτ

of the optimal claims stream Z .
Identity (5.5) provides some economic intuition about the structure

of the optimal consumption. Conditioned on hedgeable events in Ht =
σ(Ft , Gt−1) , monotonicity of u′ and (5.5) imply that consumption ct is
a monotone decreasing function of

1

αt

Q t
T
∑

τ=t

Zτ Mτ ,

the unhedgeable part of idiosyncratic shocks times the insurance loading, but
modulo the state prices. If the unhedgeable risk is large and insurance is
expensive, consumption will be small. On the other hand, the sensitivity also
depends on u′(ct−1) . If past consumption ct−1 is small, u′(ct−1) is large and
therefore, todays consumption is very sensitive to idiosyncratic shocks.

Equation (5.5) is also useful for factor analysis (regression).Using real
consumption data to uncover marginal utility of consumption (see, e.g., At-
tanasio and Jappelli (2001) for an econometric analysis), we can use (5.5) as a
theoretical basis for regressing marginal utility on insurance loadings and/or
idiosyncratic shocks.

6 The law of large numbers and CRRA utili-

ties

By construction, the markets we are considering are idiosyncratically incom-
plete. The only way this can happen is when the aggregate demand is adapted
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to F , the aggregate filtration. In this case, the aggregate demand does not
depend on individual idiosyncratic shocks, but, rather, on the cross-sectional
distribution of these shocks. This can only happen if each individual agent
is of measure zero and idiosyncratic shocks are independent and identically
distributed across agents, conditioned on the aggregate filtration (this assump-
tion is standard in the literature on idiosyncratic shocks. See, e.g., Mankiw
(1986), Constantinides and Duffie (1996)).

We will assume that the following strengthened form of the Inada con-
dition holds: the marginal utility blows us as a power of c at zero. Namely,
we assume that there exists a positive γ such that

lim
c→0

u′(c)

c−γ
= K (6.1)

for some positive, finite constant K . This assumption is satisfies by all stan-
dard utilities, including, of course, the CRRA class.9

Consider a class of agents j = 1 , · · · , N with identical utilities u ,
identical discount rates ρ , the same aggregate component N−1 W of indi-
vidual endowments

w = N−1
(

W + wI
j

)

and assume that the idiosyncratic shocks N−1 wI(j) are i.i.d. across the
agents j = 1 , · · · , N , when conditioned on F .

The following is true.

Proposition 6.1 Let C(j) = C(wI)(j) be the optimal consumption stream
for the agent j with utility u(c) and let C(γ , wI(1)) be the optimal consump-
tion stream for an agent with the CRRA utility c1−γ and the same endowment.
Then,

lim
N→∞

N
∑

j=1

Cj(N
−1 (W + w I

j )) = PF C(γ , W + w I) (6.2)

Proof. Proposition 6.1 follows from (6.1) by an application of the (conditional)
law of large numbers and homogeneity of power utility.

As we send the number N of agents to infinity, the individual endow-
ment N−1 (W + w I

j ) of agent j goes to zero, and therefore individual con-
sumption also goes to zero. But, when consumption is small, (6.1) implies
that the agent behaves approximately like the one with a power utility c1−γ .
(This follows directly from Theorem 5.4, because the optimal consumption
stream is uniquely determined by the first order conditions, and for small c
these conditions coincide with those for the power utility). Because power
utility is homogeneous, consumption is homogeneous of degree one and hence,

C(γ , N−1(W + w I
j )) ≈ N−1

C(γ , W + w I
j )

9We would like to thank the referee, who stimulated us to consider equilibria with general
utilities.
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There are some minor technical issues, arising because the premium Π(Z) is
nonlinear. But, it is quadratic and generates corrections of order 1/N2 that
disappear in the limit.

A direct application of the law of large numbers implies

lim
N→∞

N
∑

j=1

C(j) = lim
N→∞

N−1
N
∑

j=1

C(γ , W +w I
j ) = PF C(ρ , γ , W + w I , M))

(6.3)

which is what had to be proved. �

The result of Proposition 6.1 is somewhat surprising: even if we allow for
general utilities, the aggregate demand and, consequently, equilibrium asset
prices, will look like those for an economy, populated by agents with CRRA
utilities. This fact allows us to confine our analysis to the benchmark case of
CRRA utilities.

7 Optimal asset-insurance allocation for small

idiosyncratic risk

Basing on Proposition 6.1, we will confine our subsequent analysis to the case
of CRRA, power utility functions.

In general, the dependence of the optimal consumption stream C on id-
iosyncratic income shocks w is very complicated. In this section we calculate
Taylor polynomial approximations to the optimal consumption stream when
uncertainty is small. Therefore, in this section we will assume that the aggre-

gate state price density process M is deterministic, that is Mt is a constant,
depending on t . This simple case is the main ingredient of our perturbative
analysis of the equilibrium asset prices for weak uncertainty.

We will need several notations.
It is known (see, e.g., Wang (1996)) that

cm = (cm t , t = 1 , · · · , T ) = (e−ρ t b M−b
t c0 , t = 1 , · · · , T )

is the optimal consumption stream of an agent with discount rate ρ and risk
aversion γ in a complete market.

Definition 7.1 Let A = (αt , t = 1 , · · · , T ) and define the process N =
(Nt , t = 1 , · · · , T ) via

Nt := Nt(A) = γ Mt αt +
T
∑

τ=t

cmτ Mτ (7.1)

Let H = ⊕T
t=1 L2(Ω , Gt) be the space of G -adapted processes. Let J :

H → H be defined by

(J(x))t =
t
∑

τ=1

xτ

11



Any endowment process w ∈ H admits an orthogonal decomposition w =
wA + σ w I into the aggregate component wA = PF w and the idiosyn-
cratic component σ w I = (I − PF )w . We assume that the parameter σ ,
determining the size of idiosyncratic shocks, is small. In applications to equi-
librium asset prices, σ will be the volatility of the aggregate consumption
growth, which is known to be small in the empirical data. The following is
true.

Theorem 7.2 Let w(σ) = wA + σ w I and let C(σ) = C(w(σ)) be the
optimal consumption stream defined in Theorem 5.4. Then, C(σ) is a real
analytic function of σ for sufficiently small σ . Define the operator

B = cmJ N−1 Q J∗ M (7.2)

Then, the conditional expectation of the optimal consumption stream relative
to the aggregate events in F is given by

PF C(σ) = cm +
1

2
σ2



 (γ + 1) cm−1
(

Bw I
)2

− 2 (M2 A)−1 PH

(

Q J∗ McmJ N(A)−1 N(0)−1 AQ J∗ Mw I
)2





+ O(σ3) (7.3)

See, Theorem B.2 in the Appendix for the expansion of the whole con-
sumption stream C .10 As the number of agents in the economy goes to infinity,
the law of large numbers implies that the aggregate consumption converges
to the conditional expectation PF C (see, e.g., Constantinides and Duffie
(1996)). Therefore, (7.3) is sufficient for the subsequent equilibrium analysis.

The terms of order σ2 appearing in (7.3) are weighted combinations of
conditional variances of idiosyncratic shocks relative to the aggregate events.
Naturally, variance is the simplest and most popular proxy for the size of id-
iosyncratic risk (see, e.g., Constantinides and Duffie (1996) and Jacobs and
Wang (2004)). Formula (7.3) shows explicitly how optimal consumption de-
pends on the variance of idiosyncratic shocks.

As the insurance loadings A−1 become infinite ( At → 0 ), insurance
becomes so expensive that nobody buys it and we arive at a pure financial
market model without insurance. In this case, the term in the second line of
(7.3) vanishes and we get for A = 0 ,

PF C = cm +
1

2
σ2



 (γ + 1) cm−1
(

Bw1

)2



 + O(σ3) (7.4)

10This expansion is quite complicated contains a lot of terms, that are difficult to inter-
pret.
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Consequently, PF C > cm for sufficiently small σ . This is the well known
precautionary savings effect: for utility functions with a positive third deriva-
tive, idiosyncratic risk forces the agent to increase savings and drives future
consumption up. See, e.g., Leland (1968), Sandmo (1970), Kimball (1990),
Huggett and Ospina (2001). On the other hand, in the zero loadings limit
A → +∞ , insurance becomes so cheap that the market becomes effectively
complete and C → cm . In particular, there are no precautionary savings in
this case.

Of course, the most interesting effects appear in the more realistic, inter-
mediate regime 0 << A << ∞ . The possibility to buy insurance diminishes
the effect of idiosyncratic risk and generates the second line in (7.3) . In
particular, the right hand side of (7.3) is always smaller than that of (7.4).
That is, insurance always diminishes precautionary savings. In fact, there are
economies, for which the effect has the opposite sign.

Proposition 7.3 There exists a open set of insurance loadings A such that,
for loadings is this set, idiosyncratic risk generates precautionary borrow-

ing effect: in the presence of idiosyncratic risk it is optimal for the agent to
consume more at time zero and, consequently, reduce future consumption.

8 Equilibria for weak uncertainty. Expansion

in the size of uncertainty

We are now ready to write down and analyze the equilibrium equations. The
first step is to use the law large numbers and send the number of agents to
infinity. This is what makes the aggregate demand adapted to the aggregate
filtration F . This is standard for models with idiosyncratic risk. See, e.g.,
Constantinides and Duffie (1996).

Each of the N agents in the economy has the same risk aversion γ and
discount rate ρ . Agent j is endowed with the fraction 1/N of the aggre-
gate endowment and each agent j has an idiosyncratic income shocks process
N−1 w I

j . The processes w I
j are independent and identically distributed rel-

ative to the aggregate filtration F and satisfy PF w I
j = 0 for all j . An

application of the law of large numbers yields11

Proposition 8.1 Let Cj = C(ρ , γ , N−1 (W + w I
j ) , M) be the optimal

consumption stream of agent j . Let also w I = w I
1 . Then,

lim
N→∞

N
∑

j=1

Cj = PF C(ρ , γ , W + w I , M)) (8.1)

11There are some technical issues, arising because the premium Π(Z) is nonlinear. But,
it is quadratic and generates corrections of order 1/N2 that disappear in the limit.
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Definition 8.2 We assume that endowment of the representative insurance
company is an exogenously specified, F -adapted process I . A state price den-
sity process M is an idiosyncratically incomplete Arrow-Debreu equilibrium if
all asset markets clear12 and the insurance market clears, that is, the aggregate
premium paid by consumers net the aggregate claims equals I .

We assume that PF W I = 0 , so that idiosyncratic shocks do not
affect the size of the aggregate endowment. Standard arguments imply that
the aggregate state price density process M is an equilibrium if and only if
the market for the consumption good clears, that is,

PF C(ρ , γ , W + w I , M) = W − I (8.2)

It is interesting to note that, even in the case w I = 0 of no idiosyncratic
risk, we can exogenously specify I 6= 0 . Since insurance premia are market
consistent, agents will use the insurance company as an external supplier of
financial assets and the equilibrium will be just a complete market equilibrium
with some assets in negative net supply, so that their aggregate dividend equals
− I .

Applying Theorem 7.2 and the implicit function theorem to (8.2), we
arrive at

Theorem 8.3 Assume that the aggregate uncertainty and idiosyncratic shocks
are small, that is,

W(σ) − I(σ) = W(0) + σ W(1) +
1

2
σ2 W(2) + O(σ3)

where W(0) is a deterministic process and

w I(σ) = σ w(1) +
1

2
σ2 w(2) + O(σ3)

Then, there exists a positive number ε > 0 such that for all σ ∈ (−ε , ε)
there exists a unique, real analytic in σ , SPD process M(σ) satisfying M(0) =
(e−ρ t W−γ

t ) . Furthermore, this SPD process M = M(σ) is given by

M = Mh



 1 + γ W−1
(

1

2W
(γ + 1)PF

(

Bw I
)2

− (M2
h A)−1 PF

(

Q J∗ Mh cm J N(A)−1 N(0)−1 AQ J∗ Mh w I
)2
)

+ O(σ3)



 (8.3)

Here, Mh = Mh(σ) = (e−ρ t W−γ
t ) is the state price density process in the

complete market economy without idiosyncratic risk.

12By assumption, all assets are in zero net supply.
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Expansion (8.3) is a direct analog of (7.3). The first line represents the
response to idiosyncratic shocks and the second line - to insurance loadings.
It is known (see, e.g., Huggett and Ospina (2001)) that idiosyncratic shocks
drive equilibrium bond prices up, thus decreasing the risk free rates. Insurance
is able to change the sign of this effect. Namely, the following analog of
Proposition 7.3 is true.

Proposition 8.4 Let σ be sufficiently small. Then, in the presence of in-
surance, the prices of risk free bonds are always smaller than those in a pure
idiosyncratically incomplete market. Furthermore, there exists a open set of
insurance loadings A such that, for loadings is this set, insurance completely
screens the effect of idiosyncratic risk and bond prices are smaller than those
in the background complete market.

9 Heterogeneous classes

It is possible to extend the analysis of the previous section to the case of
a heterogeneous population. In this section we assume that the economy is
populated by heterogeneous classes of agents.

Inside each class i , i = 1 , · · · , n , all agents have the same risk aversion
γi , same discount rate ρi , and the same idiosyncratic shocks processes ,wI

i ,
that are independent and identically distributed among the agents in the same
class. The last assumption is necessary, because we need to apply the law of
large numbers inside each class to insure that the aggregate demand is adapted
to the aggregate filtration and does not depend on individual, idiosyncratic
shocks.

We also suppose that the class i , i = 1 , · · · , n is endowed with a
fraction ηi of the aggregate endowment,

n
∑

i=1

ηi = 1

Even when the market is complete, analyzing a heterogeneous economy be-
comes a very difficult problem. See, e.g., Wang (1996), Chan and Kogan
(2002), Malamud (2008), Malamud (forth.).

We will assume that the size of preferences heterogeneity is small and
controlled by the same small parameter σ . Namely,

γi = γ + σ Γi , ρi = ρ + σ Ri

where Γi and Ri are heterogeneous. When σ = 0 , we are back to the
benchmark, complete market, homogeneous economy. We will choose the
approximating homogeneous economy so that

∑

i

γiηi = γ ,
∑

i

ρiηi = ρ
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We will need the following
Notation. Let Γ = (Γ1 , · · · , Γn) and R = (R1 , · · · , Rn) . The

wealth weighted variances of risk aversion and discount rates and their wealth-
weighted covariance are defined via

Varη(Γ) =
∑

i

ηi Γ
2
i −

(

∑

i

ηiΓi

)2

, Varη(R) =
∑

i

ηi R
2
i −

(

∑

i

ηiRi

)2

and

Covη(Γ , R) =
∑

i

ηi Ri Γi −
∑

i

ηiRi

∑

i

ηi Γi

The following analog of Theorem 8.3 is true.

Theorem 9.1 Assume that the aggregate uncertainty and idiosyncratic shocks
are small, that is,

W(σ) − I(σ) = W(0) + σ W(1) +
1

2
σ2 W(2) + O(σ3)

where W(0) is a deterministic process and

w I
i (σ) = σ w

(1)
i +

1

2
σ2 w

(2)
i + O(σ3)

for each class i = 1 , · · · , n . Then, there exists a positive number ε > 0
such that for all σ ∈ (−ε , ε) there exists a unique, real analytic in σ ,
SPD process M(σ) satisfying M(0) = (e−ρ t W−γ

t ) . Furthermore, this SPD
process M = M(σ) is given by

M = Mh



 1 + σ2 MΠ
2 + MI

2 + O(σ3)



 (9.1)

Here, Mh = Mh(σ) = (e−ρ t W−γ
t ) is the state price density process in the

complete market economy without idiosyncratic risk,

MΠ
2t

= Y1 Varη(R) + Y2 Varη(Γ) + Y3 Covη(Γ , R)

is the second order response of state prices to preferences heterogeneity and

MI
2 =

n
∑

i=1

η−1
i γ W−1

(

1

2W
(γ + 1)PF

(

Bw I
i

)2

− (M2
h A)−1 PF

(

Q J∗ Mh cm J N(A)−1 N(0)−1 AQ J∗ Mh w I
i

)2
)

(9.2)

is the second order response to idiosyncratic shocks. The coefficients Y1 , Y2 , Y3

are given by

Y1 := 2−1
(

tγ−1 − 1
)

, (9.3)

Y2 := 2−1γ−1 log Wt (2 + log Wt) , (9.4)

Y3 := γ−1 (1 + t) log Wt. (9.5)
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There are several interesting features of the second order approximation
of Theorem 9.1. First, the effects of preferences heterogeneity (generated by
MΠ

2 ) are completely decoupled from the effects of idiosyncratic risk (generated
by MI

2) . Namely, the cross-sectional correlations of idiosyncratic risk and risk
aversion/patience parameters do not affect state prices to second order.

Second, the effects of individual idiosyncratic shocks are decoupled among
classes: the cross-sectional correlations of idiosyncratic shocks do not affect
state prices to second order. Here, one must be careful: even though the cross-
correlations Corr(wI

i , wI
j) do not enter the expansion of state price densities,

they will play an important role for the joint dynamics of asset prices and
returns. Correlations of asset prices and returns will be affected by cross-
correlations of idiosyncratic shocks between classes. Allowing for multiple
classes with complicated cross-sectional dynamics of idiosyncratic shocks is
able to generate a very rich dynamic behavior.

In this paper, we restrict ourselves to the case of a one class economy
because our main goal is to understand the effects of insurance loadings on
asset prices.

10 Conditionally independent idiosyncratic shocks

The model that we present in this section can be viewed as an extension of
the Constantinides and Duffie (1996) model to the case when agents can buy
insurance.13 But, we would like to emphasize a crucial difference between our
model and that of Constantinides and Duffie. In their model there is no trade
and, consequently, no need to determine the optimal consumption stream:
agents simply consume their own endowment. By contract, there is trade in
our model, agents purchase financial assets and insurance contracts, and the
problem of determining the optimal stream becomes highly nontrivial. As a
result, only approximate solutions (see, Theorem 7.2) are possible.

The only restriction that we impose is that the idiosyncratic shocks are
independent, when conditioned on the aggregate filtration, generated by the
aggregate endowment. In particular, no restrictions on the structure of the
aggregate endowment are needed.14

From now on we assume that

• Aggregate endowment W = X1 · · · Xt and Xt = eµ + σ ξt where the
volatility σ is small and ξt is an arbitrary, F -adapted process;

• In analogy with Constantinides and Duffie (1996), idiosyncratic shocks
are given by wt = Wt X

I
1 · · · X I

t where X I
t are independent (with

13As we explain above (see, (7.4)), pure idiosyncratic incompleteness arises in the special
case of infinite loadings.

14In the fist version of this paper, we imposed a very restrictive assumption that both
aggregate endowment and idiosyncratic shocks are geometric random walks. We would
like to thank the anonymous referee, whose valuable comments and remarks helped us to
remove this assumption.
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respect to the aggregate filtration) idiosyncratic income shocks satisfying
E [X I

t ] = 1 and E[(X I
t )2 |Ft] = eY (Xt) . where Y is an arbitrary,

non-anticipative functional (in applications, we will assume that Y is a
deterministic function, independent of the past). We also assume that
Y (Xt) = O(σ2) .

The horizon T is assumed to be very large compared with t . Therefore,
the approximation T = ∞ is often used to replace a finite sum of a geometric
progression by its infinite sum. To state the next theorem, we will need several
notations.

Theorem 10.1 Under the above assumptions,

log
Mt+1

Mt

= − ρ − γ µ − σ γ ξt+1

+ γ3
(

S
γ λt+1 + S

)2
Y (Xt+1)

(

1
2

γ + 1
γ2 − λt+1

)

+ γ3
(

S
γ λt +S

)2
Y (Xt) λt

+ O(σ3)

(10.1)

Here,

• ρ (resp. γ ) is the common discount rate (resp. risk aversion) of all
agents in the economy,

• µ (resp. σ ) is the expectation (resp. volatility) of the growth rate
σ ξt + µ of aggregate endowment,

• λt = αt e−µ t is the exogenous insurance loading per background ag-
gregate endowment,

• S =
(

1 − e−ρ + (1− γ) µ
)

−1
,

• Y (Xt+1) is the cross sectional variance of the growth of idiosyncratic
shocks. The form of Y determines the cyclical variation of idiosyncratic
risk,

• O(σ3) is an analytic function of sufficiently small σ that goes to zero
at the rate of σ3 .

By definition, the loading λ−1
t per aggregate endowment represents the

degree of market incompleteness. It is the discrepancy between asset prices
and insurance liability prices. As the loadings λ−1

t tend to zero (i.e., λt →
∞) , we recover market completeness and the limiting log SDF becomes the
log SDF of the standard, homogeneous complete market economy, −ρ −
γ µ − σ γ ξt+1 . On the other hand, as the loadings λ−1

t tend to infinity
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(i.e., λt → 0) , we recover pure idiosyncratic incompleteness and obtain the
Constantinides and Duffie (1996) tradeless equilibrium

lim
λt → 0

log
Mt+1

Mt

= −ρ − γ µ − σ γ ξt+1 +
1

2
γ (γ + 1) Y (Xt+1) (10.2)

that only depends on idiosyncratic shocks at time t+1 . Thus, our equilibrium
with insurance naturally interpolates between the complete and idiosyncrati-
cally incomplete markets.

We now interpret the terms appearing in (10.1) and extract economic
information. The most important contribution to the log SDF is

γ3
(

S
γ λt+1 + S

)2
Y (Xt+1)

(

1
2

γ + 1
γ2 − λt+1

)

(10.3)

in the second line of (10.1). It only depends on idiosyncratic shocks and
loadings at time t + 1 and determines the correlation of the log SDF with
the growth rate of aggregate endowment, conditioned on information at time
t . The importance of this conditional correlation is revealed by the standard
identity

1

rF
t+1

Et[ r
A
t+1] = 1 − Covt

(

Mt+1

Mt

, rA
t+1

)

(10.4)

Here, rA
t+1 is the return on the asset A and rF

t+1 is the risk free rate. Clearly,

the magnitude and sign of the conditional covariance Covt

(

Mt+1

Mt
, rA

t+1

)

are

principally determined by (10.3) in our model.
The general consensus that equity returns are typically procyclical im-

plies that a highly countercyclical SDF is necessary for a large equity premium
(see, Brav, Constantinides, and Geczy (2002), Storesletten, Telmer, and Yaron
(2007)). This argument is the justification for the commonly accepted belief
that only countercyclical idiosyncratic shocks can increase equity premium.
This intuition is a direct consequence of (10.2). To make (10.2) decrease
faster as a function of ξt+1 , one must choose Y (Xt+1) monotone decreasing.
There are new economically significant effects in the presence of insurance be-
cause the multiplicative factor

(

1
2

γ + 1
γ2 − λt+1

)

appearing in (10.3) changes

sign when λt+1 crosses the threshold 1
2

γ +1
γ2 . If, as is common, we make

the assumption that Y (Xt+1) is monotone decreasing, then the term (10.3)
is countercyclical when λt+1 lies below the threshold and procyclical when
it lies above. In particular, sufficiently small insurance loadings imply that
countercyclical idiosyncratic risk actually reduces equity premium.

The third line

γ3
(

S
γ λt + S

)2
Y (Xt) λt = γ3 S2 λt

(γ λt +S)2
Y (Xt) (10.5)

in (10.1) also generates new effects. It depends on idiosyncratic shocks and
loadings at time t . There is no analog of this term in tradeless equilibria (see,
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(10.2)). This term is responsible for cyclical variation of the SDF. For example,
equity premia in tradeless equilibria (10.2) are deterministic and independent
of time. That is, absolute constants. Insurance loadings generate (10.5) and,
in turn, produce random and time dependent equity premia.

11 Calibration with i.i.d. loadings and Markov

endowment

Modeling aggregate consumption as a geometric random walk has become pop-
ular in modern financial economics. See, e.g., Constantinides (1990), Camp-
bell and Cochrane (1999), Campbell (2003), Mehra and Prescott (2003).

Nevertheless, there is empirical evidence that the aggregate consump-
tion is not a random walk. For example, Mehra and Prescott (1985) find a
small autocorrelation in consumption growth. In a recent work, Bansal and
Yaron (2004) find very important long run risk components in the aggregate
consumption growth and show that these components are responsible for nu-
merous interesting economic phenomena.

Following Mehra and Prescott (1985) and Bansal and Yaron (2004), we
will model aggregate consumption growth Xt as a Markov process.

In this section we calculate the price of equity (Lucas tree asset), the
asset whose dividend coincides with the aggregate endowment process W .
We do this under the simplifying assumption that the loading factors per
background aggregate endowment, λt , are independent and identically dis-
tributed.

We make the

Assumption 3 There exists a function f(x) such that αt W
−1
t = f(Xt) .

Let K((x1 x2), (y1, y2)) be the transition kernel of the two-dimensional
Markov process (Xt+1 , Xt) :

Prob[(Xt+1, Xt) = (x1, x2) | (Xt, Xt−1) = (y1, y2)] = K((x1 x2), (y1, y2))

Define the linear operator

(A(f(y1, y2))(x1, x2) =
∑

y1,y2

K((x1, x2), (y1, y2)) F (y1, y2) f(y1, y2)

with

F (y1, y2) = e−ρ y1−γ
1

(

γ3
(

S
γ f(y1)+S

)2
Y (y1)

(

1
2

γ + 1
γ2 − f(y1)

)

+ γ3
(

S
γ f(y2)+ S

)2
Y (y2) f(y2)

)

(11.1)
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Proposition 11.1 Let

Pt = E

[

∞
∑

τ=1

Mt+τ

Mt

Wt+τ

∣

∣

∣Ft

]

be the price of equity at time t . The equity price dividend ratio is given by

Pt

Wt

(Xt) = Et[(I − A)−1 (Xt+1)] + O(σ3)

In particular, if Xt are i.i.d., the price dividend ratio takes a simpler form

log
Pt

Wt

= C + γ f(Xt)

(

S γ

γ f(Xt) + S

)2

Y (Xt) + O(σ3)

where C is an explicitly given constant (see, Appendix).

We calibrate our model to the real data, using the simple, binomial
process of Mehra and Prescott (1985).

We assume that Xt takes values u = 1.054 and d = 0.982 with equal
probability 0.5 .15

Furthermore, we take ρ = 0.02 for the discount rate and γ = 4 for
the risk aversion. Adopting the findings of Storesletten, Telmer, and Yaron
(2004), we use the calibration Y (u) = 0.032 and Y (d) = 0.184 for
the (countercyclical) variance of idiosyncratic risk in booms and recessions
respectively.

Finally, we need a model for the insurance loadings. Recall that, in a
static framework, the quantity π , defined via

u(w0 − π) = E[(w0(1 + w))]

is the risk premium, required by an agent with the utility function u for taking
the (multiplicative) risk w . In the Arrow-Pratt approximation (see, Gollier
(2001), p.22-23), π ≈ 0.5 R Var[w] when the risk w is small. Here, R is the
relative risk aversion. If we imagine that u is the utility of a representative
shareholder of the insurance company, we could think of loadings λ−1

t per
endowment as the effective, relative risk aversion of the shareholder. Thus, it
is natural to assume that λ−1

t takes values in the interval [0.5 , 5] , where a
reasonable risk aversion should lie. Let f(u) = l1 , f(d) = l2 ∈ [0.2 , 2] .
be the values of inverse loadings in the two possible states.

Note that, without insurance loadings, both price dividend ratio and
equity premium are constant. We will analyze the impact of insurance loadings
on two stylized facts: (1) price dividend ratios are procyclical with ; (2) equity
premia are large and countercyclical. For this stylized fact, we will use the

15In fact, they allow for a more general Markov structure, described above and account
for a small autocorrelation in the aggregate consumption growth. We discuss the effects of
this autocorrelation below.

21



standard measure of equity premium, the Hansen and Jaganathan (1991)
bound for the Sharpe ratios.

(1) Substituting the calibration, we get S ≈ 14 . The interval [0.2 , 2]
always lies below S/γ = 3.5 . Thus, only countercyclical loadings (increasing
f ) can overcome the effect of countercyclical idiosyncratic shocks and make
the price dividend ratio move procyclically! There is some empirical evidence,
suggesting that loadings do move countercyclically (see, e.g., Danielsson and
Jonsson (2005), Grace and Hotchkiss (1995), Meier and Outreville (2006)).
Another source of countercyclicity is the regulator. One expects that the reg-
ulatory contribution to α−1

t is countercyclical, rising in times of recession and
falling in times of expansion. See, Embrechts, McNeil, and Frey (2005), p. 13
and Embrechts (2001), Danielsson and Jonsson (2005), Grace and Hotchkiss
(1995), Meier and Outreville (2006). Changing the values of l1 , l2 we can
achieve the observed size of cyclical variation.

(2) Conditional variance of the SDF can be increased by introduc-
ing loadings of reasonable size, l1 , l2 ∈ [0.2 , 1] . But, to make this condi-
tional variance countercyclical, we need procyclical loadings, that would im-
ply countercyclical price dividend ratios. Thus, countercyclical equity premia
are incompatible with procyclical price-dividend ratios in this simple model.
Loadings processes with autocorrelation and/or an endowment processes with
stochastic volatility can help solving this problem.

Finally, if we, as Mehra and Prescott (1985), allow for a small auto-
correlation in Xt , this will generate additional cyclical variation of equity
premia and price-dividend ratios. Unfortunately, these effects are very small
and do not change the picture. Autocorrelations in consumption growth can
have large effects on asset prices through the so-called long run risk factors,
but this only becomes relevant when we consider the more general, recursive
utility on non-time-additive type. See, e.g., Bansal and Yaron (2004). When
the elasticity of intertemporal substitution and risk aversion are decoupled,
the whole future stream of aggregate risks appears in the current SDF. By
contrast, Theorem 10.1 shows that, because of time additivity, only current
risks are important for the current SDF.

Extending our model to the case of recursive utility is a topic of future
research.

12 Conclusions

We have analyzed an equilibrium model in which agents can purchase in-
surance contracts against their idiosyncratic income shocks in addition to
financial assets.

The main new mechanism is that the price of an insurance contract
depends nonlinearly on the claims. We choose the simplest possible variance
Ansatz and introduce insurance safety loadings, proportional to variance of
unhedgeable risks. The loading factors are random and vary with business
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cycles.
We expand the stochastic discount factor (SDF) in the volatility of con-

sumption growth, a natural small parameter and obtain the true dependence
of the SDF on idiosyncratic risk and insurance loadings. Our expression al-
lows us to qualify and quantify the effects of cyclicity of insurance loadings
on asset prices and, in particular, on the equity premium.
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APPENDICES

A The derivatives of the optimal consump-

tion and claims streams

Let ∆ = diag(e−ρ t) . Note that, for any Gt -measurable St with P t
H

St = 0 we
always have Q t · St · P t

H
= St · P t

H
.

Lemma A.1 Define the map F : H → H via

F (Z) = ∆ C
−γ − MJ ∆ (M2 A)−1 · (PH C

−γ)Q J∗ MZ

with

C(w , Z) = w + Z − (2M2 A)−1PH (Q J∗ MZ)2

Let for all t = 1 , · · · , T , St := Q t
∑T

τ=t Zτ Mτ . Then, the map F is monotone
increasing and the optimal claims stream Z is determined via

Z = F−1
Z

(c−γ
0 M)

The partial derivatives of F are given by

γ−1 ∂Ft

∂Zt
= − e− ρ t c−γ − 1

t + Mt e− ρ t 1

M2
t αt

c−γ − 1
t P t

H · St · Q t

+ e− ρ t Mt
1

M2
t αt

Q t · St · P t
H · c−γ − 1

t

−
t
∑

τ=1

M2
t e− ρ τ 1

(M2
τ ατ )2

Sτ · P τ
H · c−γ−1

τ · Sτ

− γ−1 M2
t

t
∑

τ=1

e− ρ τ 1

M2
τ ατ

(P τ
H c−γ

τ ) · Q τ

and for r > t

γ−1 ∂Ft

∂Zr
= e− ρ t 1

M2
t αt

c−γ − 1
t P t

H · St · Q t · Mr

− Mt

t
∑

τ=1

e− ρ τ 1

(M2
τ ατ )2

Sτ · P τ
H · c−γ−1

τ · Sτ · Mr

− γ−1 Mt

t
∑

τ=1

e− ρ τ 1

M2
τ ατ

(P τ
H c−γ

τ ) · Q τ · Mr

and ∂F
∂Z

is, of course, selfadjoint.

Note that the products above must be understood as products of operators and not
products of functions.
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B Expansion of the optimal consumption stream

for small uncertainty

Lemma B.1 The Jacobian of the optimal consumption map C(w) is

∂C(w)

∂w
= I +

∂Z

∂w
− (M2 A)−1 PH SQ J∗ M

∂Z

∂w
(B.1)

and the second differential is

∂2
C(w)

∂w2
(y , y) =

∂2Z

∂w2
− (M2 A)−1 PH

(

Q J∗ M
∂Z

∂w
(y)
)2

− (M2 A)−1 PH SQ J∗ M ·
∂2Z

∂w2
(B.2)

In the complete market case with no uncertainty,

∂C(w)

∂w
= cm J N−1 Q J∗ M andS = 0

and hence

∂2
C(w)

∂w2
(y , y) =

∂2Z

∂w2
− (M2 A)−1 PH

(

Q J∗ M
∂Z

∂w
(y)
)2

Even if there is aggregate uncertainty (that is, there is randomness in the process

M ), we still have the important identity PF
∂C(w)

∂w
= 0 .

Theorem B.2 We have

C(σ) = cm + σ Bw I

+
1

2
σ2

(

(I − B)

(

(γ + 1) cm−1(Bw1
)2

− (M2 A)−1 PH

(

Q J∗ M (B − I)w1
)2

+ 2 cm J (M2 A)−1 · (PH (Mcm−1 (Bw1)))Q J∗ M (B − I)w1

)

− (M2 A)−1 PH

(

Q J∗ M (B − I)(w1)
)2

)

+ O(σ3)

C Expansion of the SDF for geometric ran-

dom walks

We have (up to an error of order σ3 )

Nt(A) = γ M h t αt +
T
∑

τ=t

cmτ Mτ

= e−ρ t W 1−γ
t P t

F

(

γ αt W−1
t +

T
∑

τ=t

e− ρ (τ − t) W 1−γ
τ

)

+ O(σ)

= e−ρ t W 1−γ
t

(

γ αt W−1
t +

1

1 − e−ρ E[X1−γ ]

)

(C.1)
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Let S0 = E[X1−γ ] . A direct calculation shows that

P t
G

∞
∑

τ=t

e− ρ(τ − t)
(

Wτ

Wt

)1−γ w I
τ

Wτ
=

w I
t

Wt
S

with S = 1
1− e−ρ S0

and

(Bw)t = W

t
∑

τ=1

S

γ ατ W−1
τ + S

w I
τ−1

Wτ−1
(X I

τ − 1) (C.2)

Since the projectors Qt1 , Qt2 are pairwise orthogonal and X I
τ are pairwise inde-

pendent, conditioned on F ,

(

W−2 PF

(

Bw
)2
)

t
=

t
∑

τ=1

(

S

γ ατ W−1
τ + S

)2

y2
τ + O(σ3)

because y2
t = O(σ2) for all t . Similar considerations, involving orthogonality and

independence, imply that

(Q J∗ Mh Bw)t = M h t Wt
S2

γ αt W−1
t + S

w I
t−1

Wt−1
(X I

t − 1) (C.3)

and thus

Mt = M h t

(

1 +
γ (γ + 1)

2

t
∑

τ=1

(

S

γ ατ W−1
τ + S

)2

y2
τ

− γ αt W−1
t

(

S γ

γ αt W−1
t + S

)2

y2
t

)

+ O(σ3) (C.4)

Therefore, the stochastic discount factor is given by

Mt+1

Mt
= exp

(

− ρ − γ log Xt+1

+
γ

2

(

S

γ αt+1 W−1
t+1 + S

)2
(

(γ + 1) − 2αt+1 W−1
t+1 γ2

)

y2
t+1

+ γ αt W−1
t

(

S γ

γ αt W−1
t + S

)2

y2
t

)

+ O(σ3) (C.5)
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Bühlmann, H., F. Delbaen, P. Embrechts, and A. N. Shiryaev (1998):
“On the Esscher Transform in discrete finance models,” Astin Bulletin, 28(2),
171–186.

Campbell, J. Y. (2003): “Consumption-Based Asset Pricing,” in Handbook of the
Economics of Finance, ed. by G. Constantinides, M. Harris, and R. Stulz, vol. 1,
pp. 803–887. North-Holland, Amsterdam.

Campbell, J. Y., and J. H. Cochrane (1999): “By Force of Habit: A
Consumption-Based Explanation of Aggregate Stock Market Behavior,” Jour-
nal of Political Economy, 107(2), 205–251.

Chan, Y. L., and L. Kogan (2002): “Catching Up with the Joneses: Heteroge-
nous Preferences and the Dynamics of Asset Prices,” Journal of Political Econ-
omy, 110(6), 1255–1285.

Constantinides, G. M. (1990): “Habit Formation: A Resolution of the Equity
Premium Puzzle,” Journal of Political Economy, 98(3), 519–543.

Constantinides, G. M., and D. Duffie (1996): “Asset Pricing with Heteroge-
nous Consumers,” Journal of Political Economy, 104(2), 219–240.

Dana, R.-A., and M. Scarsini (2007): “Optimal risk sharing with background
risk,” Journal of Economic Theory, 127(1), 152–176.

Danielsson, J., and A. Jonsson (2005): “Countercyclical Capital and Currency
Dependence,” Working paper, London School of Economics.

Embrechts, P. (2000): “Actuarial versus financial pricing of insurance,” Risk
Finance, 1(4), 17–26.

27



Embrechts, P., A. McNeil, and R. Frey (2005): Quantitative Risk Manage-
ment. Princeton University Press, Princeton and Oxford.

Embrechts, P. a. (2001): “An Academic Response to Basel II,” Financial Markets
Group, London School of Economics.

Gollier, C. (1994): “Insurance and Precautionary Capital Accumulation in a
Continuous Time Model,” J. Risk Insurance, 61(1), 78–95.

(2001): The Economics of Risk and Time. MIT Press, Cambridge and
London.

Grace, M., and J. Hotchkiss (1995): “External Impacts on the Property-
Liability Insurance Cycle,” J. Risk Insurance, 62(4), 738–754.

Hansen, L. P., and R. Jaganathan (1991): “Implications of Security Market
Data for Models of Dynamic Economies,” Journal of Political Economy, 99(2),
225–262.

Henderson, V., and D. Hobson (2004): “Utility indifference pricing - an
overview,” in Volume in Indifference Pricing, ed. by R. Carmona. Princeton
University Press.

Huggett, M., and S. Ospina (2001): “Aggregate precautionary savings: when
is the third derivative irrelevant?,” Journal of Monetary Economics, 48, 373–396.

Jacobs, K., and K. J. Wang (2004): “Idiosyncratic Consumption Risk and the
Cross-section of Asset Returns,” Journal of Finance, 59(5), 2211–2252.

Judd, K., and S.-M. Guu (2001): “Asymptotic Methods for Asset Market Equi-
librium Analysis,” Economic Theory, 18, 127–157.

Kimball, M. S. (1990): “Precautionary Saving in the Small and in the Large,”
Econometrica, 58(1), 53–73.

Kogan, L., and R. Uppal (2001): “Risk aversion and optimal portfolio policies
in partial and general equilibrium economies,” working paper, NBER.

Lee, K. (2007): “Wealth, Income and Optimal Insurance,” J. Risk Insurance,
74(1), 175–184.

Leippold, M., F. Trojani, and P. Vanini (2006): “Equilibrium Impact of
Value-at-Risk Regulation,” Journal of Economic Dynamics and Control.

Leland, H. E. (1968): “Saving and Uncertainty: The Precautionary Demand for
Saving,” Quarterly Journal of Economics, 82, 465–473.

Malamud, S. (2008): “Long Run Forward Rates and Long Yields of Bonds and
Options in Heterogeneous Equilibria,” Finance and Stochastics, 12(2), 245–264.

(forth.): “Universal Bounds for Asset Prices in Heterogeneous Economies,”
Finance and Stochastics.

28



Malamud, S., and E. Trubowitz (2006a): “Asset Pricing in Idiosyncratically
incomplete Markets,” Working paper, SSRN, http://ssrn.com/abstract=912788.

(2006b): “The optimal consumption stream of an agent ex-
posed to uninsurable idiosyncratic risk,” Working paper, SSRN,
http://ssrn.com/abstract=928133.

Malamud, S., E. Trubowitz, and M. Wüthrich (2007): “Mar-
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