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Zusammenfassung

We introduce a framework for analyzing the interplay between credit risk and collateral

market risk on loan pricing. To do this, we decompose any loan into an unsecured and a

secured part. Further we explicitly consider the recovery process. The framework allows us

to develop semi-analytical pricing formulae for loans where the borrower's creditworthiness

and collateral value are correlated. We provide several applications to portfolio credit and

collateral risk management. In particular, we apply the model to a mortgage loan portfolio

which is exposed to changing aircraft noise risk. Finally, we derive a skewed loan pricing

surface in terms of the distance-to-default and distance-to-loss variables, i.e. variables which

are expressed in the fundamental ex-ante known loan contract variables.

Keywords: Loan Pricing, Loan Pricing Surface Skew, Stochastic Collateral, Joint Credit and

Collateral Risk Management.
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1. Introduction

From a borrower's point of view, providing a bank with collateral reduces the cost of a loan,

since the bank is willing to compensate him for the reduction in loss due to default. If a borrower

defaults, then to a large extent the collateral determines the loss that a bank will incur. Hence,

collateral plays an important role in loan pricing.

The Swiss banking sector's loan losses in the mid 1990s of about 40 billion Swiss francs

were largely due to a decline of up to 30 percent in the value of properties pledged as collateral.

Several factors led to these losses. First, the mortgage loan allocation policy in the 1980s was

lax. Most banks for example did not use a formal rating model. Hence, no systematic checks

on borrower's creditworthiness existed. Second, no instrument to price the market value of the

collateral was in force and clearly, there was no transparency about the interdependence of credit

and market risk in the loan portfolios. Finally, the economic recession and the unusually high

interest rate levels triggered defaults and put houses prices under pressure. This illustrates

that the e�ective pricing and assessment of collateral is essential for loan pricing and risk

management purposes. This historical example and the present fears in the US and UK that

the housing markets - the most important source of loan collateral, may deteriorate, call for a

loan pricing approach which addresses the following type of questions:

• Given an borrower asking for a loan with some collateral, how much should a bank ask

for the borrower's creditworthiness and how much should it pay for the loss protection

due to that collateral?

• Suppose interest rates increase and house prices drop by a signi�cant amount in a given

period. How is pro�t and loss in a bank's present loan portfolio a�ected in such a scenario

and how do the two factors creditworthiness and collateral interact?

• Given a bank's loan portfolio, what are the costs of the collateral of each position and of

the whole portfolio?
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• How does changing creditworthiness a�ects the unsecured and secured parts of the loan

contract?

• How do changing house prices (collateral) a�ect the costs of collateral and hence loan

pricing?

• If correlation between credit and market risk changes, how does the value of the loan

portfolio and its decomposition in a secured and unsecured part vary?

• Can the loan portfolio be segmented according to an integrated credit and market risk

view such that some segments can be considered risk free and other segments as high

risk?

The motivation of our framework was to answer these questions.

Since the impact of collateral on loan pricing is contingent upon default, it is important to

take into account the joint stochastic evolution of collateral and borrower's creditworthiness.

Altman et al. (2005) discuss in detail the literature which reports a strong negative correla-

tion between the collateral market risk value and the probability of default. Accordingly, we

propose a model in which both collateral market risk and borrower's credit risk are stochastic

and correlated to each other. In this setting, we derive closed-form pricing formulae for �xed-

and �oating-rate loans with �nite maturity and consider several applications to illustrate the

model. A main characteristic of the pricing approach is the representation of a loan as the sum

of an unsecured and a secured part. Therefore, the cost of any secured loan is the di�erence

between the cost without any collateral and the discount due to the existence of collateral. In

addition to cost transparency for risk management, such a linear representation results in an

additive decomposition of otherwise complicated loan contracts into basic securities, such as

bonds and credit derivatives.
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A second main characteristic of our approach is the speci�cation of the default state. We

model this state explicitly. Default happens on the date a debtor fails to ful�ll the contractual

terms and conditions. The recovery process starts on this date. The �rst reason we follow this

approach is the fact that in reality the status 'default' is not an absorbing state. Depending on

the type of business and counterparty a broad range of between 5 and 30 percent of defaulted

debtors will recover and leave default state. In these cases the the bank will not take over the

house. If the defaulted debtor is not recovered, then the remaining debt is swapped against the

collateral which is realized by the bank. This explicit swapping of collateral against outstanding

loans is the second reason for our explicit approach: The uncertainty between the stochastic

collateral value and the outstanding debt at a future date determines the loss on default in

terms of these two key variables. Gupton and Stein (2002) also considered the recovery pro-

cess in more detail than in the fundamental paper of Merton (1973). They develop a random

recovery model which produces estimates of LGD for defaults occurring immediately and for

defaults occurring in one year. This model is used in the KMV approach, see the discussion

below.

With this approach, we can consider pricing and risk management questions in terms of two

main variables: The distance to default and the distance to loss. Both variables are expressed

explicitly in term of fundamental loan contract variables. This two-dimensionality leads to a

coupon pricing surface which is neither �at (there is a smile/smirk) and which is not symmetric

about the at-the-money-values1 (there is a skew).

If we compare our approach with existing pricing models, several di�erences are apparent.

Most academic studies which use structural models of default have focused on the valuation of

the corporate debt of a �rm with a simpli�ed capital structure. Merton (1974), Black and Cox

(1976), Leland (1994), Leland and Toft (1996) are some of the seminal papers in this area. In
1The pricing of a loan using the decomposition in an unsecured and a secured part leads to option pricing

formulae. The two distances are expressed as a ratio (i) between the initial creditworthiness of the debtor and
the level of credit spread, where default occurs and a ratio (ii) between the debt amount and the initial collateral
value.
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Merton (1974), default occurs only at maturity if the asset value of the �rm reaches a barrier. In

Black and Cox (1976), default can occur at any time. Later on, the assumption of a simpli�ed

capital structure has been relaxed to some extent, see Leland (1994), Leland and Toft (1996).

However, this strand of literature still su�ers from modelling a latent variable, namely, the asset

value of the �rm. Because of the simpli�ed capital structure, the asset value is the full collateral

in these models. Hence, loss on default is perfectly modelled from a theoretical perspective. A

second group of studies considers default as exogenous in so-called reduced-form models. Some

of the papers that started and in�uenced this area of research are Jarrow and Turnbull (1995),

Lando (1998), Du�e and Singleton (1999). Although it is easier to obtain analytical solutions

with reduced-form models, the calibration and economic interpretation of these models remains

di�cult. Recovery risk is modelled indirectly, if at all, and bears little relation to the speci�cs of

real life collateral. More recent approaches, such as Andersen and Sidenius (2005) for example,

develop more sophisticated random recovery models where the focus is on CDO pricing and

not on pricing of loans as in our approach.

The second category of credit risk models are so-called portfolio credit risk measurement

models. Our model leads to a di�erent approach for credit portfolio risk management compared

to the models of KMV, CreditMetrics and CreditRisk+. First, the cited industry standards are

either based on statistical default data from rating agencies such as Moody's or Standard &

Poor's (CreditMetrics) or the borrower need to be a listed �rm. But the agency ratings are of

the Through-the-Cycle type which is not appropriate for risk management purposes where a

Point-in-Time methodology is needed. Internal based rating models provide such a creditwor-

thiness quanti�cation. Second, the loan portfolio of most banks consists of unlisted debtors.

Therefore, the KMV approach only applies to a very small number of large debtors in the port-

folio. Third, all these methodologies assume no market risk, i.e. on default, the loss su�ered is

expressed in terms of a number (the Loss-Given-Default). Therefore, these approaches fail to

capture the market risk of collateral and its dependence on borrower's creditworthiness. But

it is evident that to analyze credit risk one has to integrate market and credit risk, see also
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Crouhy et al. (2000). Using any of these methodologies it is impossible to provide an accurate

answer to the questions we raised above. Fourth, the recovery rate process, which is either mo-

delled as a constant or a stochastic process, is always assumed to be independent of credit risk,

i.e. the probability of default. This assumption strongly contrasts with the empirical evidence

showing a negative correlation between default and recovery rates, see Altman et al. (2005),

Frye (2000), Altman (2001), Carey and Gordy (2001). This evidence indicates that recovery

risk is a systematic risk component. As such, it should attract a risk premium and should be

adequately considered in credit risk management applications.

The paper is structured as follows. In Section 2 we present a simpli�ed setup to convey the

main ideas. In Section 3 we generalize this setup to include correlation between the collateral and

credit spread process. In Section 4 we examine calibration issues and compare our theoretical

prices with market values. Section 5 presents several applications for loan pricing, and earnings

and risk management of collateral portfolios. Section 6 concludes.

2. Base Model: Representing Loans as Securities

We start with a �xed-rate, �xed-maturity mortgage loan in which the limit amount equals the

loan amount. There is a single collateral, a property over which the bank has absolute priority.

The mortgage loan can be considered to be the sum of two securities, an unsecured asset and

a credit derivative. The unsecured asset re�ects an unsecured mortgage loan �nance. Thus, it

re�ects the borrower's creditworthiness based on income, wealth, job security, and all the other

factors that a bank might use to answer the question, "How much is $1 worth to a borrower if

no rights on the collateral exist?"We model this part of the mortgage loan using an unsecured

bond. The credit derivative represents the value of the collateral in the mortgage loan contract.

It is the cost which the bank as a buyer of protection pays to the borrower.
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We introduce the formal setup. The contract date is t = 0. The �xed maturity of the loan

is T . The creditworthiness of the borrower is captured in an annual, constant default rate PD

and PD(0, T ) is the cumulative probability of default in the period [0, T ], i.e. PD(0, T ) =

1− (1−PD)T . Therefore, we assume that the creditworthiness of the obligor is stable over the

whole lifetime of the contract. We drop this assumption in the extended model in Section 3. We

consider the calculation of the default rate of a speci�c obligor and the valuation of a loan to

the same obligor in two steps. First, we calculate the probability that the obligor defaults using

several information sources: we use obligor, loan, and market-speci�c information to model the

probability of default until time T using an internal based rating model. In the second step, we

use the default probability to value all future cash �ows of the �nancing contracts, i.e. the cash

�ows of the unsecured loans and the cash �ows of a possible collateral for a situation in which

the obligor might default at any time. Hence, the default probability enters in the discount

factor of the cash �ows. The lower an obligor's creditworthiness, the less the worth of a future

payo� today. We focus exclusively on the second step in this paper.

To emphasize intuition, in this section, we assume that default only takes place at maturity

of the loan and that cash �ows from the collateral are realized instantaneously at maturity.

Therefore, the complicated and typically long-lasting recovery process following a default state

shrinks to a single point, the maturity T . We relax this assumption and model default as a

�rst-passage time event in Section 3. The annual re�nancing rate with maturity t is the spot

rate rt. The discount factor for maturity t and for a compounding frequency of n is de�ned by

Dt =
(
1 + rt

n

)−nt. The notional loan amount is denoted by F. Coupon payments occur with a

frequency n each year and A(T) is the cumulative amortization rate up to time T. Therefore,

the e�ective loan amount after T years of amortization is FT = F (1 − A(T )). We use Z to

denote the periodic coupon payments including any amortization. We distinguish between three

di�erent interest payments: risk-free payments ZRf , payments from unsecured loans Zu, and

secured payments Zs.
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The failure of a debtor to comply with the terms of the loan de�nes the default state. In

the event of a default the workout or recovery process begins. The duration of this process, its

costs and its �nal result depends on the particular counterparty. Hence, our preferred approach

is based on expected values that experts from the workout process can assess. rc denotes the

expected recovery cost due to a default. These costs consist for example of remitted risk costs

or lowered rates for the mortgage coupons. Moreover, there is a probability 1− γ that the col-

lateral of a defaulted debtor will not be realized, e.g., if the debtor leaves the default state after

a �nancial reorganization. This probability varies between �ve and thirty percent in loan port-

folios depending on the type of borrower, i.e. there are signi�cant di�erences between private

and corporate borrowers. This fact shows that most rating models are �awed: The default state

is not an absorbing state. If the collateral is realized, then costs β follow, which we set propor-

tional to the value of the collateral. These costs are incurred in trying to liquidate the collateral.

In this setup, we can write the value of the unsecured loan BZu(0, T ), i.e., a loan that

depends only on the borrower's creditworthiness, as the sum of a zero-coupon bond B0(0, T )

and a coupon part GZu(0, T ):

BZu(0, T ) = B0(0, T ) +GZu(0, T ) (1)

with

B0(0, T ) = DT [(1− PD(0, T ))F− PD(0, T )rc] (2a)

GZu(0, T ) = Zu

nT∑

t=1

(
1− PD

n

)nt
Dt (2b)

The value of the secured loan is given by
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BZs(0, T ) = B0(0, T ) +GZs(0, T ) +DTPD(0, T )γE [min (C,F)] (3)

The second term represents the credit derivative, i.e. the credit enhancement. C is the

e�ective collateral which reads C = min (N,max ((1− β)HT + aC − v, 0)) with v the value

of any senior debts, H the value of the property object, β the average estimated costs in the

recovery workout, N the value of the borrowers note and aC the value of collateral other than

property. If the collateral is realized, the bank receives the smaller of C and F, i.e. min(C,F).

Using min (C,F) = F−max (F−C, 0), the present value of the loan reads

BZs(0, T ) = B0(0, T ) +GZs(0, T )

+DTγPD(0, T ) [F− exp(rTT )Put (F, T, r, σC, µC)]︸ ︷︷ ︸
=:CD(0,T )

.
(4)

with CD(0, T ) the credit derivative written on the collateral, Put(·) a European put option,

σC the volatility of the e�ective collateral, and µC the annual growth rate of the e�ective

collateral. The value of this put option can be determined following the approach of Schiller and

Weiss (1994). Their formula is similar to the Black-Scholes formula except that the underlying

asset grows at a rate other than the risk-free rate. This di�erence is due to the fact that

the collateral is not necessarily a liquid asset, hence it can not be e�ectively used to hedge

the option. Assuming that the e�ective collateral is log-normally distributed the put option is

worth

Put = exp(−rT )
[
FN(d1)−C exp

(
µC +

1
2
σ2

C

)
N(d2)

]
(5)

where d1 = ln(F/C)−µCT

σC

√
T

, d2 = d1 − σC

√
T and N is the standard normal distribution

function.
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The no-arbitrage argument implies that the rates for all types of �nancing - risk less,

unsecured, and secured - are such that their present values are the same. In other words, the

equation

F = BZrf (0, T ) = BZu(0, T ) = BZs(0, T ) (6)

determines the coupons, which can be calculated analytically. For instance, Zu follows from

(1) as

Zu =
F −DT [(1− PD(0, T ))F− PD(0, T )rc]

nT∑
t=1

(
1− PD

n

)nt
Dt

. (7)

We determine Zs in the same way except that, due to the put option, there will be an

additional term in the numerator of (7).

How does an increase of the loan amount F a�ects the cost of the loan, i.e. the coupons Zu

or Zs? To answer this question, for simplicity we assume γ = 1, i.e. once a debtor defaults, the

collateral will be realized, and that there is no amortization, i.e. F = F . Since an increase in

F raises the probability of default, we assume that ∂PD(0,T )
∂F > 0 without assuming a speci�c

functional form. We obtain the result:

∂Zu
∂F
− ∂Zs
∂F

= DT

(
(F − exp(rTT )Put(F))PD′(F ) + PD(F ) (1−N(−d2))

)
> 0

where we used ∂Put
∂F = e−r(T−t)N(−d2). This shows that the cost of a loan with collateral is

always less than that of an unsecured loan. Furthermore, the di�erence in cost sensitivity is

driven by the interplay of the change in creditworthiness and the change in the market value of

the collateral: The di�erence converges to zero, if the put is deeply out-of-the-money, i.e. the

collateral price is far below the loan amount (strike), the di�erence becomes large if the put
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is at-the-money and converges to a constant if the house price exceeds the loan amount by an

order of magnitude. Other sensitivities follow directly from the setup and are not considered

further.

We have so far considered a �xed-coupon, �xed maturity loan. The same approach applies

to the �oating coupon bond. Only two changes are necessary. First, the �xed coupon part

is replaced by the �oating coupon rate Gflc(0, T ) in the loan decomposition, i.e. in (1) for

the unsecured case. Second, the discount factors are stochastic, i.e. we write P (0, t) for the

expectation today of the stochastic discount factor Dt = exp
(
− ∫ t0 rudu

)
. Using the standard

forward-measure technique, all randomness in Gflc(0, T ) disappears and this component is

expressed in terms of forward rates which can further be rewritten using bonds.

3. Extended Model: Collateral Correlated with Default Process

We extend the basic model by assuming that the creditworthiness of the debtor is stochastic

over time, and correlated to the uncertain e�ective collateral value process. To obtain semi-

analytic expressions we prefer a continuous-time framework that allows us to consider default

at any time. We assume that all processes are under the risk-neutral measure. Therefore, the

parameters are already risk-adjusted. Since our goal is to analyze the interdependence of stocha-

stic collateral and creditworthiness and their e�ect on loan pricing, if loans without stochastic

collateral and the collateral itself are priced fairly according to market practice, then the pa-

rameters should implicitly re�ect the necessary risk adjustments. Therefore, we focus on the

relative pricing implications of the stochastic collateral. We assume that default occurs when

the credit spread of a borrower with a given recovery rate reaches a certain level. Thus the

dynamics of the credit spread re�ect the continuous evolution of borrower rating, or a function

of the probability of default. The spread does not necessarily need to be observed in the market,

but may be indirectly inferred from a rating process.
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dSt = StµSdt+ StσSdW
S
t (8)

where S0 is an implicit function of PD(0), the default rate estimate at time 0.

The e�ective collateral also follows a lognormal process

dCt = Ct(µC − δ)dt+ CtσCdW
C
t , (9)

where δ is the value decay rate of the collateral. The two processes are correlated with

dWC
t dW

S
t = ρdt. Let ht = ln Ct and st = lnSt. We de�ne also τms = inf{t ≥ 0 : st = m} =

inf{t ≥ 0 : St = M} with m = lnM . M is the level of credit spread at which default occurs,

and τms , denoted for simplicity as τ , is the default time. We again consider the pricing of a

�xed-coupon, �xed-maturity bond, and �rst analyze the unsecured bond pricing. The bond

is equal to the sum of a defaultable zero-coupon bond and a stream of coupons, similar to

equation (1). As shown in the following proposition, however, the individual parts of the bond

value are now more complex.

Proposition 1. The value of the zero-coupon bond part is given by

B0(0, T ) = exp(−rT )F(1− P (τ ≤ T ))− rc
T∫

0

exp(−rt)p(τ = t)dt (10)

with

P (τ ≤ t) = N

(
ln(S0/M) +

(
µS − 1

2σ
2
S

)
t

σS
√
t

)

+
(
M

S0

)� 2µS
σ2
S

−1

�
N

(
ln(S0/M)− (µS − 1

2σ
2
S

)
t

σS
√
t

)
(11)
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and the density p at default

p(τ = t) =
ln(M/S0)
σSt
√

2πt
exp



−

1
2

[
ln(S0/M) +

(
µS − 1

2σ
2
S

)
t

σS
√
t

]2


 . (12)

The coupon part is given by

GZu(0, T ) = Zu

T∫

0

exp(−rt)E [I{τ>t}
]
dt . (13)

The next proposition gives an explicit expression for the coupon part.

Proposition 2. The cost of the coupon part (13) for a generic coupon rate of Z is given by:

GZ(0, T ) =
Z

r


1− exp(−rT )P (τ > T )−

T∫

0

exp(−rt)dP (τ < t)


 (14)

where

T∫

0

exp(−rt)dP (τ < t) =
(
M

S0

)λ1

N

(
ln(S0/M) + ψ(r, σS)T

σS
√
T

)

(
M

S0

)λ2

N

(
ln(S0/M)− ψ(r, σS)T

σS
√
T

)
(15)

with

ψ(r, σS) =

√(
µS − 1

2
σ2
S

)2

+ 2rσ2
S , λ1 =

(
µS − 1

2σ
2
S

)− ψ(r, σS)
σ2
S

, λ2 =

(
µS − 1

2σ
2
S

)
+ ψ(r, σS)

σ2
S

.

We now examine the valuation of the secured bond. Its value can be decomposed similar to

(3).
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BZs(0, T ) = B0(0, T ) +GZs(0, T ) (16)

+ γE
[
exp(−rτ)

(
CτI{τ<T,Cτ<Fτ} + FτI{τ<T,Cτ>Fτ}

)]
︸ ︷︷ ︸

=:CD(0,T )

Note that if default and collateral processes are independent and the default e�ectively ta-

kes place at T , then CD(0, T ) = γ exp(−rT )E
[
I{τ<T}

]
E
[
CT I{CT<FT } + FT I{CT>FT }

]
which,

ignoring the di�erence between continuous and discrete discounting, can be written as in (3);

that is, CD(0, T ) = γ exp(−rT )PD(0, T )E [min (C,F)].

The following proposition evaluates the expectation term in (16).

Proposition 3. The expectation term in (16) reads:

CD(0, T )
γ

= E
[
exp(−rτ)CτI{τ<T,Cτ<Fτ}

]
︸ ︷︷ ︸

I1

+E
[
exp(−rτ)FτI{τ<T,Cτ>Fτ}

]
︸ ︷︷ ︸

I2

(17)

with

I1 = C0

T∫

0

exp(µ′Ct)N

(
1√

1− ρ2

(
d′C − ρd′S

)
)
p̂(τ = t)dt (18)

and

I2 =

T∫

0

Ft exp(−rt)
[

1−N
(

1√
1− ρ2

(dC − ρdS)

)]
p(τ = t)dt (19)

with the density p̂
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p̂(τ = t) =
ln(M/S0)
σSt
√

2πt
exp



−

1
2

[
ln(S0/M) +

(
µS − 1

2σ
2
S

)
t

σS
√
t

+ ρσC

√
t

]2


 . (20)

p(τ = t) is given in (12) and

dC =
ln(Ft/C0)− (µC − δ − 1

2σ
2
C

)
t

σC

√
t

, dS =
ln(M/S0)− (µS − 1

2σ
2
S

)
t

σS
√
t

d′C = dC − σC

√
t , d′S = dS − ρσC

√
t , µ′C = µC − r − δ .

The integrals in (18) and (19) are well-behaved and can be quickly and accurately calculated

numerically using standard software packages.

4. Calibration

Our approach to calibration is to follow mark-to-market as closely as possible. Unfortunately,

observable prices for all maturities, ratings, and type of products do not exist. Therefore, we

must use a mixture of mark-to-market and mark-to-model. The �rst market inputs are the

annual CHF Swap. For contracts with a maturity of less than a year we use CHF LIBOR rates.

The Swap and LIBOR rates are the risk free rates in our model. To obtain the default risky

rates for the unsecured loans, we �rst use the probability of defaults for one year (PD1) from

a rating agency. External ratings are used for simplicity. Equivalently one could use internal

point-in-time ratings derived from an internal rating model. Using Moody's data, we have eight

classes for our rating model. Class 1 re�ects the best creditworthiness and class 8 the default

class. If PD(k)
1 are the annual default probabilities for rating class k, the PD for n years, PD(k)

n ,

are calculated as

PD(k)
n = 1− (1− PD(k)

1 )n . (21)
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With the set of PD for all dates n and rating classes k, the discount factors for defaultable

claims follow. The default risk adjusted discount factors are then Dt = 1−PD(0,t)
(1+rt)t

.

We estimate the volatility σS = 6% and the growth rate µS = 1.5% of the property-type

collateral from a house price index, ZWEX, based on actual transactions in the greater Zurich

area. The goodness of the calibration is demonstrated by considering the resale of houses. The

predicted model prices and the observed resale prices deviate by less than 3% for more than

97% percent of all resales. The resales which deviate more show a heavy-tailed return distribu-

tion. The option pricing parameters for security deposit collateral are obtained from the SMI.

Clearly, in practice other stock market indices can be used which re�ect the composition of the

deposit. We assume lump-sump recovery costs rc of CHF 20′000, realization costs β in case of

default of 2% of the collateral value, and a probability of 13% that the collateral will not be

realized after default.

To compare the calibrated model with market prices, we consider the average standard

rates for �ve-year �xed mortgages in Switzerland. We de�ne the term ÿtandard rates"to mean

a rate that ful�lls the following requirements: a mortgage level of 80% of the �nancing amount,

interest-rate payments that do not exceed one-third of the available income, and creditworthi-

ness corresponding to the best rating class. The average represents data from the 13 largest

banks in mortgage �nance in Switzerland and was computed to be 2.93% with a standard de-

viation of 0.33%. For comparison, we further assumed that the best rating class has a PD of

0.06% per annum. The borrower's note was set equal to the house price which was normalized

to one CHF. For the base model, we obtain a rate of 3.05 which is close to the average standard

rate. The extended model, with additional parameters displayed in Table 3, leads to a rate of

2.75. This lower value is due to correlation, which is missing in the base model and as far as

we know is not usually considered in actual banking practice either. To summarize, our simple

model calibration leads to prices which are well within one standard deviation from market

quotes.
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Property 
Hypothecation Basis CHF 900

Loan 

Unsecured 50

Limits

Transactions

Collateral 1

Type       Value  Hypothecation

Account   200    150           

Collateral 2

Type Value  Hypothecation

Policy   100      50           

Collateral 3

Type Value  Hypothecation
Deposit   150                 

Collateral 6

Type                   Rank    Value Same Rank  Seniority
Borrower's Note         1    100    400             0

Client Limit =    900
Limit Mortgage Finance =    800

Limit Loans =     100

Mortgage 1

Fix Rate, 5y CHF 550

Mortgage 2

Floating Rating, 3y CHF 250

Collateral 4

Type                   Rank    Value Same Rank  Seniority

Borrower's Note       1      400    100             0

Collateral 5

Type                   Rank    Value Same Rank  Seniority
Borrower's Note        2     200    0                 500

Abbildung 1. Illustration of the di�erent transactions and collateral in the second example. All
numbers are multiples of thousand Swiss Francs.

5. Applications

5.1. Risk Management of a Complex Collateral Structure

We consider a single debtor with several contracts and collateral, see Figure 1 for the business

relationship. We work with the Base Model of Section 2.

The borrower has a maximum limit of CHF 900, 000. This limit is further split into a limit

for mortgage �nance of CHF 800, 000 and a current account limit of CHF 100, 000. At present

there are three transactions, two mortgages T2, T3 and a current account T1 with usage of 50%.

There are six di�erent collateral assets. The �rst three are either marketable, such as a deposit

if it consists of traded securities, insurance contracts, or cash. The other three are real estate

collateral. The lines between the transactions and the collateral indicate which transaction

a speci�c collateral is associated with. It follows that security #3 is not associated to any

transaction, i.e., the bank under consideration seize this asset, since it re�ects the borrower's

note to another bank. We assume that the current account is an unsecured loan. Finally, the
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Transaction Base Case Property Price Shock
Pricing r % Pricing ru % Pricing rs % Price CHF Pricing r % Pricing ru % Pricing rS % Price CHF

T1 4.18 4.18 0.00 2'090 4.18 4.18 - 2'090
T2 -

T2, collat. 1 5.12 6.55 1.43 7'677 5.12 6.55 1.43 7'677
T2, collat. 4 5.12 6.55 1.43 20'471 5.44 6.55 1.11 17'406

T2 unsecured 6.34 6.34 0.00 6.34 6.34 0.00 5'070
T3

T2, collat. 2 4.84 6.34 1.50 2'420 4.84 6.34 1.50 2'420
T2, collat. 5 5.58 6.34 0.76 11'152 6.34 6.34 0.00 -

T3 unsecured 6.34 6.34 0.00 - 6.34 6.34 0.00 12'675
Sum L 4.87 43'810 5.26 47'338

Tabelle 1
The �nal cost r = ru − rs as di�erence between the unsecured loan cost (ru) and the cost for
the collateral protection (rs) in the second example.

debtor has a rating of 4. The representation of total loan lending is the sum of the three loans,

i.e., the three transactions. We represent the present value, L, of these loans linearly using

bonds B and credit derivatives (CD) as follows:

L = T1 + T2 + T3 = BZu,Floa
1 +BZu

2 +BZu
3 + CD2,1 + CD2,4 + CD3,2 + CD3,5 (22)

with the �rst subscript indicating the transaction number and the second one the collateral

number. The costs of these products are summarized in Table 1:

The base case shows the di�erence between subordinated and senior debt. Since transaction

#2's borrower's note is subordinated compared to that of transaction #1, the willingness to pay

for protection is almost halved, i.e the rate drops from 1.43% to 0.76%. Since the �oating-rate

bond that represents transaction #1 is reset quarterly, the unsecured cost is lower for this tran-

saction than for the mortgage transactions with, respectively, a 5− and 3-year time to maturity.

The property price shock scenario assumes that the value of the property drops from CHF

900, 000 to CHF 400, 000. Since the mortgage loans are binding contracts for a �xed period, the

costs calculated in this scenario are opportunity losses. It follows that transaction #3 is then

left with only a collateral of CHF 50, 000 - the insurance policy. Collateral #5 is worthless,

since it is subordinated to collateral #4, which is written on an amount of CHF 500, 000; CHF
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400, 000 owned by the bank under consideration and CHF 100, 000 seizable by another institu-

tion. Thus, the price drop to CHF 400, 000 makes collateral #5 worthless. We also modify the

collateral for transaction #2. The CHF 150, 000 from the deposit remains unchanged. But since

CHF 100, 000 are not seizable to the institution, only 80%, i.e. CHF 320, 000 are collateralized.

This leads to the costs in Table 1. Since the di�erence between the value of the property and

the borrower's note amount is signi�cantly decreased, the protection buyer pays only 1.11% for

the secured part instead of 1.43%.

5.2. Loan Portfolio Risk management

This application shows how our loan pricing approach can be used for portfolio risk man-

agement when collateral values are risky. For this, we consider house prices in the greater

Zurich airport area. Due to contractual changes with Germany, whose border is close to the

airport and which is also exposed to airplane noise, the de�nitive future air-tra�c routing

regime is still to be decided. At the moment, 19 di�erent regimes are possible. The regimes

di�er signi�cantly in the geographical distribution of future aircraft noise and for all scenarios

the future noise level curve diagrams exist. But changing noise levels have a direct impact on

house prices: There is a direct relation between changes in noise, measured in decibels, and

changes in house prices, measured in a currency.2 Figure 2 shows the actual noise exposure and

some decibel/price changes relevant in our example. In summary, the impact of any possible

realization of aircraft noise risk on the value of property in the airport area is known. We use

this data for portfolio loan risk management as follows. We consider the residential mortgage

loan portfolio of a major bank with an approximate market share of forty percent. Using a

geographical information system each �nanced property can be geographically identi�ed with
2We refer for details to the documentation published by the airport Unique (Zurich), http://www.unique.ch.

The document in German is entitled: Der Bewertungsprozess MIFLU (The Valuation Procedure: Depreciation
due to Aircraft Noise for Self-Inhabited Real Estate) which is based on hedonic real estate pricing models. The
method was recently approved by the Swiss Federal Court to be applicable for compensation payments due to
value deterioration induced by aircraft noise.
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Abbildung 2. Current noise exposure in the Zurich airport area. The lines are contour lines
of constant noise exposure for each line. For single occupancy house the price change for each
decibel is −0.61% of the house price for a median location. LEQ is a noise measure used. Its
units are decibel. See Dalbert and Vanini (2009) for details.

a precision of 100 square meters. This implies that we can attribute to each mortgage loan the

aircraft noise level and its potential changes. Since property values are directly related to noise,

the role of a changing risk factor noise on the whole mortgage portfolio risk management is

established. This risk information together with mortgage loan �nancing information allow us

to analyze the portfolio risk. To simplify the analysis we transform all variable rate mortgages

into �xed rate, �ve year mortgages. The error in doing so is small since the duration is close to

�ve years and due to the actual level of interest rates most borrowers converted their variable

rate mortgages into �xed ones.

The portfolio is structured in two dimensions, the value of the loan and geographical relation

to the airport which a�ects the value of the collateral. We consider three levels of loan value

- low, medium and high - with amounts of CHF 300′000, CHF 500′000 and CHF 1′000′000,

respectively. Out of the 19 di�erent possible aircraft regimes we consider two: the regimes we

call 'North' and 'South', see Figure 3
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Abbildung 3. Noise level curves for the aircraft regimes 'North' (Panel left) and 'South' (Panel
right). The lines are contour lines of constant noise exposure for each line. See Dalbert and
Vanini (2009) for details.

The reasons for considering these two scenarios are as follows. First, the two regions di�er

signi�cantly in their wealth. Region 'South' is wealthier than region 'North'. Second, the current

noise is concentrated in the north. Therefore a change from the aircraft regime from 'North' to

'South' would have the strongest impact on the banks mortgage loan portfolio value. Since the

German State strongly opposes the variant 'North', the realization of the variant 'South' is a

likely scenario.

We consider next risk scenarios. The scenarios either represent a change in the airport

regime and/or an economic downturn. The �rst change a�ects the collateral value and, via the

borrower's note, the collateral spread. The second one impacts the default credit spread. We

consider four risk scenarios.

A change of the current aircraft regime to the regime 'North' or 'South' de�nes two scenarios.

Each realization leads to a new noise level, see Figure 3, and the corresponding devaluation or

appreciation of the house prices. The two other scenarios are 'Stable Economy' and 'Recession',

respectively. The state of a stable economy is modelled by constant probability of default of the

borrowers in the portfolio and zero drift of the house price process. In the recession scenario

borrowers are assumed to maintain their rating or to be downgraded by one notch. Borrowers
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North South
Stable Economy Recession Stable Economy Recession

Portfolio Value 0.95 0.87 0.88 0.84
Portfolio 2000-2008 0.90 0.79 0.75 0.70
Portfolio before 1990 0.98 0.94 0.97 0.95

Tabelle 2
The value of the di�erent loan portfolio parts under the four di�erent scenarios. All numbers
are normalized to the actual portfolio with value 1. In the �rst row 'Portfolio Value', the total
loan portfolio is considered. In the rows two and three, only recent or long standing loans are
considered.

in the portfolio are randomly downgraded with a probability of 50%. Since annual volatility of

the house price index is around 6% we assume using the square-root rule that in the recession

scenario all house prices will drop by 15%. This scenario was realized by the beginning of the

90s in last century. We normalize the value of the actual loan portfolio to 1. Table 2 summarizes

the results for the four scenarios.

Considering the whole portfolio, it follows that loans in the South are more sensitive to a

change in the aircraft-tra�c regime than the North is if the economy is falling in a recession.

There are several causes for this observation. First, the construction rate of new houses in the

South exceeded the rate in the North in the last decade. But new houses are almost perfectly

correlated with high mortgage levels. But an increase in noise levels which lowers house prices

has a more pronounced e�ect on a loan portfolio with higher the mortgage levels. We also

observe the wealth e�ect between South and North. On average, South is the more wealthy

region. This is re�ected in the relative di�erence between the stable economy and the recession

scenarios which is lower for the South than for the North.

The analysis based on the whole loan portfolio hides the dispersion of the credit and market

in the portfolio. To see this, we build two subportfolios: A portfolio of recent loans with starting

date between 2000 and 2008 and a portfolio of long standing loans with starting dates before

1990. Table 2 shows the heavy di�erences for these two subportfolios. Market risk of the colla-
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teral has virtually no impact on the loan values for long standing loans but has a very strong

impact on recent loans. This facts are in line with the observation, that the average mortgage

level in Swiss private client loan portfolios varies between 50 and 65 percent. This average is

based on recent loans with mortgage levels of 80 percent and long standing loans with very low

levels of say 20 percent for example.

The key �ndings of the model for risk management of a loan portfolio are: First, the impact

of a change in the aircraft-tra�c regime on the loan portfolio for is quanti�ed. In particular,

the more severe scenario 'South' is quanti�ed. Second, long standing loans in the portfolio can

be considered risk free - both in their market and credit risk dimension. Third, the importance

of a sound credit risk policy for new mortgage loans follows due to the high dependence on real

estate market risk changes.

5.3. Applications of the Extended Model

We analyze the extended model introduced in Section 3 through a few examples. First, we

calculate the par coupons that equate the value of a secured mortgage loan to its notional as

a function of the following distance ratios α = M/S0 and β = C0/F. See Table 3 for the other

parameters. 3

We compare the par coupons for a 5-year �xed mortgage loan for three di�erent correlation

scenarios, see Table 3. This is the loan cost surface in terms of the distance to default and the

distance to loss parameters. Hence, this table allows pricing of debt in the basic contractual
3We do not consider calibration issues in this Section. If we assume that the markets for loans are competitive

and e�cient, then the par coupons for couple of liquid benchmark loans can be used to back out model para-
meters. It is also possible to consider a mixed approach; estimating some of the parameters from the statistical
measure and the rest from the risk-neutral measure by inverting prices as mentioned above. Some simplifying
assumptions can also be made in order to recover more important parameters with greater precision in order to
use them to better steer the model. For instance, the long-term drift of credit spreads could be taken to be zero.
Fitting to loan prices/coupons can then be undertaken through the volatility of credit spreads. This reduces
the number of parameters and facilitates the use of spread volatility in the sense of implied volatility in the
Black-Scholes (1973) model to express opinions.
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ρ = 0.5 ρ = 0 ρ = −0.5
β = 0.5 β = 0.75 β = 1 β = 0.5 β = 0.75 β = 1 β = 0.5 β = 0.75 β = 1

α = 1.25 12.41 8.82 6.56 12.85 9.46 6.86 13.28 10.08 7.22
α = 1.5 5.86 4.42 3.76 6.18 4.85 3.93 6.48 5.27 4.20
α = 2 2.88 2.53 2.43 3.02 2.69 2.48 3.14 2.86 2.60
α = 2.5 2.24 2.14 2.12 2.29 2.20 2.14 2.34 2.26 2.19

Tabelle 3
Par coupons (in %) for di�erent distance ratios, α and β. The parameter values are: µS = 0,
µC = 0.02, σS = 0.2, σC = 0.1, γ = 0.75, δ = 0, T = 5, r = 0.02, S0 = 0.01, F = 100, rc = 0,
A(T ) = 0.

variables: the loan amount, the initial collateral value, the initial creditworthiness and the level

of credit spread at which default occurs. The values show that the surface is not �at and not

symmetric. Hence loan pricing shows a smile/smirk and a skew behavior. These �ndings are

not to be confused with those in Anderson and Sidenius (2005) which consider a correlation

skew in CDO pricing.

The scenario that is possibly one of the few undisputed facts about recovery rates is that

these rates are inversely related to default rates. Therefore, the scenario with a negative cor-

relation is the most plausible one. This risky situation corresponds to the highest par coupons

in Table 3. Clearly, correlation plays an important role in loan pricing, and can easily lead to

a coupon di�erence of more than 0.5%. The results reveal other interesting relationships as

well. For instance, as more of the loan is collateralized, par coupons decrease, but the decline

is not signi�cant for large values of α. This leads us to conclude that a borrower with a high

credit rating faces the over-collateralization e�ect. Due to his creditworthiness, there is a bound

in the collateral amount provided to the bank such that any further increase of the collateral

amount leads to only an insigni�cant loan coupon reduction. Since collateral is often a scarce

resource, an e�cient collateral allocation management needs to quantify and take into account

such e�ects.
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ρ = 0.5 ρ = 0 ρ = −0.5
β = 0.5 β = 0.75 β = 1 β = 0.5 β = 0.75 β = 1 β = 0.5 β = 0.75 β = 1

α = 1.25 7.29 10.88 13.14 6.85 10.24 12.84 6.42 9.62 12.48
α = 1.5 3.04 4.48 5.14 2.72 4.05 4.97 2.42 3.63 4.70
α = 2 0.82 1.17 1.27 0.68 1.01 1.22 0.56 0.84 1.10
α = 2.5 0.25 0.35 0.37 0.20 0.29 0.35 0.15 0.23 0.31

Tabelle 4
Par coupon di�erences (in %) between secured and unsecured loans for di�erent distance ratios,
α and β. The parameter values are: µS = 0, µC = 0.02, σS = 0.2, σC = 0.1, γ = 0.75, δ = 0,
T = 5, r = 0.02, S0 = 0.01, F = 100, rc = 0, A(T ) = 0.

To see more clearly how collateral is valued depending on the distance ratios de�ned above,

we compare the par coupons for secured and unsecured loans in Table 4. According to this

table, the smaller the distance to default, the higher the collateral is valued, and thus a higher

coupon reduction is achieved. For a positive correlation, a higher coupon reduction is possible

because the negative correlation makes the collateral relatively unattractive and takes away

from its value. This shows again the relevance of correlation in loan pricing, and underlines the

importance of the choice of collateral by the borrower if he is to obtain optimal bene�ts from

it.

Next, we examine the relation between par coupons, collateral volatility, and correlation.

Figure 4 shows that par coupons do not always increase uniformly with the level of collateral

volatility: when the correlation is positive, increasing the collateral volatility from a low level

causes par coupons to decrease. This is because positive correlation means that the collateral

is more likely to increase in value when the probability of default increases. An increase in

volatility up to a certain point accentuates this e�ect. The higher the correlation, the higher is

this level above which volatility begins to play a detrimental e�ect, thus causing par coupons

to increase again. It is clear from this analysis that the quality of a collateral also depends on

its correlation with the default driving process. Thus, correlation should be taken into account

in judging collateral quality. The extended framework we propose lends itself to an analysis of

collateral quality. In the following, we determine the so-called certainty equivalents of a given

amount of collateral that depends on the two main characteristics of the collateral, its volatility,
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Abbildung 4. Par coupon with respect to collateral volatility. The parameter values are: µS = 0,
µC = 0.02, σS = 0.2, γ = 0.75, δ = 0, T = 5, r = 0.02, α = 1.5, β = 0.75, rc = 0, A(T ) = 0.

and its correlation with the default driving process. The di�erence between the given collateral

amount and its certainty equivalent is called haircut. The haircut is calculated as follows: We

set the correlation and the volatility of the hypothetical benchmark collateral to zero. Given a

set of other parameters (see Figure 5.3) and a coupon level so that the secured loan is at par,

we calculate for each level of correlation and volatility the values of this secured loan and, with

volatility and correlation set to zero, the amount of collateral so that the same value for the

secured loan results. The reduction in the collateral gives the haircut. For instance, if σC = 0.2

and ρ = −0.5 the haircut amounts to 16.4%, which means that $100 collateral is worth, quality

adjusted, about $83.6.
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Abbildung 5. Haircut with respect to correlation and collateral volatility. The parameter values
are: µS = 0, µC = 0.02, σS = 0.2, γ = 0.75, δ = 0, T = 5, r = 0.02, α = 1.25, β = 1, rc = 0,
A(T ) = 0.

6. Conclusion

We introduce a framework to analyze the joint impact of credit risk and market risk of collate-

ral on loan pricing. In this framework we decompose a secured loan into a linear combination

of an unsecured loan and a credit derivative. The value of the derivative stems from the col-

lateral. The bank that makes the loan is long credit protection through its right to liquidate

the collateral in case of default. In return for o�ering this safety, the bank compensates the

borrower with a lower coupon payment for the loan. The extent of this compensation depends

on the risk-reduction capacity of the collateral. This capacity, in turn, is determined by factors

such as the quality and amount of the collateral, the maturity of the loan, and the likelihood of

default. We extend this framework in several directions. We show that the basic decomposition

ideas also apply to loans with payments that depend on a �oating-rate, to a �rst-passage time
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context in which default can happen at any time, and in which the default-determining process

and the collateral are both stochastic and correlated. In this framework, default occurs when

a certain threshold level is reached. This situation is in line with structural models of default,

thus enabling an economic interpretation. We are able to obtain semi-analytic expressions for

the values of loans, and the value of credit protection emanating from the collateral. Because

of this, we can calculate even par coupons in a split second.

We provide several examples to illustrate the interplay between a borrower's creditworthi-

ness and the market value of collateral for risk management. First, we show that with our

approach arbitrary complex loan and collateral portfolios can decomposed into individual se-

curities and each security can be priced. Second, we consider a real life example of a private

client loan portfolio which is exposed to a change in an air-tra�c regime. Such a change causes

a change in noise levels which in turn have a known impact on house prices, i.e. the collateral

in the loan portfolio. We show the impact on the loan portfolio for several real scenarios: chan-

ges in the air-tra�c regime and changing economic conditions. The value changes of the loan

portfolio for the di�erent scenarios can be quanti�ed using our decomposition of a loan. This

information is basic for loan risk management and cannot be obtained using other models such

as KMV, CreditMetrics or Credit Risk Plus for example since they do not take into account

the collateral process explicitly in their loan pricing. Examples using the extended framework

illustrate the importance of correlation between collateral and creditworthiness in loan pricing

and reveal some interesting insights, such as the interaction between correlation and collateral

volatility in determining the overall collateral quality. The model leads to an explicit loan pri-

cing surface in terms of the distance-to-default and distance-to-loss parameters. This surface

shows that the joint e�ect of borrower's credit- worthiness and the collateral value is not linear

on coupon costs: The surface has a signi�cant curvature and equal variation of the two para-

meters leads to di�erent pricing e�ect, i.e. there is a skew.
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7. Appendix

7.1. Proof of Proposition 1

Beweis. The value of the unsecured zero-coupon bond is the probability weighted sum of its

cash �ows.

B0(0, T ) = E
[
exp(−rT )I{τ>T}F

]− E [exp(−rτ)I{τ<T}rc
]

= exp(−rT )F(1− P (τ ≤ T ))− rc
T∫

0

exp(−rt)P (τ = t)dt . (23)

Equation (12) is well-known in the literature. We provide a proof for the sake of completeness.

Applying Itô's Lemma for equation (8), it follows that the logarithm of the credit spread has

the following dynamics

dst =
(
µS − 1

2
σ2
S

)
dt+ σSdW

S
t . (24)

Using the volatility-scaled credit spread process we �rst consider the case s0 = 0. De�ning

µs = µS − 1
2σ

2
S , we get st = µst + σSW

S
t → sσt = µσs t + WS

t . With the change of measure

ŴS
t = WS

t + µσs t where the Radon-Nikodym derivative is d bP
dP = exp

(−µσsWS
t − 1

2(µσs )2t
)
, we

obtain sσt = ŴS
t .

Since

P (τ ≥ t) = P

(
max

0≤u≤t
s(u) ≥ m

)
= P (M s(t) ≥ m)

where M s(t) = max
0≤u≤t

s(u), it follows

P (M s(t) ≥ m) = P (s(t) ≥ m) + P (s(t) ≤ m,M s(t) ≥ m) . (25)
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Then,

P (s(t) ≤ x,M s(t) ≥ m) = P (sσ(t) ≤ xσ,M sσ(t) ≥ mσ)

= Ê
[
exp

(
µσs s

σ
T −

1
2

(µσs )2T

)
I{eσ(t)≤xσ,Msσ (t)≥mσ}

]

= Ê
[
exp

(
µσs (2mσ − sσT )− 1

2
(µσs )2T

)
I{2mσ−sσt ≤xσ}

]

= exp(2mσµσs )P̃ (sσt ≥ 2mσ − xσ)

= exp(2mσµσs )P̃
(
W̃t − µσs t ≥ 2mσ − xσ

)

= exp
(

2mµs
σ2
S

)
P̃

(
W̃t ≥ 2m− x+ µst

σS

)

= exp
(

2mµs
σ2
S

)
N

(
x− 2m− µst

σS
√
t

)
(26)

where the third line follows from the re�ection principle and in the fourth line the change of

measure W̃t = ŴS
t + µσs t is used. Finally,

P (M s(t) ≥ m) = N

(
µst−m
σS
√
t

)
+ exp

(
2mµs
σ2
S

)
N

(−µst−m
σS
√
t

)
(27)

For the case s0 6= 0, m above needs to be replaced by m − s0. Replacing further m − s0 =

ln(M/S0) and µs = µS − 1
2σ

2
S proves (12). The probability density function of the default time

follows from its de�nition:

p(τ = t) =
d

dt
P (τ ≤ t)

=
ln(M/S0)
σSt
√

2πt
exp



−

1
2

[
ln(S0/M) +

(
µS − 1

2σ
2
S

)
t

σS
√
t

]2


 (28)

7.2. Proof of Proposition 2

Beweis. We write
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T∫

0

exp(−rt)P (τ > t)dt =

T∫

0

exp(−rt)dt−
T∫

0

exp(−rt)P (τ < t)dt (29)

Integrating the second part of (29) by parts gives

GZ(0, T ) =
Z

r


1− exp(−rT )P (τ > T )−

T∫

0

exp(−rt)dP (τ < t)


 (30)

The last term in equation (30) can be expressed analytically using the following Lemma

(for the proof see Bielecki and Rutkowski (2002)).

Lemma 1. Let a, b, c ∈ R b < 0 and c2 > a. Then for every y > 0

y∫

0

exp(ax)dN
(
b− cx√

x

)
=
d+ c

2d
g(y) +

d− c
2d

h(y)

where d =
√
c2 − 2a and

g(y) = exp[b(c− d)]N
(
b− dy√

y

)
, h(y) = exp[b(c+ d)]N

(
b+ dy√

y

)

Setting y = T, a = −r, x = t, b = ln(S0/M)
σS

and c = ∓(µS− 1
2
σ2
S)

σS
proves the claim.
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7.3. Proof of Proposition 3

Beweis.

I1 = E
[
exp(−rτ)CτI{τ<T,Cτ<Fτ}

]

= C0E
[
I{τ<T, Cτ<Fτ} exp

{
σCW

C
τ +

(
µC − r − δ − 1

2
σ2

C

)
τ

}]

= C0Ê
[
exp{(µC − r − δ)τ}I{τ<T, Cτ<Fτ}

]
(31)

where d bP
dP = exp

{
σCW

C
t − 1

2σ
2
Ct
}
and ŴC

t = WC
t − σCt. Let µ′C = µC − r − δ. Then,

Ê
[
exp(µ′Cτ)I{τ<T, Cτ<Fτ}

]
= Ê



T∫

0

exp(µ′Ct)Ê
[
I{Cτ<Fτ |τ=t}

]
dt




=

T∫

0

exp(µ′Ct)P̂ (Cτ ≤ Fτ | τ = t)p̂(τ = t)dt (32)

This change of measure naturally necessitates a change in the drift terms of both credit spread

and collateral processes. They are µC−δ+ 1
2σ

2
C for the collateral, and µS+ρσCσS− 1

2σ
2
S for the

credit spreads. The conditional probability P̂ (Cτ ≤ Fτ | τ = t) is determined by the following

two events.

(
µC − δ +

1
2
σ2

C

)
t+ σCŴ

C
t ≤ ln(Ft/C0) (33)

(
µS + ρσCσS − 1

2
σ2
S

)
t+ σSŴ

S
t = ln(M/S0) (34)

We set ŴC
t = ρŴS

t +
√

1− ρ2Ŵ
C

t in (17), where Ŵ
C

t and ŴS
t are uncorrelated. Substituting

ŴS
t above, we obtain

P̂ (Cτ ≤ Fτ | τ = t) = N

(
1√

1− ρ2

(
d′C − ρd′S

)
)

(35)
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with

d′C =
ln(Ft/C0)− (µC − δ − 1

2σ
2
C

)
t

σC

√
t

− σC

√
t (36)

d′S =
ln(M/S0)− (µS − 1

2σ
2
S

)
t

σS
√
t

− ρσC

√
t . (37)

Finally, the density function of the default time under this new measure follows:

p̂(τ = t) =
ln(M/S0)
σSt
√

2πt
exp



−

1
2

[
ln(S0/M) +

(
µS − 1

2σ
2
S

)
t

σS
√
t

+ ρσC

√
t

]2


 . (38)

The calculation of I2 follows similar arguments. It is even simpler since no change of measure

is needed.
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