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Credit Migration Risk Modelling

Abstract

We consider the modelling of credit migration risk and the pricing of migration

derivatives. To construct a Point-in-Time (PIT) rating migration matrix as the under-

lying value for derivative pricing we show first that the Affine Markov Chain models is

not sufficient to generate PIT migration matrices in both, an economic boom and con-

traction. We show that the introduction of rating direction and speed, which replace

the ambiguous rating drift, and the use of a Regime Shifting Markov Mixture model

both lead to migration matrices which fit well with Point-in-Time data. Our extended

framework still provides an analytical pricing formula for CDS. We apply the model

to price CDS before and during the current financial crisis. The results show a large

underpricing in the CDS market prices compared to the theoretical prices before the

the financial crises stared.

Keywords: Credit Migration Risk, Point-In-Time, Migration Matrix, Regime Shifting

Markov Mixture model, Credit Derivatives, Credit Default Swap, CDS, MI: Mathe-

matical Issues in Finance, RM: Risk Management.
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1 Introduction

Traditional credit derivatives are contingent on the default event of the counter parties. But

banks not only face loans which are effected by default of their clients but their earnings are

also affected by for example annual down- or up-gradings of their client’s creditworthiness.

Such migrations of the client’s ratings create losses, opportunity losses or non-realizable

gains depending on the specific loan contracts.

We provide a new model of rating migrations which can be used to price derivatives

on rating migration matrices. There are at least four reasons why one might consider not

only the default state in credit risk financial innovation:

• Many loan contracts have fixed terms and conditions for a given maturity and there

exist no financial covenants between the counter parties and the banks. Hence, any

change in the counter party creditworthiness represents an opportunity loss or gain.

Credit migration derivatives allows for investors to hedge or take positions on such

migrations in a portfolio.

• Many banks face large small and mid cap (SME) portfolios. First, this small firms are

mostly not strongly exposed to global economic circumstances. Second, if the banks

use a sound credit attribution process, the SME ratings are not concentrated at the

extremes, i.e. neither in the AAA-state and not close to the default state. Therefore,

economic cycles leads mostly to a concern about a worsening or improvement of

the credit worthiness distribution which is mostly not related to defaults. Hence,

managements credit risk concern of such large SME portfolios is migration risk and

not default risk management.

• Traditional credit risk pricing compensates explicitly if firms default. There is no

possibility to bet on an increasing creditworthiness of the firms. Using all rating

states as payoff relevant instead, both side movements with different depth become

tradable. In this sense credit migration risk becomes similar to market risk.

• Credit migration risk allows trading for a broader range of risk and loss aversion. This

means that investors which are unwilling to sell protection condition on defaults might

do this if only a credit deterioration by say one or two rating classes is considered.
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The main contributions of this paper are: The construction of a underlying value,

i.e. a migration matrix, which is able to fit well with Point-in-Time transformed S&P

data. This requires the introduction of the notions rating speed and rating drift which

replace the common rating drift term and the generalization of an Affine Markov Chain

model to a Regime Shifting Markov Mixture model. The model is flexible enough to

generate reasonable probability of default term structures, to obtain a rating flow in the

migration matrix which is able to fit to observed migrations both in economic booms and

concentrations and finally, the model provides us with analytical pricing formula for bonds

and credit default swaps. Hence, the tractability of the Affine Markov Chain model of

Hurd and Kuznetsov (2006a), which we generalize, is maintained.

The second contribution is the empirical analysis for CDS. The calibration of the model

leads to theoretical prices which we compare to market CDS prices. It follows that before

the crisis, credit risk in the market is strongly underpriced compared to the model prices.

Second, the forecasted model prices indicate that credit risk premia will be high until 2014.

Our approach is based on Hurd and Kuznetsov (2006a). They propose an Affine Markov

Chain model which generalizes Jarrow, Lando and Turnbull (1997), Lando (1998) and Ar-

vanitis, Gregory and Laurent (1999) to the joint modelling of multi firm credit migration.

We base our approach on this research stream instead on the standard industry approaches

to price and hedge credit derivatives which are based on the copula or factor multi firm

credit model initiated by Li (2000) and extended by Laurent and Gregory (2003), Hull and

White (2004a), Andersen, Sidenius and Basu (2003). These models have the advantages

of flexibility, computational speed and ease of calibration. But these advantages are offset

by the deficiency that hazard rates and default correlations are introduced without con-

sideration to the dynamics of the underlying companies. This tradeoff results in the fact

that these methods provide no means to include dynamics of default correlations and credit

spread changes, making them intrinsically unreliable when credit markets become stressed.

In contrast, models for credit dynamics, such as multi firm structural credit models, should

be more reliable.

The paper is organized as follows. In Section 2 we discuss in detail rating issues, such as

the different rating methods and the need to introduce the rating speed and direction. We

summarize the current standards regarding the migration matrix and the shortcomings in

Section 3. Section 4 proposes the Regime Shifting Markov Mixture model and the pricing
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of Credit Default Swaps. Some empirical results of the Regime Shifting Markov Mixture

model are presented in Section 5. Section 6 concludes.
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2 Understanding the Rating Input

We consider several aspects of the rating input for credit migration risk modelling. Since

the migration matrix is our underlying value we need to make clear what kind of rating

approach is used as input. Because the goal is to price derivatives on the migration matrix,

we require Point-In-Time (PIT) ratings, see Rikkers and Thibeault (2007). That is, a rating

of an obligor uses all current information. Since the rating data basis used from rating

agencies are generally believed to follow a Through-the-Cycle (TTC) rating approach, we

discuss the definitions and differences of the two approaches together with their impact on

the migration matrix in Section 2.2.

We use two data sets for our empirical analysis. The first data set is the Standard &

Poor’s credit migration database, which covers rating history from 11 000 large companies

from 1981 - 2005. We use the Standard & Poor’s data as Through-the-Cycle ratings. Since

Point-in-Time ratings are needed for derivative pricing, we transform the TTC data into

a PIT data set. The logic of this transformation is as follows, for details see Blöchlinger

(2008). The transformation applies to the individual default probability (PD) of each

obligor. We assume that the default probability is driven by a sum of a common and

idiosyncratic risk factor, with mean zero. Then, the TTC-PD is given by the expectation

of the PD, i.e. the mean of the common risk factor. The PIT PD is given by the conditional

expectation of the PD conditional on the realization of the common risk factor. Due to

the serial dependence in economic cycles, it is assumed that the common risk factor is an

autocorrelated process. The common risk factor representing the state of the economy used

in this transformation is the CFNAI-index. The obtained PIT PDs are then transformed

into ratings using a fixed master scale. This provides us finally with a PIT migration

matrix for all obligors.

2.1 Credit Migration Matrices

The rating scales is replaced by an equivalent numerical scale, i.e.

{AAA,AA, A,BBB, . . . , ′default′} ↔ {1, 2, 3, 4, . . . , K}.
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The migration matrix then describes all possible transition probabilities given a rating

scale, i.e.

P(t) =




p1,1 p1,2 . . . p1,K

p2,1 p2,2 . . . p2,K
...

...
. . .

...
pK−1,1 pK−1,2 . . . pK−1,K

0 0 . . . 1




, (1)

where each pi,j in (1) represents the transition probability from state i to state j if i 6= j in

a time period t. The rows represent the current rating of the obligors whereas the columns

represent the future rating. The last row K represents the absorbing state of default, i.e.

the probability of leaving the default state equals zero. With the highest rating in row

one, the elements below the diagonal are the probabilities for upgrades, and the elements

above the diagonal are the probabilities for downgrades. The upper part of the matrix

also includes the Kth column which gives the default probabilities for the different ratings.

The diagonal elements represent the probabilities for the ratings to be preserved in period

t.

A major task is to describe the dynamics of the migration matrix as an underlying

value. The dynamics of this matrix depends on several factors. The first one which we

consider is the rating approach used as an input, i.e. what are the effects on the matrix

entries if one uses a PIT or a TTC methodology, respectively.

2.2 Through-the-Cycle vs. Point-in-Time

All ratings have to follow a predetermined rating approach in order to ensure quality and

objectivity. The choice of the rating approach highly affects the migration matrices. There

are essentially two pure rating approaches, TTC and PIT.

A TTC rating should express the same degree of credit worthiness at any time inde-

pendent of the state of the economy. TTC ratings are also called stressed ratings, since the

rating should be the same through the whole business cycle, especially at financial distress

(Varsanyi 2007).

PIT ratings evaluate the obligor based on all current information. The default probabil-

ity (PD) within a specific grade should remain the same at all times (Rikkers and Thibeault

2007). Contrary, the default probabilities for TTC ratings change within the rating classes

over time. This feature makes the PIT ratings more volatile and more migrations will occur
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compared to TTC ratings (Rösch 2005). In a perfect TTC ratings approach no migrations

will occur. If the rating only depend on the PD, we can illustrate the relationship between

the rating and the PD of a firm under the two different approaches, see Figure 1. We

see that the PD increases at the beginning of the period during an economic downturn.

Since the PDs are fixed within the rating classes under the PIT approach, the firm will be

downgraded to a B rating starting from BB. The same logic applies if the PD of the firm

decreases due to a expansion of the economy. However, in the TTC world the firm remains

always BB rated during the whole cycle.
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Figure 1: Relationship between the true PD of a firm and the rating under the two rating

approaches. The dashed lines are the lower bounds for the PIT rating classes and the solid

lines are the lower bounds for the TTC rating classes.

Hence, migration matrices following a TTC-rating have a large probability mass on the

diagonal due to the rating stability over time. In PIT migration matrices the probability

mass is more spread away from the diagonal over time, see Figure 2 for a comparison of

the two matrices in two different economic environments.

We summarize the characteristic features of migration matrices posted by large rating
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Figure 2: Yearly migration matrices for 1991 (above) and 1989 (below). In the left (right)

panel, PIT (TTC) matrices are shown. The two different states of the economy are reflected

in the different probability mass of the PIT matrix: For 1991 we have a dominant sub-

diagonal due to high probabilities for upgrades for the PIT ratings. For 1989 we have

a dominant super-diagonal due to high downgrade probabilities for the PIT ratings. The

variations for the TTC matrices are much lower for the two economic states.
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agencies, like Moody’s or Standard & Poor’s, as follows: The matrices have a dominant

diagonal, a general downgrade drift and small variations over the years. Even though the

exact formulations of the approaches are not publicly disclosed, we can therefore assume

that they follow a TTC approach.

2.3 Speed and Direction

The current standard to describe the migration matrix is the so-called rating drift. This

expression has two drawbacks. First, its definition is vague and second, a single quantity

is not sufficient to characterize the migration matrix behavior over time such that the

observed differences between PIT and TTC rating approaches can be properly described.

To better describe the differences between two migration matrices we introduce two

quantities, the rating direction and rating speed. Using two quantities, rating speed and

direction, instead of only the rating drift, we can describe the PIT migration matrices

better. We define the rating direction as the difference between upgrades and downgrades.

The rating speed denotes the magnitude of migrations, i.e. migration over several classes

will give a larger speed then migration to near classes. Formally we define the direction

and speed as:

direction =

∑K−1
i=1

(∑
j<i pij −

∑
j>i pij

)

K − 1
∈ [−1, 1], (2)

speed =

∑K
i=1

∑K
j=1 |i− j|pij

(K − 1)2
∈ [0, 1]. (3)

Both quantities are independent of the number of rating classes, i.e the size of the

migration matrix. We can therefore compare migration matrices with different number of

rating classes.

Figure 3 illustrates the speed and direction of both the S&P data (TTC) and the

transformed PIT data over time. PIT migration matrices change both direction and speed

frequently if economic transitions happens. It also follows that the changes in speed and

direction can not be linked by a simple rule. This is due to the fact that economic cycles

can not be described by simple oscillating functions but always possess a superimposed

stochastic component. This observations mainly motivates the use of a two-dimensional

characterization of migration matrices. TTC migration matrices have only small changes

in speed and only occasionally change direction from downgrades to upgrades.
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Figure 3: Yearly rating direction (Left Panel) and speed (Right Panel). S&P data are

shown as a dashed line, PIT data as a solid line.

3 Migration Matrix Model: Current Standards

We consider the current standard to model migration matrices based on a Markov chain

model, see e.g. Schönbucher (2005), Hurd and Kuznetsov (2006a) and Bluhm and Overbeck

(2007). We introduce to the Affine Markov Chain model following Hurd and Kuznetsov

(2006a) which is the most general model. We then study whether the model setup is

sufficient to generate a migration matrix which one can use as an underlying value for

derivative modelling.

3.1 The Affine Markov Chain Model

Hurd and Kuznetsov (2006a) define the Affine Markov Chain model as follows. They

consider a finite state space {1, 2, . . . , K} where each state represents different rating classes

via the mapping:

{1, 2, 3, 4, . . . , K} ↔ {AAA,AA, A, BBB, . . . , ′default′}. (4)

The continuous time migration matrix through is defined as:

P(t) = eτtL , (5)

with τt the stochastic time change and L the generator matrix. Hurd and Kuznetsov

(2006a) define the stochastic time change as

τt =
∫ t

0
λsds , (6)
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3.2 The Stochastic Time Change Credit Migration Risk Modelling

with λt a CIR process. Thus, two parameters affect the migration matrix; the generator

and the stochastic time change.

In the Affine Markov Chain model the rating for a firm is given by the value of the

credit migration process Yt ∈ [1, 2, . . . , K], specified as a finite state Markov Chain in real

time. Hence the value of the process, Yt gives the credit rating of a firm at time, t. If we

use the dynamics of the stochastic time change under the risk neutral probability measure,

the migration probability from rating i to rating j under Q equals:

Q(Yt = j|Y0 = i) = EQ
[
(P(t))i,j

]
= EQ

[(
eτtL)

i,j

]
for i, j = 1, 2, . . . ,K. (7)

The last expectation can be calculated in closed form using Laplace transforms, see Hurd

and Kuznetsov (2006a).

Basic to this model type are the stochastic time change and the static generator. We

consider these two quantities in more detail next.

3.2 The Stochastic Time Change

With a static generator, the stochastic time change is the only dynamic parameter in the

Affine Markov Chain model. Given a constant negative direction created by the generator

the time change speeds up during recessions and slows down during expansions. Since time

can not run backwards, we obtain the best state when the time change approaches zero

for a period of real time. Hence the best state only preserves the current ratings. The

stochastic time change can by its construction therefore only affect how fast obligors reach

the default state. There is no question whether an obligor will default, but only how fast

this will happen. From our view of the migration matrix characterization, the stochastic

time change only affects the speed of the model. Coupled with the static generator, see

the next section, their model lacks to account for changing direction. But in reality, the

best state in the economy also includes a possibility for firms to be upgraded. Such a move

cannot be modelled in the Affine Markov Chain models.

3.3 The generator matrix

The Affine Markov Chain model specifies the generator as a static matrix. Once we have

estimated the generator, the only way to make the migration matrix time-in-homogeneous

is via the stochastic time change. A static generator will have a constant rating direction.
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Suppose that we estimate the generator only once. Then the generator has to preform

well on average and can be applied for several years. Following Israel, Rosenthal and Wei

(2001) we estimate an average generator using migration data from Standard & Poor’s

collected over the last 25 years. This generator produces the historical average migration

matrix. This average matrix is characterized with a dominant diagonal, i.e. the probability

for obligors to preserve their rating is larger then 50%, and an small negative direction,

i.e. on average obligors migrate to lower grades than to upper grades. However, there is

only this pessimistic view on obligors creditworthiness: There is no possibility to model

an optimistic view at the same time. But Figure 3 shows the need to be able to change

the direction of the migration matrix over time in order to model PIT migration matrices.

In summary, Andersson (2007) shows that the existence of a static generator can not be

confirmed for one out of ten years using Standard & Poor’s yearly migration matrices. For

PIT migration matrices there exists no generator for two out of three years. This contrasts

with the observation that in the academic literature existence of a true generator is in

general assumed, see e.g. Lando (1998), Arvanitis et al. (1999) and Hurd and Kuznetsov

(2006a, 2006b).

There are several ways to improve the static modelling approach. First, one could model

a truly dynamic generator. Second, the Markov chain can be made time inhomogeneous

using a time change which interacts with the static generator. Hurd and Kuznetsov (2006a)

use a static generator and obtain the non-homogeneity through a stochastic time change.

They also make it possible to include one or several extra generators in their model. The

addition of further generators will however only have the effect that default probabilities

will increase further. Bluhm and Overbeck (2007) show that there several inconsistencies

between the above model prediction and empirical observations. They introduce a non-

homogeneous generator instead of the static time-homogeneous generator. Lando and

Sködeberg (2002) propose a dynamic generator, where every element in the generator is

a stochastic process. However, the complexity of the model makes it difficult to obtain

tractable solutions for credit derivatives pricing. Frydman and Schuermann (2007) propose

a Markov mixture model to overcome the problem with time-homogeneity. They use a

mixture of two static generators which leads to a non-homogeneous generator. We note

that all models above are not able to take the negative direction into account. A change

of direction is not possible.
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There are two further shortcomings which makes it necessary to enlarge the typical

Affine Markov Chain approach of Hurd and Kuznetsov (2006a). First, their model focuses

too heavily on the Probabilities of Default (PD), neglecting the transition states of the

migration matrix. This implies that over longer time horizons, i.e. three to five years, the

model gives unrealistic probabilities for non-default migrations compared to true proba-

bilities. However, the model still provides accurate PD. More precisely, for a period of

economic downturn we observe increased PD and higher probability for upgrades for all

rating classes in their model. This model output is not in line with empirical observations

and has its origin in the static generator.

Second, using a Affine Markov Chain model only non-decreasing PD term structures

arise. The model has no ability to create inverted PD curves since the time change can only

stretch or bend the term structure curves but not change the sign of their slope. But if an

obligor overcomes a financial distress, the default probability will decrease over the years,

i.e. inversion of the term structure is a well-known empirical observation. In an Affine

Markov Chain model we have to either let the model follow the default probability at the

beginning of the period and by that overestimate the future default probability, or we must

underestimate the short term default probability to allow for an convergence of the long

term default probability. Both cases affect the price of any long term Credit Derivative,

leading to misspricing and arbitrage opportunities. Bluhm and Overbeck (2007) highlight

these shortcomings concerning PD term structure when it comes to non-decreasing PD

curves. However, they do not discuss inverted or other exotic PD curves.

We propose a model which is able to reproduce a reasonable PIT migration matrix, i.e.

not only the PD but also the produced transition probabilities are in line with empirical

observations. The model is able to account for changes in both rating speed and rating

direction (we get a possibility to consider different economic scenarios) and which maintains

the analytical tractability of the Affine Markov Chain approach. The model we propose is

a Regime Shifting Markov Mixture model.

14
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4 The Regime Shifting Markov Mixture Model

We introduce a Regime Shifting Markov Mixture model following Andersson (2007) as:

P(t) = qte
τG
t LG

+ (1− qt)eτB
t LB

. (8)

In this model, qt is a mixing parameter, τG
t , τB

t are stochastic time changes and LG,LB are

triangular static generators. Hence we have a mixture model with two Markov Chains, one

governing the upgrades and one governing the downgrades. The mixing parameter q, or

regime shift, governs the mixture between the two chains. With this construction we can

keep static generators and still overcome the above shortcomings since the time changes

together with the regime shifting parameter represent both the speed and the direction of

the migrations.

4.1 Generators and parameters

We estimate the triangular generator matrices such that they together form a solution to

the embedded problem of the yearly migration matrices following Israel et al. (2001). In

this way we achieve consistency with data over longer periods as

qte
tLG

+ (1− qt)etLB
= eLt, (9)

when qt equals one-half. Since both generators are true generators, i.e. row sums equal zero,

positive off-diagonal elements and a negative diagonal, they give true migration matrices

and hence the sum of the two migration matrices is a true migration matrix given that

qt ∈ [0, 1]. The regime shifting parameter then determines if there should be an overweight

of downgrades or upgrades. qt governs the migration direction as defined above and is

related to the economic cycle. The movements of the two should therefore be highly

correlated. The time derivative of qt will represent the direction of the economy. A positive

derivative value q′t indicates a shift in the economy to a booming state and a negative value

represents a worsening of the economic state. We define the regime shifting parameter qt

as:

qt =
1
η0

(η1 sin (αt + γ) + η2 sin (βt + ξ) + η3) , (10)

with α, β, γ, η0, η1 and η3 positive constants and η2, ξ independent random variables. η2

is Beta distributed, with parameters a1 and a2, and ξ is Gaussian distributed, with mean

15



4.1 Generators and parameters Credit Migration Risk Modelling

0 and variance %2. This specifies qt as a superposition of random and a deterministic sine

function. Hence, the model shows both components of economic cycles: A underlying pure

cycle which is superimposed a random process. Both are able to generate the observed

irregular oscillations of economic cycles.

We next define the stochastic time changes as:

τG
t =

∫ t

0
λG

s ds, (11)

τB
t =

∫ t

0
λB

s ds, (12)

where λB and λG are Ornstein-Uhlenbeck processes with time varying level of mean

reversion specified as:

dλG
t = κG(θG(t)− λG

t )dt + σGdWG
t , (13)

dλB
t = κB(θB(t)− λB

t )dt + σBdWB
t , (14)

where:

θG(t) = b + cE[qt],

θB(t) = b− cE[qt], bandc ∈ R+.

Using theses mean-reverting processes, the stochastic time changes are able to increase

or decrease the speed of the migrations. Hence, the time varying level of mean reversion

links the regime shift and the time changes. The mean reverting processes force the time

changes to behave in a irregular cyclic way. This mimics the economic cycle. The economic

cycle enters therefore the model twice: Through the regime shift and the time changes.

Since the regime shift drives the direction of migrations and the time changes define the

speed, we avoid a double use of the economic cycle within the model.

The time changes are slightly negatively correlated, i.e. when one time change speeds

up the other will slow down and vice versa, as we see in Figure 4 (Andersson 2007).

The long term average for the time changes are close to realtime, i.e. the mean-reverting

processes varies around one. We assure the convergence to real time, since we estimate the

generators such that they solve the embedding problem, see Israel et al. (2001). Figure 4

illustrates the empirical time changes for PIT data. We observe both, the varying speeding

up and slowing down of the time changes and the average tendency to converge to real

time. We also see the correlation between the regime shift and the time changes. With
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a large regime shift, i.e. a shift q close to one, the speed of the upgrade chain increases

whereas the speed of the downgrade chain approaches zero. The opposite is also true when

the regime shift tends to zero.

4.2 Dynamics of the model

The Regime Shifting Markov Mixture Model separates in two Markov chains, with two

time-homogeneous Markov chains in model-time:

P(t) = qtPG(t) + (1− qt)PB(t),

PG(t) = eτG
t LG ∂PG(t)

∂τG
= LGPG(t),

PB(t) = eτB
t LB ∂PB(t)

∂τB
= LBPB(t).

Taking the derivative with respect to real time we get the dynamics of the model as:

Ṗ = q̇t(PG −PB) + qtLG ∂τG

∂t
PG + (1− qt)LB ∂τB

∂t
PB = Ṗ

G
+ Ṗ

B
.

Separating the derivative in one lower and one upper triangular part yields:

Ṗ
B

= (1− qt)LB ∂τB

∂t
PB − q̇tPB =

(
(1− qt)λB

t LB − q̇tI
)
PB,

Ṗ
G

= qtLG ∂τG

∂t
PG + q̇tPG =

(
qtλ

G
t LG + q̇tI

)
PG.

We analyze the part of the dynamics governing the downgrades. There are two terms

effecting the dynamics of the migration probabilities. The first one consists of the static

generator adjusted by the state of the economy and the speed of the downgrades. The

speed of rating changes increases in a bad state of the economy, i.e. when qt is close to

zero, and if the lowest economic state is reaches, i.e. also q̇t is close to zero. The second

term arises from the direction of the economy. We have a positive direction q̇t if we move

from a bad to a good state of the economy and a negative for the other direction move.

The magnitude of q̇t increases the rating change dynamics if we move into a bad state of

the economy. For the extremes, i.e. qt close to zero respectively close to one, the effect of

the second term on rating migration becomes even more transparent. When qt approaches
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zero, i.e. are in a bad state of the economy, the speed of the downgrades and the direction

of the economy adjust the generator. If we move in this state the rating migration speed

dynamics increases by the direction of the economy, and when we move out of the bad

state, q̇t will be positive and hence the rating dynamics speed decreases.

For the part of the model governing the upgrades, the generator is multiplied by the

state of the economy and the time change adjusted by the direction. In a bad state only

the direction of the economy determine the dynamics. As for the dynamics of downgrades,

the dynamics of the upgrades increase with increased speed of the upgrades through the

stochastic time change.

4.3 Credit derivatives pricing

The pricing of credit derivatives in our new model essentially reduces to the calculation of

the expectation as:

EQ
0,X0,y

[
e−

∫ t
0 uXsds−vXt

]
= G(t,X0,u,v), (15)

where the expectation is taken at time 0, X0 is the initial value of the parameters and y is

the initial rating of the obligor.

Proposition 4.1. If Xt follows the dynamics:

dXt = κ(θ(t)−Xt)dt + σdBt,

then the function G in (15) is given as:

G(t,X0,u, v) = e−φ(t,u,v)−Xtψ(t,u,v), (16)

ψ(t,u, v) =
(
v− u

κ

)
e−κt +

u
κ

, (17)

φ(t,u, v) = κ

∫ t

0
θ(s)ψ(s,u, v)ds− 1

2
σ2

∫ t

0
ψ2(s,u, v)ds. (18)

Proof. See Appendix A.

We calculate the above expectation under the risk neutral probability measure Q to ob-

tain arbitrage free prices. However, the yearly migration matrices from the rating agencies

as well as historical internal rating data from banks are under the historical probability

measure P. But the dynamics and the magnitudes are higher for the risk neutral measure
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compared to the historical measure (Hurd and Kuznetsov 2006b, McNeil, Frey and Em-

brechts 2005). Hurd and Kuznetsov (2006a) argue that the relationship can be captured

with a version of the Girsanov Theorem. To avoid the technical difficulties associated with

the change of measure and to assure ability to model the more dynamic risk neutral mea-

sure, Schönbucher (2005) and McNeil et al. (2005) suggest that the specification of the

model should be done under Q directly. We assume no arbitrage and that all discounted

traded assets are Q-martingales. We then calibrate the model for the risk neutral prob-

abilities directly, rather than going through the historical measure and then change the

measure. This risk neutral calibration also assures that the model can handle the more

dynamic probabilities under the risk neutral measure. Since the risk neutral default prob-

abilities cannot be observed directly, we calibrate our model using financial instruments

priced under the risk neutral probabilities, see Schönbucher (2005).

If we specify the model under the risk neutral probability measure, we calculate the

migration probabilities as:

Q0,X0,y(Yt = j) = EQ
0,X0,y

[
I{Yt=j}

]
= (19)

=





qt

∑K
i=1 vG

y,iṽ
G
i,jG

G(t, λG
0 , αG

i , 0) if y > j

(1− qt)
∑K

i=1 vB
y,iṽ

B
i,jG

B(t, λB
0 , αB

i , 0) if y < j

qt

∑K
i=1 vG

y,iṽ
G
i,jG

G(t, λG
0 , αG

i , 0)+
+ (1− qt)

∑K
i=1 vB

y,iṽ
B
i,jG

B(t, λB
0 , αB

i , 0) if y = j

where:

qt ≡ EQ[qt] =
1
η0

(
η1 sin (αt + γ) +

1
2
e
−%2

2 sin (βt) + η3

)
(20)

with αk
i the eigenvalues of Lk and vk

i,j and ṽk
i,j the elements in the eigenvector matrix

and the inverse eigenvector matrix, for k = G,B respectively. Equation (19) shows the

separation of our mixture model for upgrades and downgrades: We can have a optimistic

view on the economy with an overweight of upgrades, as well as a pessimistic one with an

overweight of downgrades. From a PD term structure view, the model is able to reproduce

inverted as well as other exotic default probability curves, since the regime can move from

bad to good. Figure 5 shows the differences between the yearly PIT migration matrices

and the best fitted migration matrices from the Affine Markov Chain model, (5) and

the Regime Shifting Markov Mixture model, (8). The differences are measured using the
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Figure 5: Matrix differences between real PIT data and Affine Markov Chain model (dashed

line) and Regime Shifting Markov Mixture model (solid line)

Weighted Index to Default, developed in Trück and Rachev (2005) for the measurement

of migration matrix differences. We observe that the Regime Shifting Markov Mixture

model outperforms the Affine Markov Chain model for the whole period. This is especially

true for years of economic boom as 1995-1999 as well as 2005. An explanation for the

inability of the Affine Markov Chain model to produce an overweight of either upgrades

or downgrades, is shown in Figure 6 where we plot the migration matrices for a single

bad and a single good economic year, respectively. The Regime Shifting Markov Mixture

model is able to shift the probability mass, whereas in the Affine Markov Chain model the

ratings are almost preserved.

To show the analytical strengths of the model we calculate the analytical price for

Credit Default Swaps (CDS) in our framework. We assume the interest rate to follow a

Vasicek model. We also introduce a non-trivial recovery mechanism, i.e. we add recovery of

treasury to the pricing problem through the recovery process Rt, see Schönbucher (2005).

We chose the fair CDS spread such that it solves the balance equation at initial date, see
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Figure 6: PIT Migration Matrices for a bad (above) and a good (below) year. (Left:Regime

Shifting Markov Mixture model and Right: Affine Markov Chain model)
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(Hurd and Kuznetsov 2006a):

CDS × V0 = W0, (21)

where V0 equals the value of the premium leg at time 0 and W0 equals the value of the

insurance leg at time 0.

Proposition 4.2. Consider the rating scale mapping (4) and a migration matrix given

by the Regime Shifting Markov Mixture model (8) and (11)-(14). Then the value of the

premium leg at time t of the CDS reads:

Vt = EQ
t,Xt,y

[∫ T

t
e−

∫ s
t ruduI{t∗>s}ds

]
=

∫ T

t
Bt(s, 0)ds (22)

The value of the insurance leg at time t reads:

Wt = EQ
t,Xt,y

[
e−

∫ t∗
t rsds (1−Rt∗) Bt∗(T, 0)I{t∗≤T}

]

=
K∑

i=1

vB
y,iṽ

B
i,0

∫ T

t

(
e−φr(T−s,1,0)Gr(s− t, rt, 1, ψr(T − s, 1, 0))

(
1−Gl(s− t, lt, 0, 1)

)

×
(

(1− qs)α
B
i Dv(GB(s− t, λB

t , αB
i , 0))− q′sG

B(s− t, λB
t , αB

i , 0)
))

ds (23)

where DvG
B(·) denotes the derivative of GB(·) in the v-variable and:

qs ≡ EQ[qs] =
1
η0

(
η1 sin (αs + γ) +

1
2
e
−%2

2 sin (βs) + η3

)
(24)

q′s ≡ EQ[q′s] =
1
η0

(
η1α cos (αs + γ) +

1
2
e
−%2

2 β cos (βs)
)

(25)

Proof. See Appendix B.

These solutions are, despite the ability of the model to describe the dynamic behavior

of PIT ratings, very close to the solutions for the Affine Markov Chain model in Hurd

and Kuznetsov (2006a). However, the price of the insurance leg in (23) has one extra

term compared to the price equation in Hurd and Kuznetsov (2006a), i.e. the last term

which involves GB and q′s. This term can be interpreted as a correction stemming from the

direction of the economy. If q′s < 0 the regime moves from good to bad state, causing more

defaults. Consequently, everything else equal, the value of insurance leg increases. The

opposite is true for q′s > 0. This correction is important for the initial pricing, but also for

the secondary markets and evaluation of positions in CDS. Our new model can therefore

not only better describe the dynamic behavior of migration matrices but it can also obtain
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a CDS pricing formula which includes a correction term which adjusts the price according

to the economic cycle.

If we apply (23) to the current credit crises we would observe an earlier price movement

in the Regime Shifting Markov Mixture model compared to the Affine Markov Chain model.

This is due to the fact that first the regime shifts and then the clocks in the time change

speed up. We have two effects in our model, first there is a correction due to the change

in direction of the migrations and then the increased speed of migrations, i.e. a time

change, matters. The Affine Markov Chain model accounts only for a speed increase of the

value of the insurance leg. The correction term (23) therefore increases the value of the

insurance leg compared to the model of Hurd and Kuznetsov (2006a) at the beginning of

the crises when we change from an expansive to a contracting economy. The same argument

applies if the economy recovers from a contraction. In summary, in the Regime Shifting

Markov Mixture model, prices of the CDS react faster to changing economic circumstances

than in the model without a regime shift. In the regime model prices increase (decrease)

much faster compared to the Hurd and Kuznetsov (2006a) model when we enter (leave)

a economic contraction. This leads us to conclude, that CDS prices in the Affine Markov

Chain model, are underpriced (overpriced) at the beginning (end) of a crises. Evidence

for underpricing of CDSs in the reduced form credit risk models is reported in Houweling

and Vorst (2005). They report statistical significant underpricing of CDSs during the

period 1999-2001. Another paper that reports substantial differences between observed

and model swap rates is Cathcart, El-Jahel and Bedendo (2008). They however consider

only structural models. In Pengelly (2007) the effects of the current crisis is discussed and

the conclusion is that investors shift from mark-to-model to mark-to-market. The reason

is that the pricing models did not follow the increased credit spreads in the market.
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5 Empirical Results

We present some empirical results on CDS pricing using the Regime Shifting Markov

Mixture Model. We follow Andersson (2008) and calibrate the model using the Extended

Kalman Filter - Quasi Maximum Likelihood algorithm. We calibrate the model using

Corporate Bond Indices from Moody’s. The calibration is preformed on Aaa and Baa

rated indices using weekly observations over a 5 years horizon. We use the observations

from 2001 until 2006 for the CDS pricing in 2006 . For the CDS price forecast (2010-2013),

we use the calibration result for the time period 2004-2009. The calibration parameters

of the model are robust for different calibration periods, see Appendix C for details. The

theoretical 5-year CDS model spreads are given by Proposition (4.2). Figures 7 and 8 show

the theoretical and market price spreads.

Rating 2005 2006 2007 2008 2009
Market Price AAA 18.5 17 19.5 37.5 64.5

A 45 35 37 55 155
BBB 57.5 53.5 60 111.5 168

Model Price AAA 51 34 46 64 69
A 65 43 58 81 87
BBB 76 51 68 95 102

Percentage-Difference AAA -64% -50% -57% -41% -7%
A -19% -19% -36% -32% 78%
BBB 5% 5% -12% 18% 65%

Correction Term AAA 11 19 32 -18 -50
A 13 22 34 -18 -55
BBB 15 23 35 -19 -57

Table 1: Theoretical CDS prices in comparison with quoted Market data (Source

Bloomberg). The Correction term refers to the contribution of extra term in (23).

Our model gives higher prices for the CDS going towards the crisis. This is remarkable

since we calibrate the model to an economic boom state. The reason could be that we

calibrate our model to corporate bonds rather than to CDS prices and before the crisis,

the basis between CDS credit risk pricing and corporate bond credit risk pricing was on

average positive.

The market CDS prices are 50% lower for higher rating classes and similar for lower
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rated firms. The reason for this can be that we calibrate the model to TTC ratings of

Moody’s. The model prices are likely to be higher for the lower rating classes in a PIT

environment since we expect more downgrades when entering a economic contraction under

a PIT philosophy.

The model is not too optimistic about the future. The model does not foresees a

decrease in the CDS prices until 2014, see Figures 7 and 8.

We next isolate the correction term in (23) to see the impact of this correction term

on CDS prices. The correction term adds 20 bps to the prices in 2006 and 30 bps in 2007.

During 2008 and 2009 the correction is negative ranging from a value close to zero to 50

bps.
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6 Conclusion

We show in this paper how we can obtain pricing of derivatives with a credit migration

matrix as underlying value. To achieve this result, we have to extend the Affine Markov

Chain model setup in several directions. A major requirement is that the model is able to

fit well with the observed dynamic behavior of PIT ratings, in any status of the underlying

economy. It follows that models of the Affine Markov Chain type are able to model the

dynamics to the default state well, but fail to fit the flow between other rating states in

the whole migration matrix. Furthermore, the Affine Markov Chain model together with

a stochastic time change is not able produce for example an inverse term structure of the

probabilities of default starting from a normal one: A single time change can only bend

the term structure curves but not change the sign of their slopes.

We therefore, introduce a new mixture model that can be used in order to overcome

the shortcomings of the Affine Markov Chain model. With this model, we can create

migration matrices with higher accuracy for all transition probabilities in the migration

matrices, especially for PIT and SME ratings. We introduce a Regime Shifting Markov

Mixture model which can describe both the speed and the direction of migration matrices.

The construction also allows for a tractable solution for many pricing problems associated

with credit risk since the model separates in one chain governing the upgrades, and one

governing the downgrades. Our new model provides accurate probabilities for all elements

within the migration matrices. We finally compare the model prices with market prices. For

that, we do a calibration using the Extended Kalman Filter - Quasi Maximum Likelihood

algorithm, see Andersson (2008) for details. We calibrate the model using Corporate Bond

Indices from Moody’s. The main results of the calibration are: First, it follows that market

quotes for CDS are underpriced before the current financial crisis compared to model prices.

Second, the model forecasts high credit risk premia for the next years, i.e. until 2014.

Further research focus on the implementation and calibration of the Regime Shifting

Markov Mixture model. See Andersson (2008) for a Kalman filter Maximum Likelihood

approach to the calibration.

27



REFERENCES Credit Migration Risk Modelling

References

Andersen, L., Sidenius, J. and Basu, S.: 2003, All your hedges in one basket, RISK .

Andersson, A.: 2007, Credit Migration Derivativers, modelling of the underlying credit

migration matrices, Master’s thesis, Lund University.

Andersson, A.: 2008, Credit migration derivative: - pricing the product, Working Paper

University of Zürich and ETH Zürich .

Arvanitis, A., Gregory, J. and Laurent, J.-P.: 1999, Building Models for Credit Spreads,

Journal of Derivatives 6(3).

Blöchlinger, A.: 2008, Linking the TTC and PIT default probabilities, Working Paper

Zürcher Kantonalbank .

Bluhm, C. and Overbeck, L.: 2007, Calibration of PD Term Structures: To Be Markov

Or Not To Be, Risk Magazine 20(11).

Cathcart, L., El-Jahel, L. and Bedendo, M.: 2008, Market vs model

credit default swap spreads: Mind the gap!, Preprint available at

http://papers.ssrn.com/sol3/papers.cfm?abstract_id=1099922 .

Frydman, H. and Schuermann, T.: 2007, Credit Rating Dynamics and Markov Mixture

Models, Preprint available at http://www.defaultrisk.com/pp_other107.htm .

Houweling, P. and Vorst, T.: 2005, Pricing default swaps: Empirical evidence, Journal of

International Money and Finance 24(8).

Hull, J. and White, A.: 2004a, Valuation of a cdo and a nth to Default CDS Without

Monte Carlo Simulation, Journal of Derivatives 12(2).

Hurd, T. R. and Kuznetsov, A.: 2006a, Affine Markov chain model of multifirm credit

migration, Journal of Credit Risk 3(1).

Hurd, T. R. and Kuznetsov, A.: 2006b, Fast CDO computations in the Affine Markov

chain model, Preprint available at http://www.defaultrisk.com/pp_crdrv_65.htm

.

28



REFERENCES Credit Migration Risk Modelling

Israel, R., Rosenthal, J. and Wei, J.: 2001, Finding generators for Markov chains via em-

pirical transition matrices, with applications to credit ratings, Mathematical Finance

11(2).

Jarrow, R., Lando, D. and Turnbull, S.: 1997, A Markov Model for the Term Structure of

Credit Spreads, The Review of Financial Studies 10(2).

Lando, D.: 1998, On Cox Processes and Credit Risky Securities, Review of Derivatives

Research 2.

Lando, D. and Sködeberg, T.: 2002, Analyzing rating transitions and rating drift with

continuous observations, Journal of Banking & Finance 26.

Laurent, J.-P. and Gregory, J.: 2003, Basket default swaps, cdo’s and factor copulas,

Journal of Risk 7(4).

Li, L. X.: 2000, On default correlation: a copula function approach, Journal of Fixed

Income .

McNeil, A., Frey, R. and Embrechts, P.: 2005, Quantitative Risk Management, - Concepts,

Techniques and Tools, Princeton University Press, Princeton and Oxford.

Pengelly, M.: 2007, Marking to mayhem, Risk 20(11).

Rikkers, F. and Thibeault, A.: 2007, The optimal rating philosophy for the rating of

SME’s, Vlerick Leuven Gent Working Paper Series 2007/10 .

Rösch, D.: 2005, An Empirical Comparison of Default Risk Forecasts from Alternative

Credit Rating Philosophies, International Journal of Forecasting 21(1).

Schönbucher, P.: 2005, Credit derivatives pricing models: Models, Pricing and Implemen-

tation, Wiley Finance.

Trück, S. and Rachev, S.: 2005, Changes in Migration Matrices and Credit VaR - a new

Class of Difference Indices, Working Paper, Institute of Statistics and Mathematical

Economics, University of Karlsruhe .

Varsanyi, Z.: 2007, Rating philosophies: some clarifications, Munich Personal RePEc

Archive, paper no. 1733 .

29



Credit Migration Risk Modelling

A Proof of Proposition (4.1)

Through independence of the processes, we only need to evaluate (15) in the one-dimensional

case. We derive the expressions from the Feynmann-Kac formula which states that when

Xt is a continuous time Markov process with generator G then,

G(t, x) = E0,x[e−
∫ t
0 uXsdsF (Xt)],

is characterized as the unique solution of the equation,
{ −[∂tf ](t, x) + [Gf ](t, x)− uxf(t, x) = 0, t > 0,

f(0, x) = F (x).

The generator of a Ornstein Uhlenbeck process is

[Gf ](x) = κ(θ(t)− x)f ′(x) +
σ2

2
f ′′(x).

If we set f(t, x) = e−φ(t,u,v)−xψ(t,u,v), the equation above separates to the system of differ-

ential equation as
{

κψ + ψ′ − u = 0, ψ(0, u, v) = v,

−κθ(t)ψ + φ′ + σ2

2 ψ2 = 0, φ(0, u, v) = 0.

The solution of this system is

ψ(t, u, v) =
(
v − u

κ

)
e−κt +

u

κ
,

φ(t, u, v) = κ

∫ t

0
θ(s)ψ(s, u, v)ds− 1

2
σ2

∫ t

0
ψ2(s, u, v)ds.
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B Proof of Proposition (4.2)

The proof of the premium leg is trivial. For the proof of the insurance leg (23) we first use

the indicator function of default as integrator. We further assume some regularities of the

integrals in order to be able to use Fubini’s Theorem together with the assumption that the

derivatives can be achieved within the expectations. The result then follows by the same

arguments as the previous proofs, i.e. the law of iterated expectations and independence

of the processes.

Wt = EQ
t,Xt,y

[
e−

∫ t∗
t rsds (1−Rt∗) Bt∗(T, 0)I{t∗≤T}

]

= EQ
t,Xt,y

[∫ T

t
e−

∫ s
t rudu (1−Rt∗) Bt∗(T, 0)dI{s}

]

= EQ
t,Xt,y

[∫ T

t
e−

∫ s
t rudu (1−Rt∗) Bt∗(T, 0)dEQ

[
I{Ys=0}|{Zu}u≤T

]]

= EQ
t,Xt,y

[∫ T

t
e−

∫ s
t rudue−φr(T−s,1,0)−ψr(T−s,1,0)rs(1− els)

× d

ds

(
(1− EQ

s [qs])
K∑

i=1

vB
y,iṽ

B
i,0e

− ∫ s
t αB

i λB
u du

)
ds

]

= EQ
t,Xt,y

[∫ T

t
e−

∫ s
t rudue−φr(T−s,1,0)−ψr(T−s,1,0)rs(1− els)

×
( K∑

i=1

(1− EQ
s [qs])vB

y,iṽ
B
i,0(α

B
i λB

s )e−
∫ s

t αB
i λB

u du − EQ
s [q′s]v

B
y,iṽ

B
i,0e

− ∫ s
t αB

i λB
u du

)
ds

]

=
K∑

i=1

vB
y,iṽ

B
i,0

∫ T

t

(
e−φr(T−s,1,0)Gr(s− t, rt, 1, ψr(T − s, 1, 0))

(
1−Gl(s− t, lt, 0, 1)

)

×
(

(1− qs)α
B
i DvG

B(s− t, λB
t , αB

i , 0)− q′sG
B(s− t, λB

t , αB
i , 0)

))
ds

for the last equality we use the formula:

EQ
t,Xt,y

[
(−wλB

t )e−
∫ t
0 uλB

s ds−vλB
t

]
= (wDv)GB(t, λB

t , u, v) (26)
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C Calibration Results

Since we are only interested in the default probabilities in this article we only present the

parameters for the part of the model that is relevant for the default probabilities, i.e. the

Markov Chain that drives the downgrades. The generator, LB for the downgrades used in

the calibration and pricing of CDS with the Regime Shifting Markov Mixture Model is the

following:



-0.682 0.340 0.118 0.063 0.041 0.029 0.022 0.017 0.014 0.012 0.010 0.009 0.008
0 -0.672 0.339 0.117 0.063 0.041 0.029 0.022 0.017 0.014 0.012 0.010 0.009
0 0 -0.660 0.337 0.117 0.063 0.040 0.029 0.022 0.017 0.014 0.012 0.010
0 0 0 -0.726 0.376 0.130 0.070 0.045 0.032 0.024 0.019 0.016 0.013
0 0 0 0 -0.702 0.370 0.128 0.069 0.044 0.032 0.024 0.019 0.015
0 0 0 0 0 -0.665 0.359 0.124 0.067 0.043 0.031 0.023 0.018
0 0 0 0 0 0 -0.876 0.486 0.168 0.091 0.058 0.041 0.031
0 0 0 0 0 0 0 -0.901 0.518 0.179 0.097 0.062 0.044
0 0 0 0 0 0 0 0 -0.803 0.486 0.168 0.091 0.058
0 0 0 0 0 0 0 0 0 -0.742 0.484 0.168 0.090
0 0 0 0 0 0 0 0 0 0 -0.819 0.608 0.211
0 0 0 0 0 0 0 0 0 0 0.000 -0.522 0.522
0 0 0 0 0 0 0 0 0 0 0 0 0




Parameter Estimate
κB 1.994
σB 2.2707
α 1.3495
β 0.5030
%2 0.0010
b 0.5393
c 0.4779
γ 21.6337
η0 0.5936
η1 0.1484
η3 0.5022

a1, a2 0.5

Table 2: Parameter estimates for the calibration period 2004-2009. The parameter estima-

tions for the other calibration period are similar.
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D CDS Rates
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Figure 7: CDS rates as observed in the US-Market and theoretical prices given from the

Regime Shifting Markov Mixture Model
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Figure 8: CDS rates as observed in the US-Market and theoretical prices given from the

Regime Shifting Markov Mixture Model
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