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ABSTRACT

We introduce a new class of flexible and tractable matrix affine jump-diffusions (AJD) to model

multivariate sources of financial risk. We first provide a complete transform analysis of this model class,

which opens a range of new potential applications to, e.g., multivariate option pricing with stochastic

volatilities and correlations, fixed-income models with stochastically correlated default intensities, or

multivariate dynamic portfolio choice with volatility and correlation jumps. We then study in more

detail some of the new structural features of our modeling approach in two applications to option

pricing and dynamic portfolio choice. First, we find that a three-factor matrix AJD model can generate

variations of the implied volatility skew term structures that are largely unrelated to the level and

composition of the spot volatility. This feature can allow the model to improve on benchmark AJD

settings in reproducing the overall shape of the smile of equity index options. Second, we find that

volatility and correlation jumps can imply an economically relevant intertemporal hedging demand in

optimal dynamic portfolios, when jump intensities exhibit co-movement with the returns’ covariance

matrix.

JEL classification: D51, E43, G13, G12

Keywords: Affine jump-diffusions, matrix subordinator, stochastic volatility, stochastic correlations, option pricing,

portfolio choice, yield curve models

Introduction

We propose a new class of flexible and tractable matrix affine jump diffusions (AJD) to model

multivariate sources of risk in finance. This class offers a convenient multivariate framework for
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financial modeling purposes, in which stochastic volatilities, stochastic correlations, and jumps can

be consistently modeled. Given the affine structure, we can retain a high degree of analytical

tractability, with closed-form expressions for several pricing transforms, despite the potentially

complex dependencies between multiple factors and their co-volatilities or between returns and their

second moments. These convenient features of matrix AJD offer a unifying modeling framework

with a wide range of potential applications such as, e.g., multivariate option pricing with stochastic

volatilities and correlations, fixed-income models with stochastically correlated default intensities,

or multivariate dynamic portfolio choice with volatility and correlation jumps.

Using matrix AJD, we introduce explicit examples of new multivariate models of asset returns,

in which multifactor volatility, stochastic correlations, stochastic skewness, and jumps can naturally

coexist. In this context, we derive closed form option pricing formulas by transform methods and

closed form optimal hedging demands for dynamic portfolio choice. We then briefly investigate

some of the main features of a yield curve model with stochastically correlated risk factors and an

incomplete bond market generated by a (matrix) jump component.

We study in more detail some of the new structural features of our setting using two calibrated

matrix AJD models for option pricing and dynamic portfolio choice. We first find that a three-factor

matrix AJD option pricing model with correlated risk factors, jumps in returns and a stochastic

intensity generates variations of the implied volatility skew term structures that are largely un-

related to the level and composition of the spot volatility. This feature is helpful to reduce the

pricing errors of benchmark AJD models in reproducing the overall shape of the implied volatility

smile of out-of-the-money equity index options. Second, we find that volatility and correlation

jumps can imply an economically relevant inter-temporal hedging component, even if their size and

probability of volatility might be moderate, when the jump probability co-moves with the returns

variance-covariance matrix.

Early contributions in continuous-time finance have made the assumption that prices are driven

by diffusion processes, mostly geometric Brownian motions. This base setting has been soon ex-

tended by introducing stochastic volatility following a separate diffusion process.1 However, these

models fail to account appropriately for the extreme movements in some financial time series or

for the patterns in the cross-sectional smile of short-term options. Therefore, a second stream of
1See Hull and White (1987) and Heston (1993), among many others.
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literature has considered models with discontinuous sample paths, including jumps in returns and,

more recently, mixing stochastic volatility with jumps in both returns and volatility.2

The usefulness of models with stochastic volatility and discontinuous trajectories is well sup-

ported by empirical evidence. Similarly, multifactor models are key for many areas in finance, such

as option pricing, term structure modeling, and dynamic portfolio choice.3 In the option pricing

literature, it is well documented that single-factor stochastic volatility models with jumps can gen-

erate smiles and smirks. However, it has been recognized that many single-factor models implicitly

impose a relationship between volatility and the level and slope of the smile, which is too restrictive

to capture the variability in the implied volatility skew.4 For example, the smiles of index and single

stock options are well-known to exhibit substantial variability, as Figure 1 illustrates.5

[Figure 1 about here.]

First, the different cross-sectional properties of the implied volatility surface at different points

in time indicate the potential presence of multiple sources of risk. Second, the time series of risk

reversals, defined as the difference of the implied volatilities of a 10% out-of-the money call and

a 10% out-of-the money put, shows that the slope of the implied volatility smile is time-varying.

This slope reflects the skewness of the underlying’s risk-neutral return distribution. The skewness

of the index is negative throughout the whole time period; the one of the stock option is much more

volatile and can occasionally change sign. Moreover, it can feature jump-like patterns that a pure

diffusion model is unable to generate. Such properties of implied volatility surface dynamics pose

serious challenges to the model design. We exploit our matrix AJD setting to develop multifactor

option pricing models, in which some of these features can be naturally embedded without a loss

in analytical tractability.
2Jump diffusions have a long history in financial economics, dating back at least to Merton (1976). Empirical

evidence for jumps in interest rates and asset prices was given as early as in Ball and Torous (1985) and Jorion
(1988), among many others. Andersen, Benzoni, and Lund (2002) argue that a reasonable continuous-time model
for equity index returns must include both stochastic volatility and jumps. Further support for this conclusion,
using option data, is provided by Bakshi, Cao, and Chen (1997), Bates (2000), Pan (2002), and Broadie, Chernov,
and Johannes (2007), among others. Chernov, Gallant, Ghysels, and Tauchen (2003), Eraker, Johannes, and Polson
(2003), and Eraker (2004) find that both prices and volatility exhibit discontinuities in their time series behavior,
and that jump diffusions better fit option and return data. Jones (2003) shows that the volatilities implied by the
square-root volatility process are too smooth to be reconciled with the empirical evidence. Using data from the VIX
volatility index, Duan and Yeh (2007) finds that the Heston (1993) square-root stochastic volatility process performs
poorly, even when jumps in the price process are allowed.

3See, e.g., Bates (2000), Duffie, Pan, and Singleton (2000), and Gallant, Hsu, and Tauchen (1999).
4Recent evidence on the topic for currency option markets is given in Carr and Wu (2007).
5Index and single stock option markets also exhibit quite different cross-sectional pricing patterns, with index

option smiles that are typically steeper than those of single stock options; see, e.g., Bakshi and Madan (2000).
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For dynamic portfolio choice, a stochastic conditional variance covariance matrix of returns

has important economic consequences. Ball and Torous (2000) examine the correlation process of

international stock markets and find a correlation structure that is changing dynamically over time.

They conclude that ignoring the stochastic component of correlation leads to erroneous portfolio

allocations and risk management. Buraschi, Porchia, and Trojani (2010) develop a multivariate

portfolio choice model with a stochastic covariance matrix driven by a matrix diffusion. They

find that the hedging demand in the multivariate setting is substantially larger than in univariate

models. Using our matrix AJD setting, we extend this model and account for the empirical evidence

of potentially nonsmooth dynamics in returns and their second moments.6 We find that the co-

movement between the stochastic jump intensity and the covariance matrix of returns increases the

sensitivity of the marginal utility of wealth to variance-covariance shocks. This increase generates

a large economically significant intertemporal hedging demand.

In the term structure literature, it is argued that multifactor models with stochastically corre-

lated factors and positive jump intensity may help in matching several properties of interest rate

dynamics. Standard affine term structure models typically impose restrictions on the factor de-

pendence to guarantee admissibility and econometric identification of the latent state variables.7

Matrix AJD models can help to weaken some of these constraints. In addition, several empirical

regularities motivate the inclusion of a jump component. Ball and Torous (1999) and Chen and

Scott (2001), among others, find that innovations in interest rate levels are largely uncorrelated with

innovations in interest rate volatility. Similarly, Collin-Dufresne and Goldstein (2002) and Heidari

and Wu (2003) document that interest rate factors explaining the variation in the swap yield curve

explain only little of the variation in interest rate option and swaption implied volatilities. This

finding is referred to as the unspanned volatility or incomplete market phenomenon.8 Furthermore,

Wright and Zhou (2008) note that a potentially important source of unspanned volatility can be

jump risk in bond returns. They also show that a fraction of the bond returns predictability can

be linked to a time-varying jump size. Matrix AJD yield curve models can provide a tractable
6Huang and Tauchen (2005), among others, find evidence for the presence of jumps in the S&P 500. According

to their findings, jumps account for about 4.5 to 7.0 percent of the total daily variance of the S&P Index, cash
or futures. However, they leave open the question about the economic significance of the jump component. An
interesting answer along this dimension is given in Das and Uppal (2004), who study a multivariate jump-diffusion
model in which a geometric Brownian motion is extended by a jump part driven by a common Poisson process with
constant intensity. They show that when jumps are neglected in selecting the optimal portfolio, the potential for
conditional diversification is substantially overstated.

7Dai and Singleton (2000) emphasize the implied tradeoff between factors’ dependence and their stochastic volatil-
ities, as well as the arising drawbacks for explaining the empirical yield curve regularities.

8See also Han (2007) and Joslin (2007), among others.
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framework for studying these features, in a setting that naturally generates both stochastic bond

returns co-movement and incomplete bond markets.

The class of stochastic processes in our matrix AJD setting includes, among others, the Wishart

pure diffusion process of Bru (1991), which has been introduced in the finance literature by

Gouriéroux, Jasiak, and Sufana (2004) and Gouriéroux and Sufana (2004b), and some of the pure-

jump matrix Ornstein-Uhlenbeck subordinators in Barndorff-Nielsen and Stelzer (2007). Our set-

ting extends these models in a natural way by specifying directly an additional matrix-valued jump

component with a potentially stochastic intensity. This approach differs from Cheng and Scaillet

(2007), who specify linear-quadratic jump diffusions for standard state spaces using a squared affine

jump-diffusion process with an affine intensity. In particular, our setting overcomes the restrictions

necessary to preserve positivity of the intensity and the affine structure of the whole process in

Cheng and Scaillet (2007). Methodologically, we introduce matrix AJD defined on the state space

of symmetric positive definite matrices and characterize completely several transforms related to

these processes. We then borrow the transform pricing approach for affine processes on Rm
+ ×Rn−m

from Duffie, Pan, and Singleton (2000) and solve several valuation and portfolio problems arising

in a variety of new multivariate model settings based on matrix AJD state dynamics. Finally,

the mathematical foundation of our work on matrix AJD processes has been recently provided by

Cuchiero, Filipovic, Mayerhofer, and Teichmann (2009) who characterize the class of stochastically

continuous time-homogenous Markov processes, i.e., affine processes on state space S+
n of positive

semi-definite matrices. They show that these processes have necessarily a generator with coeffi-

cients that are affine in the state variables. Moreover, admissibility conditions on the parameters of

the generator of affine processes are in a one-to-one relation to the coefficients in the exponentially

affine Laplace transform of these processes.

The plan of the paper is as follows. Section 1 introduces our class of matrix AJD processes. In

Section 2, we focus on derivative pricing and we additionally include jumps in the return process. We

specify our model both in a multifactor setting as well as for multivariate return processes. For both

settings, we derive tractable solutions for option pricing. In Section 3, we discuss three applications

of our framework. First, we derive the optimal portfolio allocation in the presence of jumps in the

variance-covariance process and we analyze their potential impact on the intertemporal hedging

demand. Second, we study equity index option pricing in the context of a three-factor model based
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on matrix AJD. Third, we develop a term structure model based on matrix AJD and highlight the

role of a flexible covariance structure to account for incomplete bond markets. Section 4 concludes.

1. Matrix Affine Jump Diffusions

We fix a probability space (Ω,F ,P) and a filtration {Ft} satisfying the usual conditions. We

suppose that X is an adapted Markov process in the state space D ⊂ S+
n , with S+

n the positive

cone of symmetric positive semi-definite n× n matrices. Further, ei, i = 1, . . . , n, denotes the i-th

unit vector in Rn. In comparison to standard affine models, the main distinction of our approach

lies in the choice of the state space D. Instead of working with a subset of Rm
+ ×Rn−m, n ≥ m, we

use the cone of symmetric positive semi-definite matrices.

Assumption 1. The Markov process X solves the stochastic differential equation:

dXt =
(
ΩΩ′ + MXt + XtM

′) dt +
√

XtdBtQ + Q′dB′
t

√
Xt + dJt , X0 = x ∈ S+

n , (1)

where Ω,M, Q ∈ Rn×n, B is a matrix of standard Brownian motions in Rn×n, and J is a pure jump

process taking values in S+
n . Jump sizes ξX are IID and follow a finite probability distribution νX

on S+
n . Jumps are realized with an intensity {λX(Xt) : t ≥ 0}, where the function λX : D → R+ is

affine, i.e., λX(x) = λX,0 + tr(λX,1x), with λX,0 ≥ 0 and λX,1 ∈ S+
n .

The restriction ΩΩ′ À (n − 1)Q′Q guarantees that Xt is positive semidefinite. The positivity

of λX(Xt) then follows directly, since λX,0 ≥ 0 and both matrices λX,1 and Xt are positive semi-

definite. With a zero jump intensity, we obtain the pure diffusion Wishart process introduced by Bru

(1991) and studied in Gouriéroux and Sufana (2004a).9 If ΩΩ′ and Q are both matrices of zeros, then

X is a finite-activity pure jump process in the class of Ornstein-Uhlenbeck matrix subordinators

analyzed by Barndorff-Nielsen and Stelzer (2007). Note that there are many candidate distributions

for the jump size of J , which we specify as a pure jump process taking values in S+
n .10

In general, the components of the matrix AJD process Xt feature a stochastic volatility of

volatility and co-volatility. However, when (i) the matrices, Ω, Q,M and λX,1 are diagonal and (ii)

9For ΩΩ′ = βQ′Q, β > n− 1, the transition density of this process is Wishart; see, e.g., Muirhead (1982), p. 44.
If β > n + 1, then X is positive definite almost surely; see also Mayerhofer, Pfaffel, and Stelzer (2009), Theorem 2.2.

10Probability distributions on S+
n include, e.g., the Wishart, Inverse Wishart, and matrix-variate Gamma, Beta,

Dirichlet, Liouville, and confluent Hypergeometric distributions of kind 1 and 2.
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the distribution νX has probability mass concentrated on the diagonal components of the elements

of Sn, we obtain a class of n-dimensional positive factor processes with independent factors. This

class includes, e.g., all n-dimensional factor models with independent factors following a scalar

jump diffusion with Heston (1993)-type volatility. Thus, such models are naturally nested in our

matrix AJD framework.

Due to their positive semi-definite state space, matrix AJD are the natural processes to model

stochastic covariance matrices, having potentially discontinuous trajectories with jumps that are

realized according to a stochastic intensity. Moreover, they are useful to specify flexible multivariate

risk structures, in which both positive and negative factors can feature stochastic co-volatility and

co-jumps. We can illustrate these properties by focusing on the implied correlation processes

ρij := Xij/
√

XiiXjj , 1 ≤ i ≤ j ≤ n, in the case where Xt is used as a model of a conditional

covariance matrix.

Proposition 1. The dynamics of the ij-th correlation coefficient implied by the positive semi-

definite matrix AJD process X in Assumption 1 is given by:11

dρijt = m(ρijt)dt +
e′i
√

XtdBtQj + e′j
√

XtdBtQi√
XiitXjjt

− ρijt

(
e′i
√

XtdBtQi

Xiit
+

e′j
√

XtdBtQj

Xjjt

)

+ρijtζ
X
ijtdJρ

t ,

where Qi and Qj are the i-th and j-th column of matrix Q, respectively, and Jρ is a pure jump

process with intensity λX(Xt) and IID (percentage) correlation jump size given by:

ζX
ijt =

1 +
ξX
ij

Xijt√(
1 + ξX

ii
Xiit

)(
1 +

ξX
jj

Xjjt

) − 1 . (2)

11The proof involves the application of Itô’s Lemma on a matrix-valued process and can be obtained by the authors
on request.
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m(ρijt) = Aijtρ
2
ijt + Bijtρijt + Cijt is a quadratic drift function with stochastic coefficients

Aijt =
e′iQ

′Qej√
XiitXjjt

−Mji

√
Xiit

Xjjt
−Mij

√
Xjjt

Xiit
,

Bijt =
e′i(Q

′Q− 2ΩΩ′)ei

2Xiit
+

e′j(Q
′Q− 2ΩΩ′)ej

2Xjjt
−

∑

k 6=i,j

(
Mikρikt

√
Xkkt

Xiit
+ Mjkρjkt

√
Xkkt

Xjjt

)
,

Cijt =
e′i(ΩΩ′ − 2Q′Q)ej√

XiitXjjt

+ Mji

√
Xiit

Xjjt
+ Mij

√
Xjjt

Xiit
+

∑

k 6=i,j

(
Mikρjkt

√
Xkkt

Xiit
+ Mjkρikt

√
Xkkt

Xjjt

)
.

The instantaneous conditional variance of the correlation process has the form:

1
dt
Et

(
dρ2

ijt

)
= v2(ρijt) + λX(Xt)E

(
ζX
ijt

2
)

, (3)

where v2(ρijt) = (ρ2
ijt − 1)(2ρijtQ

′
iQj/

√
XiitXjjt −Q′

iQi/Xiit −Q′
iQj/Xjjt).

The correlation process of matrix AJD features nonlinear persistence properties and a stochastic

volatility of volatility. Both the drift and the volatility are not autonomous processes and depend

in general on all components of Xt. The correlation drift m(ρijt) is a quadratic function of ρijt with

stochastic coefficients Aijt, Bijt and Cijt. The coefficient Aijt is a function only of the conditional

variances Xiit and Xjjt, but coefficients Bijt and Cijt depend on all conditional variances Xkk,

1 ≤ k ≤ n, and all other correlations ρik, ρjk, k 6= i, j. The conditional variance of dρijt is the

sum of v(ρijt)2 and λ(Xt)E[(ζX
ijt)

2]. The first term, which is the contribution of the continuous

part of the correlation process to the conditional variance, depends only on the correlation ρijt and

the corresponding variance terms Xiit and Xjjt. In contrast, the contribution of the discontinuous

part, λ(Xt)E[(ζX
ijt)

2], to the conditional variance of the correlation depends on all correlations and

variances ρijt, Xiit and Xjjt, 1 ≤ i, j ≤ n, via the stochastic intensity λ(Xt). This last feature

generates rich dynamics in conditional second moments.

To illustrate the dynamic properties of our matrix AJD setting, we simulate a 2×2 matrix AJD

and plot the resulting volatility and correlation dynamics in Figure 2. As parameter input for the

diffusion part of the model, we use the estimated values in Buraschi, Porchia, and Trojani (2010) for

the S&P 500 Index Futures and the 30-year Treasury Bond Futures sampled at monthly frequencies.

These parameters, together with the parameter choice for the jump part of the model, are reported

in Table 1. In Figure 2, we also plot the resulting stochastic intensity and the correlation jump
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sizes. Volatilities and jump intensities are time-varying, which leads to a clustering of jump events

in phases of high jump intensities.

[Figure 2 about here.]

The resulting correlation process features both positive and negative jumps. The degree of variation

in realized jumps sizes implied by the model parameter choice is substantial. It implies in some

cases a change in the overall sign of the correlation at times of a correlation jump.

1.1. Exponentially Affine Transforms

As shown in Duffie, Pan, and Singleton (2000) for affine processes on the state space Rm
+ ×Rn−m, a

broad variety of financial pricing problems can be efficiently solved by means of transform methods.

Therefore, our aim is an analytical characterization of the discounted Laplace transform of Xt:

ΨX(Γ, Xt, t, T ) := E
[
exp

(
−

∫ T

t
R(Xs)ds + tr(ΓXT )

)∣∣∣∣Ft

]
, (4)

where Γ ∈ Sn and {R(Xt) : t ≥ 0} is the short interest rate process.

Assumption 2. The short rate process is affine: R(x) = ρ0 + tr(ρ1x), where ρ0 ≥ 0 and ρ1 ∈ S+
n .

Assumption 2 directly implies a positive short rate, which is convenient to ensure existence of

a well-defined transform ΨX .

Proposition 2. Let Assumptions 1, 2, and additional regularity conditions be satisfied.12 Then,

the discounted Laplace transform (4) is exponentially affine:

ΨX(Γ, Xt, t, T ) = exp (B(T − t) + tr(A(T − t)Xt)) (5)

with functions B(u) ∈ R and A(u) ∈ S+
n that solve the system of matrix differential equations:

dA(τ)
dτ

= −ρ1 + M ′A(τ) + A(τ)M + 2A(τ)Q′QA(τ) + λX,1

[
ΘX(A(τ))− 1

]
, (6)

dB(τ)
dτ

= −ρ0 + tr
(
A(τ)ΩΩ′

)
+ λX,0

[
ΘX(A(τ))− 1

]
, (7)

12See Cuchiero, Filipovic, Mayerhofer, and Teichmann (2009) Theorem 2.4., 2.5 and Proposition 4.9.

9



subject to terminal conditions B(0) = 0 and A(0) = Γ. ΘX denotes the Laplace transform of the

jump size distribution.

If we choose λX(Xt) to be constant, we can derive closed-form solutions for functions A(u) and

B(u) in Proposition 2. These solutions can be obtained by applying Radon’s lemma to linearize

the ordinary differential equation for A(τ).

Corollary 1. Let Assumptions 1, 2 and additional regularity conditions be satisfied. Assume

further that λX,1 = 0. Then, A(τ) = (ΓC12 + C22(τ))−1 (ΓC11 + C21(τ)), where C12(τ) and C22(τ)

are n× n blocks of the following matrix exponential:


 C11(τ) C12(τ)

C21(τ) C22(τ)


 := exp


τ


 M −2Q′Q

−ρ1 −M ′





 . (8)

Given the solution for A(τ), the coefficient B(τ) follows by direct integration:

B(τ) = −ρ0τ + tr

[
ΩΩ′

∫ τ

0
A(s)ds

]
+ λX,0

[∫ τ

0
ΘX(A(s))ds− τ

]
. (9)

With the above analytical approach, one can circumvent the need for numerical solutions, which

are unavoidable for many standard multivariate affine models with state space Rm
+ ×Rn−m, n ≥ m.

In models with stochastic intensity, solutions can be obtained using standard numerical methods.13

1.2. Transform Inversion Formula

For option pricing purposes, we can consider for any A,B ∈ Sn the following transform, which is

the matrix AJD version of the transform in Duffie, Pan, and Singleton (2000) to price several types

of financial payoffs in affine models with state space Rm
+ × Rn−m:

GA,B(y; X0, T ) := E
[
exp

(
−

∫ T

0
R(Xs)ds + tr(AXT )

)
I(tr(BXT ) ≤ y)

]
, (10)

13An alternative approach can use asymptotic approximations starting from the closed-form solution for the case
λX,1 = 0.
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where I(C) is the indicator function of event C, y ∈ R, and A, B ∈ Sn. GA,B(y; X0, T ) can be

interpreted as the price of a European option with payoff exp(tr(AXT )) at maturity T if tr(BXT ) ≤
y. The Fourier-Stieltjes transform of GA,B, if well defined, is given by:

GA,B(v; X0, T ) =
∫

R
exp(ivy)dGA,B(y; X0, T )

= E
[
exp

(
−

∫ T

0
R(Xs)ds + tr ((A + ivB)Xt)

)]

= ΨX(A + ivB, X0, 0, T ), (11)

where v ∈ R and i =
√−1. The inversion formula for GA,B(y,X0, T ) then immediately follows.

Corollary 2. Under regularity conditions, the transform in equation (10) is given by:

GA,B(y;X0, T ) =
ΨX(A,X0, 0, T )

2
− 1

π

∫ ∞

0

Im
[
ΨX(A + ivB,X0, 0, T ) exp(−ivy)

]

v
dv

where Im(c) is the imaginary part of c ∈ C.

Corollary 2 and Proposition 2 allow us to extend the range of known transform solutions

in Duffie, Pan, and Singleton (2000) to our matrix AJD setting. For R(Xt) = 0 and A = 0,

GA,B(y; X0, T ) gives us the conditional probability distribution of tr(BXT ) given X0. The corre-

sponding density of tr(BXT ) follows by differentiation of GA,B(·; X0, T ).

1.3. Stochastic Discount Factor and Risk Neutral Pricing

Let Assumption 1 be satisfied and P be the physical probability measure. An exponentially affine

stochastic discount factor is a process ξ = {ξt : 0 ≤ t ≤ T} defined by

ξt = exp
(
−

∫ t

0
R(Xs)ds

)
exp (α(t, T ) + tr(β(t, T )Xt)) , (12)

such that {ξt exp(
∫ t
0 R(Xs)ds) : 0 ≤ t ≤ T} is a martingale process under P, for given continu-

ous functions α(·, T ) : [0, T ] → R and β(·, T ) : [0, T ] → S+
n with α(0, T ) = 0 and β(0, T ) = 0.

It follows that we can define an equivalent martingale measure P∗ by the density dP∗/dP :=
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ξT exp(
∫ T
0 R(Xs)ds). Therefore, the arbitrage-free time-t price Πt of any FT -measurable contingent

claim ΠT := Π(XT , T ) satisfies the risk-neutral valuation formula:

Πt =
1
ξt
Et [ξT ΠT ] = E

∗
t

[
exp

(
−

∫ T

t
R(Xs)ds

)
ΠT

]
, (13)

where E∗t [·] denotes the conditional expectation with respect to probability P∗. Under these condi-

tions, X follows a matrix AJD also under the risk-neutral probability measure (see Proposition 6

in the Appendix). The main implication of this result is that under the risk-neutral probability P∗,

implied by the exponentially affine density dP∗/dP = exp(
∫ T
0 R(Xs)ds)ξT , the discounted Laplace

transform (4) is again exponentially affine. The coefficients in the exponential of this transform

satisfy the same system of matrix Riccati differential equations as in Proposition 2, with (time-

dependent) parameters M∗(t), λ∗X,0(t), λ∗X,1(t) and ΘX∗(Γ, t). Hence, with the exponentially affine

stochastic discount factor (12), the matrix AJD structure of process X is preserved both under

the physical and the risk-neutral probabilities. This invariance property can prove useful in ap-

plications for which analytical transform expressions are needed both under the physical and risk

neutral probabilities, e.g., in cases where both model estimation under the physical measure and

derivatives pricing under the risk neutral measure are jointly performed.

2. Double-Jump Asset Pricing Models

We introduce multivariate double-jump models for returns using matrix AJD. We show that the

matrix state space Sn of matrix AJD allows us to introduce a variety of stochastic dependencies

between returns and between returns and co-volatilities. We first present the multifactor AJD

model for the single asset case. We then introduce the AJD model for the multi-assets case, in

which the direct specification of the returns’ covariance matrix by means of matrix AJD makes the

convenience of our modeling approach particularly evident.

12



2.1. Double-Jump Single-Asset Pricing Models

We start by specifying the joint jump-diffusion process for the return of a single asset Y and matrix

AJD state process X. Several single-asset multifactor option pricing models in the literature arise

as special cases of this setting.14

2.1.1. Double-Jump Matrix AJD Process for Single-Asset Return

We denote by Yt = log St the log return of an asset with price St. To specify a joint AJD process

for (Yt, Xt) ∈ R× S+
n , we introduce an assumption on the corresponding double-jump structure.

Assumption 3. (L, J) is a pure jump process with values in R × S+
n . IID jump sizes (ξY , ξX) ∈

R×S+
n follow a finite joint probability distribution νY X = νY |XνX on R×S+

n . Jumps are realized

with an affine intensity λY X(Xt) = λY X,0 + tr(λY X,1Xt), where λY X,0 ≥ 0 and λY X,1 ∈ S+
n . The

Laplace transform ΘY X of the jump size is given by:

ΘY X(γ,Γ) =
∫

S+
n

(∫

R
exp(γy)νY |X(dy)

)
exp(tr(Γx))νX(dx). (14)

where γ ∈ R and Γ ∈ S+
n . We use the notation ΘY (γ) = ΘY X(γ, 0) and ΘX(Γ) = ΘY X(0, Γ) to

denote the Laplace transform of jump sizes ξY and ξX , respectively.

This jump process specification allows us to model both correlated or independent jumps be-

tween returns and volatility. The affine form of λY X(Xt) is necessary to preserve the affine form

of the joint jump process for returns and (multifactor) volatility. A possible assumption for the

conditional distribution of ξY given ξX is a normal distribution νY |X ∼ N (µY + tr(βY ξX), σ2
Y ), for

parameters µY ∈ R, βY ∈ Sn and σ2
Y ≥ 0. A similar jump specification has been considered in

Bates (2000) in the context of a two-factor AJD model with stochastic volatility. For νX we can

assume tractable probability distributions on S+
n such as, e.g., a Wishart distribution with degrees

of freedom kX , noncentrality parameter MX ∈ Rn×n and scale parameter ΣX ∈ S+
n . Given the

double-jump structure in Assumption 3, we specify the AJD process for (Yt, Xt) as follows.

14See, for instance, Heston (1993), Bates (2000), Duffie, Pan, and Singleton (2000), Pan (2002), da Fonseca,
Grasselli, and Tebaldi (2008), Gruber, Tebaldi, and Trojani (2009).
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Assumption 4. The dynamics for the return process Yt are given by:

dYt =
[
R(Xt) + µe(Xt)− 1

2
tr(Xt)

]
dt + tr

(√
XtdZt

)
+ dLt , (15)

where µe(Xt) = µe,0 + tr(µe,1Xt), µe,0 ∈ R and µe,1 ∈ Sn, is an affine function of Xt. In equation

(15), Z is a standard Brownian motion in Rn×n:

Zt = BtP
′ + Wt

√
In − PP ′, (16)

where W ∈ Rn×n is another standard Brownian motion, independent of B, and P ∈ Rn×n is a fixed

matrix of correlation coefficients such that PP ′ ≤ In is a positive semidefinite matrix.

Equation (16) introduces a correlation between shocks in returns and shock in (diffusive) volatil-

ity, driven by matrix P , which generates a feedback effect between volatility and returns. The

dynamics for (Yt, Xt) can be specified both under the physical or the risk-neutral probability mea-

sures. In the latter case, no-arbitrage constraints have to be imposed on the functional form of

the excess return process µe(Xt). In particular, under the risk-neutral measure, the dynamics of

(Yt, Xt) need to be specified with µe(Xt) given by

µe(Xt) = −λXY (Xt)(ΘY (1)− 1). (17)

This constraint ensures that the risk neutral expectation dYt is the risk-free rate R(Xt).

2.1.2. Multifactor Volatility and Stochastic Leverage Properties

Matrix AJD are convenient to model multifactor volatility in settings with jumps in returns, volatil-

ity and leverage. We can exploit this property to approach several open problems in empirical asset

pricing. As an example, there is consistent empirical evidence that the implied volatility surface of

index options is driven by more than one risk factor.15 Similarly, the skew of the implied volatility

smile of some option markets, especially in exchange rate and single stock option markets, is highly

stochastic and has a sign that can change over time. Leverage, i.e., the correlation between returns

and volatility, is intimately linked to the skewness of asset returns and the slope of the implied
15See, e.g., Carr and Wu (2008), Christoffersen, Heston, and Jacobs (2010) and Egloff, Leippold, and Wu (2009)

for the term structure of variance swaps on the S&P 500.
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volatility smile. Therefore, a setting with stochastic leverage, jumps and general multifactor volatil-

ity can be useful to explain the cross-sectional and the time-varying patterns in the skew of the

implied volatility in these markets.

The first row in Table 2 summarizes the volatility structure of our multifactor matrix AJD

diffusion model. We define by Vt the conditional instantaneous variance of dYt, i.e.,

Vt :=
Var(dYt)

dt
.

In the pure diffusion case (λY X,0 = 0, λY X,1 = 0), we get Vt = tr(Xt), i.e., Vt is the sum of the

positive factors in the matrix AJD state Xt. Note that even if the off-diagonal factors of Xt do

not directly impact Vt, they drive the stochastic conditional co-volatility of the diagonal elements

of Xt and, consequently, the dynamics of Vt. 16 In the presence of jumps, Vt is increased by the

affine term λY X(Xt)E
[
(ξY )2

]
. This term increases when the second moment of the return jump

size or the intensity λY X(Xt) increases.

The second row in Table 2 summarizes the volatility of volatility structure of the multifactor

model based on matrix AJD diffusions. Calculations are presented in Appendix A.2. In the pure

diffusion case (λY X,0 = 0, λY X,1 = 0), the volatility of volatility is V Vt = 4tr(Q′QXt) and it is

completely determined by parameter Q: the larger Q′Q as a positive definite matrix, the larger the

volatility of volatility. The presence of jumps increases the volatility of volatility in two distinct

ways. First, jumps in X with size ξX increase the volatility of X, which in turn increases the

volatility of volatility of returns. This increase is driven by matrix H := In + λY X,1E
[
(ξY )2

]
.

Second, jumps in Y with size ξY increase the sensitivity of the volatility to changes in the matrix

AJD state X. E.g., when the intensity is constant, we obtain:

V Vt = 4tr(Q′QXt) + λY X,0E
[
tr(ξX)2

]
. (18)

In this case, the jump size of ξY has no impact on the volatility of volatility, because the return

volatility itself is not affected by changes in the intensity of jumps. However, when λY X,1 6= 0

16As noted in Gruber, Tebaldi, and Trojani (2009), since diagonal and off-diagonal components of Xt are in general
not perfectly correlated, the off-diagonal components of Xt have dynamics with shocks not completely spanned by
shocks to the (diffusive) volatility components. This property allows the modelling of interesting dynamic features,
like for instance unspanned stochastic skewness or unspanned volatility of volatility, in which the dynamics of some
relevant sources of risk might not be completely explained by shocks to the volatility components.
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changes in the intensity affect Vt in a way that is proportional to the second moment E
[
(ξY )2

]
.

This feature further increases the volatility of Vt.

The last row in Table 2 summarizes the leverage structure of multifactor matrix AJD. In the

pure diffusion case (λXY,0 = 0, λXY,1 = 0), the leverage is Covt(dYt, dVt) = tr(PQXt)dt. Given

a volatility of volatility parameterization, matrix P completely determines the leverage between

returns and volatility. The multifactor structure of this leverage expression implies a stochastic

correlation between return and volatility shocks,

Corr t(dYt, dVt) =
tr(PQXt)√

tr(Xt)tr(Q′QXt)
.

The introduction of jumps can both increase or decrease the correlation between volatility and

returns, depending on the joint second moments of ξY and ξX . For instance, in the constant

intensity case (λY X,1 = 0), the sign of the joint second moments E[ξY ξX
ii ], i = 1, . . . , n, completely

determines the direction of the impact of jumps in Y and X on leverage. More generally, when the

intensity is not constant, all joint second moments of ξY and ξX
ij , 1 ≤ i, j ≤ n, will impact on this

leverage. In addition, in the AJD case the stochastic leverage can jump itself, when the matrix

AJD has a discontinuity over time, leading to potential discontinuities in stochastic skewness of

returns over time, as they are observed in some markets; see, e.g., Figure 1 above.

2.1.3. Transform Analysis

The process (Y, X) is Markov with values in R × S+
n and has an exponentially affine form for the

Laplace transform of YT .

Proposition 3. Let Assumptions 1–4 be satisfied. Then, the discounted Laplace transform of YT

has the exponentially affine form:

ΨY (γ) := E
[
exp

(
−

∫ T

t
R(Xs)ds + γYT

) ∣∣∣Ft

]
= exp(γYt) exp(B(t− T ) + tr(A(T − t)Xt)),
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with functions B(u) ∈ R and A(u) ∈ S+
n that solve the system of matrix differential Riccati equa-

tions:

∂A

∂τ
= (γ − 1)ρ1 + γµe,1 +

γ(γ − 1)
2

In + A(τ)(M + γQ′P ′) + (M ′ + γPQ)A(τ)

+2A(τ)Q′QA(τ) + λY X,1[ΘY X(γ, A(τ))− 1]
∂B

∂τ
= (γ − 1)ρ0 + γµe,0 + tr(ΩΩ′A(τ)) + λY X,0[ΘY X(γ, A(τ))− 1],

subject to terminal conditions B(0) = 0 and A(0) = 0.

With appropriate restrictions on the jump structure, we can solve analytically the system of

Riccati equations in Proposition 3.17

Corollary 3. Let Assumptions 1–4 be satisfied. If either a) the jump intensity is constant (λY X,1 =

0), or b) ΘY X(γ, ·) is constant, then the closed-form expression for A(τ) in Proposition 3 is A(τ) =

C22(τ)−1C21(τ), where C12(τ) and C22(τ) are n× n blocks of the matrix exponential


 C11(τ) C12(τ)

C21(τ) C22(τ)


 := exp


τ


 M + γQ′P ′ −2Q′Q

C0 −(M ′ + γPQ)





 .

Under a), matrix C0 is defined by

C0 = (γ − 1)ρ1 + γµe,1 +
γ(γ − 1)

2
In,

while under b) it is defined by

C0 = (γ − 1)ρ1 + γµe,1 +
γ(γ − 1)

2
In + λY X,1[ΘY (γ)− 1].

Given the solution for A(τ), the coefficient B(τ) follows by direct integration.

In particular, the above corollary implies closed-form transform expressions for models with

jumps in returns but no jump in the latent matrix state Xt. Given the discounted Laplace transform

of YT , we can again apply transform methods to compute, e.g., the prices of any European option

in the model. We summarize for completeness the relevant result in the next corollary.
17In the general model, solutions can be obtained using standard numerical methods. An alternative approach is

to use asymptotic approximations, starting from the closed-form solution in Corollary 3.
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Corollary 4. Define for any a, b ∈ R the discounted Laplace transform:

Ga,b(y; Y0, T ) := E
[
exp[−

∫ T

0
R(Xs)ds] exp(aYT )I(bYT ≤ y)

]
.

It then follows, under regularity conditions:

Ga,b(y;Y0, T ) =
ΨY (a, Y0, 0, T )

2
− 1

π

∫ ∞

0

Im
[
ΨY (a + ivb, Y0, 0, T ) exp(−ivy)

]

v
dv,

where Im(c) is the imaginary part of c ∈ C.

2.1.4. State Price Density and Risk Neutral Pricing

Let Assumption 3 and 4 be satisfied with respect to the physical probability measure. An expo-

nentially affine stochastic discount factor is a process ξ = {ξt : 0 ≤ t ≤ T} defined by

ξt = exp
(
−

∫ t

0
R(Xs)ds

)
exp (α(t, T ) + tr(β(t, T )Xt) + γ(t, T )Yt) , (19)

such that {ξt exp(
∫ t
0 R(Xs)ds) : 0 ≤ t ≤ T} is a martingale process under P, for given continuous

functions α(·, T ) : [0, T ] → R, γ(·, T ) : [0, T ] → R and β(·, T ) : [0, T ] → S+
n with α(0, T ) =

γ(0, T ) = 0 and β(0, T ) = 0. It follows that we can define P∗ ∼ P on FT by the density dP∗/dP :=

ξT exp(
∫ T
0 R(Xs)ds). As a consequence, the arbitrage-free time-t price Πt of a FT -measurable

contingent claim ΠT := Π(YT , XT , T ) satisfies the risk-neutral valuation formula:

Πt =
1
ξt
Et [ξT ΠT ] = E

∗
t

[
exp

(
−

∫ T

t
R(Xs)ds

)
ΠT

]
, (20)

where E∗t [·] denotes conditional expectation with respect to probability P∗. Under these con-

ditions, X follows a matrix AJD given in Proposition 7, also with respect to P∗.18 It then

follows that under the risk-neutral probability P∗, implied by the exponentially affine density

dP∗/dP = exp(
∫ T
0 R(Xs)ds)ξT , the discounted Laplace transform is again exponentially affine.

Its coefficients satisfy the same system of matrix Riccati differential equations as in Proposition 3,

but with possibly time-dependent parameters M∗(t), λ∗Y X,0(t), λ∗Y X,1(t) and ΘY X∗(γ, Γ, t). Hence,

18The proof of Proposition 7 follows the same line as the proof of Proposition 6.
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the matrix AJD structure of the joint process (Y, X) is preserved both under the physical and the

risk-neutral probabilities.

2.2. Double-Jump Multi Assets Pricing Models

We specify the joint diffusion process for multivariate return Y and a stochastic covariance matrix

driven by a matrix AJD process X. In contrast to the model of Section 2.1, additional restrictions

have to be imposed on the diffusion part to preserve an affine structure for the multivariate model.

Therefore, the single-asset setting of Section 2.1 is not a special case of the multi-asset setting of

this section. Our return specification based on matrix AJD features stochastic volatilities and cor-

relations, double-jumps in returns and their conditional moments, as well as multivariate stochastic

leverage structures for each return component. Multivariate models in the literature based on pure

matrix diffusions arise as special cases of our matrix AJD setting.19

2.2.1. Double-Jump Matrix AJD Process for Multiple Asset Returns

Let {St := (S1t, S2t, . . . , Snt)′ ∈ Rn : t ≥ 0} be the price process of n assets and denote by

Yt = (log S1t, log S2t, . . . , log Snt)′ the log return vector. To specify the AJD process for (Yt, Xt) ∈
Rn × S+

n , we start with the assumption on the multivariate double-jump structure.

Assumption 5. (L, J) is a pure jump process with values in Rn × S+
n . IID jump sizes (ξY , ξX) ∈

Rn × S+
n follow a finite joint probability distribution νY X = νY |XνX on Rn × S+

n . Jumps are

realized with an affine intensity λY X = λY X,0 + tr(λY X,1Xt), where λY X,0 ≥ 0 and λY X,1 ∈ S+
n .

The Laplace transform ΘY X of the jump size is given by:

ΘY X(γ, Γ) =
∫

S+
n

(∫

Rn

exp(γ′y)νY |X(dy)
)

exp(tr(Γx))νX(dx). (21)

As in the single-asset case, we introduce a conditional distribution of the jump size ξY with the

necessary adjustments for the multivariate context. As a convenient assumption for the conditional

distribution of the jump size ξY in the multivariate context, we can use νY |X ∼ N (µY +ξXβY , ΣY ),

with parameters µY ∈ Rn, βY ∈ Rn and ΣY ∈ S+
n . Again, the marginal distribution νX of jump size

19See, e.g., Buraschi, Porchia, and Trojani (2010) and da Fonseca, Grasselli, and Tebaldi (2007).
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ξX can be chosen from the class of tractable probability distributions on S+
n . Given the multivariate

jump structure in Assumption 5, we specify the following multivariate AJD for Y .

Assumption 6. The dynamics of the return process Yt under the probability P are:

dYt =
[
R(Xt)1n + µe(Xt)β + Xtη − 1

2
diag [Xt]

]
dt +

√
XtdZt + dLt , (22)

where µe(Xt) = µe,0 + tr(µe,1Xt), µe,0 ∈ R, µe,1 ∈ Rn×n, β, η ∈ Rn, and vector diag [X] ∈ Rn has

i-th component equal to Xii. In equation (22), Z ∈ Rn is a standard Brownian motion of the form:

Zt = Btρ +
√

1− ρ′ρWt , (23)

where W ∈ Rn is another standard Brownian motion, independent of B, and ρ ∈ Rn is a fixed

correlation vector such that ρ′ρ ≤ 1.

2.2.2. Variance-Covariance, Co-Volatility and Multivariate Leverage Properties

Our matrix AJD setting features a variety of stochastic co-volatility and leverage structures.

Stochastic leverage can arise through several channels: The time-varying intensity of return jumps,

co-jumps between return and volatilities, and volatility feed-back effects due to the correlation of

Brownian motions Z and B. The first row in Table 3 highlights the variance-covariance properties of

matrix AJD. Calculations are presented in Appendix A.3. In the no-jump case (λY X,0 = λY X,1 = 0),

we obtain a matrix pure diffusion for Xt and the conditional covariance matrix of the return process

is

Vt :=
1
dt

V art(dYt) = Xt. (24)

In the case of jumps, the covariance matrix of returns is Vt = Xt+λY X(Xt)E[ξY ξY ′], again an affine

function of Xt. Every component of this covariance matrix depends on all elements in the state of

matrix Xt. Compared to the no-jump case, the covariance matrix increases by the positive definite

matrix of second moments E[ξY ξY ′] of return jump sizes, weighted by the stochastic intensity

λY X(Xt). Hence, the contribution of the jump part of process Yt to the conditional covariance

matrix of returns depends positively on the conditional intensity, which itself is increasing in Xt.

Overall, the covariance matrix Vt increases in Xt.

20



The second row in Table 3 summarizes the different co-volatility structures in our matrix

AJD setting. In the no-jump case, co-volatilities are affine in Vt. In particular, the co-volatility
1
dtCov(dViit, dVjjt) is proportional to Vijt = Xijt, with a proportionality coefficient given by the

scalar product of the i-th and j-th column of matrix Q. The instantaneous correlation between Viit

and Vjjt is

1
dt

Corr t(dViit, dVjjt) =
Q′

iQj√
Q′

iQiQ′
jQj

Vijt√
ViitVjjt

(25)

and is proportional to the correlation between asset returns Yi and Yj . In the unconstrained AJD

model, co-volatilities are affine in Xt and depend on all components of the state process X through

the stochastic intensity λY X(Xt). This feature breaks down the strong link between covariances and

co-volatilities in models without jumps and implies a more general conditional correlation between

Vii and Vjj , which is no longer proportional to the one between Yi and Yj . When jumps are absent,

the general leverage formula is:

1
dt

Covt(dYit, dVijt) = ρ′(XiitQj + XijtQi) . (26)

Setting i = j, we get the leverage between returns and volatility:

1
dt

Covt(dYit, dViit) = 2ρ′QiXiit , (27)

which implies a constant correlation between shocks in returns and their volatility:

Corr t(dYit, dViit) =
ρ′Qi√
Q′

iQi

. (28)

The sign of the correlation in (28) is completely driven by the sign of the scalar product ρ′Qi between

the vector ρ of correlation parameters and the i-th column of matrix Q. Thus, the pure diffusion

version of the multi-asset model in (22) implies a constant volatility leverage that is inconsistent
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with the stochastic skewness features illustrated in Figure 1. When we allow for correlated jumps

between Y and X, we obtain the more general leverage formula:

1
dt

Covt(dYit, dVijt) = ρ′Q(Hij + H ′
ij)Xtei + λY X(Xt)E

[
ξY
i tr(Hijξ

X)
]

= ρ′(QjXiit + QjXijt) + 2ρ′QλY X,1XteiE
[
ξY
i ξY

j

]

+λY X(Xt)E
[
ξY
i tr(Hijξ

X)
]
,

where Hij := eje
′
i + λY X,1E

[
ξY
i ξY

j

]
. Note that the leverage depends now on all components of the

state process X. To see this, we calculate the leverage between returns and volatility as:

1
dt

Covt(dYit, dViit) = 2ρ′(QiXiit + QλY X,1XteiE
[
(ξY

i )2
]
) + λY X(Xt)E

[
ξY
i tr(Hiiξ

X)
]

,

which implies the following stochastic conditional correlation between shocks in returns and their

volatility:

Corr t(dYit, dViit) =
2ρ′

(
XiitQi + QλY X,1XteiE

[
(ξY

i )2
])

+ λY X(Xt)E
[
ξY
i tr(Hiiξ

X)
]

√
(Xii + λY X(Xt)E

[
(ξY

i )2
]
)(4tr(HiiQ′

iQHiiXt) + λY X(Xt)E [tr(HiiξX)2])
.

In contrast to the case without jumps, the above correlation is now stochastic due to its dependence

on all components of Xt. It follows that every asset in the general matrix AJD setting can feature

stochastic multifactor dynamics for the correlation between returns and volatilities. Moreover,

this correlation can jump itself with a potentially time-varying intensity λY X(Xt). This structural

property of the model can be useful in applications such as the consistent pricing of multi-asset

options, if the skewness of the underlying assets is stochastic and potentially characterized by a

non-smooth behavior over time; see again, e.g., Figure 1 for an illustration.

In Figure 3, we illustrate some of these features for a calibrated model with two assets. To

highlight the leverage features of our matrix AJD model, we plot a simulated path for the correlation

Corr t(dYit, dViit) using the estimated diffusion parameters in Buraschi, Porchia, and Trojani (2010)

and the jump parameters reported in Table 1.

[Figure 3 about here.]

When there are no jumps, each volatility leverage is negative and constant. In the model with

jumps, the stochastic leverage can jump both upwards and downwards, leading to time variations
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in the skewness of returns. Leverage variability can be different across assets and lead to more

erratic change in the skewness for some asset returns relative to others. This feature of our setting

can be useful, e.g., to model differences in risk premia for time-varying skewness in the cross section

of stock returns.

Under Assumption 5 and 6, (Y,X) is a Markov process with values in Rn×S+
n and the discounted

Laplace transform of the return vector YT is exponentially affine.

Proposition 4. Let Assumptions 1 2, 5, 6, and additional regularity conditions be satisfied. Then,

the discounted Laplace transform of YT has the exponentially affine form:

ΨY (γ) := E
[
exp

(
−

∫ T

t
R(Xs)ds + γ′YT

) ∣∣∣Ft

]
= exp(γ′Yt) exp(B(t− T ) + tr(A(T − t)Xt)),

with functions B(u) ∈ R and A(u) ∈ S+
n that solve the system of matrix differential equations:

∂A

∂τ
= (γ′1− 1)ρ1 + γ′βµe,1 + ηγ′ +

1
2

(
γγ′ −

n∑

i=1

γieie
′
i

)

+A(τ)(M + Q′ργ′) + (M ′ + γρ′Q)A(τ) + 2A(τ)Q′QA(τ) + λY X,1[ΘY X(γ, A(τ))− 1]
∂B

∂τ
= (γ′1− 1)ρ0 + γ′βµe,0 + tr(ΩΩ′A(τ)) + λY X,0[ΘY X(γ, A(τ))− 1]

subject to terminal conditions B(0) = 0 and A(0) = 0.

The structure of the system of matrix differential equations in Proposition 4 is the same as the

one of the matrix Riccati differential equations in Proposition 3. Therefore, in settings with jumps

only in returns, we can obtain closed-form transform solutions in the multivariate context using

the same solution approach as in Corollary 3. Given the discounted Laplace transform expression

for return vector YT , option prices follow as usual with standard transform methods.

2.2.3. State Price Density and Risk Neutral Pricing

Also for the multi-asset case, we define a state price density for the vector-valued return process

(22) as

ξt = exp
(
−

∫ t

0
R(Xs)ds

)
exp

(
α(t, T ) + tr(β(t, T )Xt) + γ(t, T )′Yt

)
, (29)

23



where {ξt exp(
∫ t
0 R(Xs)ds) : 0 ≤ t ≤ T} is a martingale process under P, for given α(·, T ) : [0, T ] →

R, γ(·, T ) : [0, T ] → Rn and β(·, T ) : [0, T ] → S+
n with α(0, T ) = γ(0, T ) = 0 and β(0, T ) = 0.

Hence, we can define P∗ ∼ P on FT by the density dP∗/dP := ξT exp(
∫ T
0 R(Xs)ds) and obtain a

matrix AJD risk-neutral dynamics for return vector Yt also under P∗. The prevailing risk neutral

dynamics is detailed in Proposition 8 in the Appendix.20

3. Applications

We consider three possible applications of our matrix AJD framework developed in the previous

sections. First, we solve a multivariate asset allocation problem for a calibrated model having

a stochastic covariance matrix linked to the intensity of jumps in volatilities and correlations.

We then study quantitatively the combined intertemporal hedging demand for hedging against

unexpected changes in (i) the diffusive component of second moments and (ii) the probability of

a discontinuous move in the covariance matrix of returns. Second, we calibrate a three-factor

matrix AJD option pricing model to the implied volatility smile of equity index options. Using

the calibrated parameters, we analyze the main structural properties of this setting in reproducing

the whole term structure of implied volatility skews. Third, we briefly sketch some of the main

properties of a tractable term structure model with incomplete bond markets based on a matrix

AJD state process.

3.1. Portfolio Choice

Das and Uppal (2004) develop a model of international equity returns using a multivariate system

of jump-diffusion processes with simultaneous jump arrivals across assets. In their setting with

constant jump intensities, the introduction of jumps in the return process reduces the international

diversification gains and makes leveraged portfolios more susceptible to large losses. Jumps in

volatilities and even more so jumps in correlations are less studied in the portfolio literature, and

one might wonder whether they indeed play an economically significant role in multivariate dynamic
20The proof follows the same line as the proof for Proposition 6.
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portfolio choice.21 We address this question in the context of the multivariate matrix AJD model

introduced in Section 2.2.

To focus on the impact of jumps in the covariance process on portfolio allocation and to preserve

simple solutions, we assume that there are no jumps in the return process Yt. We let a CRRA

investor optimize terminal wealth WT by investing in n risky assets with log-returns Yt following

dynamics (22) for parameter choice µe(Xt) = Lt = 0. For simplicity, we assume a constant interest

rate R(Xt) = r. In this setup, the wealth dynamics are given as

dWt

Wt
= rdt + w′tXtηdt + w′t

√
XtdZt, (30)

where wt ∈ Rn collects the fractions of wealth invested in the n assets, Z is an n-dimensional Brow-

nian motion is defined in (23), and Xt follows the matrix AJD process introduced in Assumption

1. Assuming a constant relative risk aversion coefficient γ > 0, we can write the indirect utility

function as,

J(t,W,X) = sup
wt

E

(
W 1−γ

T

1− γ
|Wt = W,Xt = X

)
, γ 6= 1 ,

subject to the budget constraint (30).

Proposition 5. The indirect utility function takes the form

J(t, Wt, Xt) =
W 1−γ

t

1− γ
exp (tr [A(τ)Xt] + B(τ)) (31)

and the vector of optimal portfolio weights is w? = 1
γ (η + 2A(τ)Q′ρ), where functions A(τ) and

B(τ) solve the system of matrix differential equations

A′(τ) = A(τ)
(

M +
1− γ

γ
Q′ρη′

)
+

(
M ′ +

1− γ

γ
ηρ′Q

)
A(τ) (32)

+2A(τ)Q′
(

I +
1− γ

γ
ρρ′

)
QA(τ)− 1− γ

2γ
ηη′ + λX,1[ΘX(A(τ))− 1],

B′(τ) = (1− γ)r + tr
[
ΩΩ′A(τ)

]
+ λX,0[ΘX(A(τ))− 1]. (33)

subject to the initial condition A(0) = B(0) = 0.
21One notable exception is the literature based on regime switching models. See, for instance, Ang and Bekaert

(2002) who study international portfolio allocation in a discrete time framework.
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When the jump intensity is constant, the intertemporal hedging demand is unchanged, because

jumps in the covariance matrix are unpredictable and cannot be hedged by a hedging portfolio of

the available assets. When the intensity is linked to the covariance matrix of returns, an increase

(decrease) in Xt as a symmetric positive semi-definite matrix implies a higher (lower) probability

of future variance-covariance jumps. Since these jumps always increase Xt as a covariance matrix,

this is equivalent to a higher (lower) probability of a better future risk-return trade-off. In this way,

changes in future investment opportunity sets are linked by an additional channel to the current

covariance state. Returns can be correlated with shocks to variances and covariances. Thus, it is

possible to hedge part of the unexpected changes in future investment opportunities by an additional

hedging portfolio, which provides insurance against unexpected changes in the probability of future

variance-covariance jumps. To illustrate the potential economic significance of these jumps, we

study the intertemporal hedging demand in Proposition 5 for a simple calibrated model with two

risky assets. As parameter input for the diffusion part of the model, we use the estimated parameter

values in Buraschi, Porchia, and Trojani (2010), which are obtained from monthly returns of the

S&P 500 Index Futures and the 30-year Treasury Bond Futures. We study the comparative statics

of these optimal portfolios with respect to the inclusion of a moderate variance-covariance jump

component having an affine (stochastic) intensity with small coefficients λY X,0 = 0 and λY X,1.

[Figure 4 about here.]

In Figure 4, we plot the hedging demand in the optimal portfolio of a CRRA utility investor with

relative risk aversion coefficient γ = 6 as a function of an investment horizon up to ten years.

The left panels display the hedging demand in percentage of the myopic portfolio for investment

horizons ranging from zero to ten years. As shown in Buraschi, Porchia, and Trojani (2010), the

presence of stochastic correlation among returns can induce a larger hedging demand of 20% to 30%

of the myopic portfolio than in univariate stochastic volatility models. For the given parameter set,

we find that the hedging demand in the model with jumps further increases almost up to 40% of

the myopic portfolio for horizons beyond three years.

To obtain a better interpretation for the potential economic implications of the small jump

component used to perturb the pure diffusion covariance process in our calibration, Figure 5 plots

the differences between simulated volatilities and correlations in the model with variance-covariance

jumps and in the pure diffusion model. The mean jump intensity implied by our parameter choice
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is 1.98%. The left panel of Figure 5 shows that differences between the simulated volatilities in the

two models are very small. The largest difference for the whole simulation period (10’000 days) is

less than one percentage point. Similarly, the right panel of Figure 5 shows that differences in the

simulated correlations of the two models are also tiny.

[Figure 5 about here.]

Given that under the chosen parameter choice second moments do not exhibit large differences

from those in the pure diffusion setting, these findings suggest that a time-varying jump compo-

nent can imply interesting economic effects on optimal intertemporal hedging portfolios against

variance-covariance risk, through an increased sensitivity of the marginal utility of terminal wealth

to variance-covariance shocks. A complete empirical quantification of these hedging motives in a

model with jumps in returns and second moments is beyond the scope of this paper, but it appears

as a potentially interesting topic for future research.

3.2. Multifactor Option Pricing

We now explore in more detail a specific example of the matrix AJD return process for pricing

options on a single asset. In this setting, we can study the relative contribution of a variety of

(i) multifactor volatility dynamics and (ii) multifactor jump intensity specifications in explaining

some of the cross-sectional features of the implied volatility smile of S&P 500 index options. We

also investigate along which structural dimensions three factor matrix AJD models might improve

the description of the equity index implied volatility smile relative to standard affine models with

state space R2
+.

3.2.1. A Specific Option Pricing Model

Let R be a constant interest rate and Vt := X11
t + X22

t . The risk neutral dynamics of Yt = log St

is given by:

dYt =
[
R− λY X(Xt)(ΘY (1)− 1)− 1

2
Vt

]
dt + tr(

√
XtdZt) + Lt (34)
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where ΘY (γ) = exp{γµY + (γσY )2/2}, λY X(Xt) = λ0 + λ11
1 X11

t + λ22
1 X22

t + λ12
1 X12

t , with matrix

λY X,1 positive definite, and 2 × 2 matrix Brownian motion Zt = BtP
′
t + Wt

√
I2 − PP ′ is defined

with a 2× 2 lower triangular correlation matrix having components P ij , 1 ≤ j ≤ i ≤ 2. Therefore,

jumps in returns are normally distributed with mean µY and variance σ2
Y . Under the risk neutral

probability, the 2× 2 matrix process Xt follows the dynamics:

dXt = (βQ′Q + MXt + XtM
′)dt +

√
XtdBtQ + Q′dB′

t

√
Xt (35)

where the 2 × 2 lower block triangular matrices Q,M have components M ij , Qij , 1 ≤ j ≤ i ≤ 2,

and β > 1.22

Using our previous results, the above return dynamics directly imply closed-form expressions for

the transform ΨY . The exponentially affine solution for ΨY has coefficient A(τ) = C22(τ)−1C21(τ)

given in Corollary 3, with matrix C0 given by

C0 =
γ(γ − 1)

2
I2 + λY X,1

[
exp(γµY + γ2σ2

Y /2)− 1− γ(exp(µY + σ2
Y /2)− 1)

]
.

Function B(τ) in Corollary 3 follows by direct integration:

B(τ) =
[
(γ − 1)R + λ0

(
exp(γµY + γ2σ2

Y /2)− 1− γ(exp(µY + σ2
Y /2)− 1)

)]
τ

−1
2
tr[β(log C22(τ)− τ(M ′ + γPQ))] , (36)

where log(·) denotes the matrix logarithm.

Under these assumptions, returns follow a three factor matrix AJD with Gaussian jump dis-

tribution, conditional diffusive variance Vt and stochastic intensity λY X(Xt). As discussed in the

previous sections, factor components in matrix Xt are stochastically correlated and imply a stochas-

tic skewness of returns, both in their diffusive and jump part. The diffusive stochastic skewness of

returns features a three-factor dynamics driven by X11
t , X22

t , and the out-of-diagonal factor X12
t .

Note that volatility Vt is a function only of the diagonal elements of Xt. Therefore, unexpected

variations in return skewness can arise also when no variation in the level or the composition of

the spot volatility is observed. As explained in detail in Gruber, Tebaldi, and Trojani (2009), the
22In the case of a model with diagonal matrix Q, we allow β to be a diagonal matrix with coefficients β1, β2. In

this way, benchmark stochastic volatility models like the one in Bates (2000) are nested in our model.
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model can generate in this sense an autonomous degree of stochastic risk neutral skewness that is

unspanned by volatility shocks.

A range of models in the literature emerges as special case of model (34). If matrices Q,M,P, λXY,1

are assumed diagonal, we obtain a family of two factor option pricing models with independent fac-

tors including, e.g., Bates (2000)’s two-factor jump-diffusion and the pure diffusion Heston (1993)-

type two-factor models. In these settings, out-of-diagonal factor X12
t becomes useless and stochas-

tic skewness is completely driven by the two positive factors X11
t and X22

t . Thus, the risk neutral

skewness dynamics in these modes is completely determined by the dynamics of the volatility

components. This feature has implications for the admissible range of term structures of implied

volatility skews that can be generated by these models.

If matrices Q,M, P are not diagonal, but λ0 = 0, λY X,1 = 0, then the matrix diffusion option

pricing model in da Fonseca, Grasselli, and Tebaldi (2007) is obtained. Therefore, model (34) is

convenient for studying the potential contribution of a variety of affine multifactor jump-diffusion

dynamics in replicating some of the main empirical patterns in the term structure of implied

volatility skews of equity index options.

3.2.2. Multifactor Models and Volatility Smiles

To choose plausible parameters for our discussion, we calibrate a number of benchmark models

nested in (34) to the observed implied volatility smile of S&P 500 index options on July 1st, 1999,

plotted in Figure 6.23 Option data are from the Optionmetrics database and cover the whole

available moneyness spectrum on July 1st, 1999, ranging from about 50% to 125% of the index

futures price on that day. The total number of option prices to fit is 173.

[Figure 6 about here.]

We calibrate by minimizing the mean-absolute pricing error (MAE), defined as the average of

absolute differences between observed and model-impled option prices across all strikes and all

maturities.24 Hence, we try to explain with a single set of parameters and model-implied states the
23We have calibrated the models also to other days, and found similar structural implications. July 1st, 1999,

appeared to be a challenging day to fit, with a good variety of different implied volatility skew patterns across option
maturities; see Figure 6.

24To mitigate problems related to local minima, we use a differential evolution algorithm to minimize MAE; see
Price, Storn, and Lampinen (2005) for a review of differential evolution algorithms.
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complete term structure of implied volatility skews observed on the market at the given day. Given

the large cross section of option prices observed on July 1st, 1999, a multifactor option pricing

model seems indeed necessary, since we are trying to explain simultaneously the level, slope and

complete at-the-money term structure of the implied volatility smile.

For comparison, we consider in our calibration the following four models nested in specification

(34):

(i) Full matrix AJD model, denoted by MAJD.

(ii) Pure diffusion matrix AJD da Fonseca, Grasselli, and Tebaldi (2007)-type model, denoted

by MAD.

(iii) Two-factor AJD Bates (2000)-type model, denoted by SVJ-2F.

(iv) Two-factor pure diffusion AD Heston (1993)-type model, denoted by SV-2F.

A comparison of pricing performance between models (i)-(iv) helps in understanding the relative

features of (i) multifactor volatility with diffusive stochastic skewness and (ii) jumps in returns with

nondiffusive stochastic skewness, in fitting the cross-sectional properties of the smile. For instance,

the difference in the pricing performance between model MAJD and MAD provides information on

the structural pricing features of jumps in returns within three factor matrix AJD pricing models.

Similarly, the difference in the pricing behaviour between model MAJD and SVJ-2F provides insight

into the structural pricing difference of three factor volatility and unspanned stochastic skewness,

relative to two factor AJD settings with independent factors.

Table 4 presents the calibrated parameters and MAE errors for models (i) to (iv). Overall,

the MAE of model MAJD is about half the one of model MAD. Both models imply two latent

positive volatility factors, the diagonal elements of matrix X0, having a very different degree of

persistence under the risk neutral measure. This feature follows from the very different eigenvalues

of the calibrated matrix M in the two models and it is linked to the model’s ability to fit the term

structure of at-the-money implied volatilities by means of a more flexible autocorrelation function

of the volatility. The introduction of the jump component produces return jumps with a slightly

negative calibrated mean µY = −0.01 and a small volatility σY = 0.0048. This feature helps the

model in generating risk-neutral negative skewness at short maturities, and at the same time in

tracking better the skewness behavior also for longer maturities. Given the calibrated parameters,

both models imply a negative leverage effect (tr(PQX0) ≤ 0). This feature implies a negative
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diffusive stochastic skewness that helps the models in fitting the whole term structure of implied

volatility skews at longer maturities.

The MAE of model MAJD is about 50% lower than the one of model SVJ-2F. Due to its two-

factor structure, this last model has a lower degree of flexibility in fitting the term structure of

implied volatility skews and in generating a stochastic return skewness at different horizons. Thus,

calibrated jump parameters imply a higher jump intensity and a large jump size volatility, which

are needed to fit the short end of the smile without excessively damaging the fit at the long end of

the smile.

To get insight into the structural features of the relative fit of the models to the given cross-

section of option data, we present in Figure 7 their fitted implied volatility smiles for the shortest

maturity (35 days), an intermediate maturity (119 days) and the longest maturity (246 days).

[Figure 7 about here.]

In panels (B) and (D) of Figure 7, both pure diffusion models fail systematically in fitting together

the whole term structure of implied volatility skews, despite their two- and three-factor volatility

structure: They imply a strong diffusive negative skewness that generates an excessive negative

skewness for out-of-the-money puts at both short and long maturities.

In panels (A) and (C) of Figure 7, we plot the fitted smiles of the matrix AJD and the SVJ-2F

models. The matrix AJD model can fit very well the implied volatility of long term options. In

contrast, the SVJ-2F model fails at longer maturities and far out-of-the-money options, similarly

to the pure diffusion models. Similar features arise for the implied volatility skews of intermediate

maturities, summarized for completeness in Figure 8.

[Figure 8 about here.]

3.2.3. The Implied Volatility Skew Term Structure

The more flexible stochastic skewness structure of the MAJD model obviously helps in replicating

better the whole term structure of implied volatility skews. To understand this aspect more struc-

turally, we can follow Gruber, Tebaldi, and Trojani (2009) and isolate the impact of volatility level
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and volatility composition on the implied volatility smile of matrix AJD. To this end, consider Xt’s

spectral decomposition, Xt = OtVtO′t, where Vt is a diagonal matrix with eigenvalues V1
t and V2

t

and

Ot := O(αt) :=


 cos(αt) cos(αt)

sin(αt) − sin(αt)


 (37)

is a matrix of orthonormal eigenvectors written in polar coordinates with angle αt ∈ [0, π]. Notice

that Vt = V1
t + V2

t . Therefore, Xt = OtVtO′t is a convenient parametrization to isolate volatility

level from volatility composition and additional skewness effects in state Xt. Simple calculations

show:

Xt =
Vt

2





 1 0

0 1


 +

(
2
V1

t

Vt
− 1

) 
 cos(2αt) sin(2αt)

sin(2αt) − cos(2αt)





 (38)

In this representation, Vt identifies a volatility level effect, V1
t /Vt a volatility composition effect, and

αt and additional joint skew and term structure effect on the implied volatility smile. Note that for

cos(2αt) = 1, state Xt collapses to the diagonal matrix of a two-factor volatility model. Therefore,

we can isolate the incremental impact of our matrix AJD specification on the term structure of the

implied volatility skew by studying the term structure arising for admissible values of αt, when the

volatility level Vt and the volatility composition V1
t /Vt are fixed.

Figure 9 presents the range of admissible model-implied volatility skews at maturities of 35

days (panel A), 119 days (panel B), and 246 days (panel C), given the level and composition of the

volatility (Vt and V1
t /Vt), when αt ∈ [0, π] (gray areas). The observed implied volatility skews on

July 1st, 1999, are plotted using dashed lines. In a similar way, panel D presents the admissible

range of implied volatility term structures as αt ∈ [0, π] (gray areas) for the moneyness levels

K/F = 0.9, 1, 1.1.

[Figure 9 about here.]

Given the calibrated parameters, the matrix AJD model is able to generate a good degree of variabil-

ity in implied volatility skews for out-of-the-money options at different maturities, independently

of the conditional level and composition of the spot volatility (see panels A, B, and C). For the

shortest maturity, we can generate a local variation of the skew across the whole maturity spectrum.
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For intermediate and longer maturities, the model tends to variate the skew for out-of-the-money

call options only. These features are also reflected in the implied volatility term structure across

different moneyness regions (panel D).

The above model features are naturally related to the impact of state αt on the diffusive and

jump-driven skewness of returns, captured by the (leverage) correlation coefficient

corr(dYt, dVt) =
tr(PQXt)√

tr(Xt)tr(Q′QXt)
,

and by the jump intensity λY X(Xt), respectively. A higher jump intensity generates a stronger

negative skewness at short horizons, due to the return jump component. A more negative correlation

between return and diffusive volatility generates a stronger negative skewness at both short and

longer horizons.

The relation between corr(dYt, dVt) and λY X(Xt) at the calibrated parameters for the admissible

values of αt, while holding volatility level and volatility composition fixed, is presented in Figure

10.

[Figure 10 about here.]

As the figure shows, large variations of λY X(Xt) and corr(dYt, dVt) are possible, even when the level

and the composition of the volatility are held constant. Moreover, at the calibrated parameters the

relation between the strength of correlation leverage and jump-driven skewness effects is monotonic.

Negative jump-driven and diffusive skewness tend to increase (or decrease) simultaneously as a

function of the state αt. By introducing this additional degree of flexibility in the joint relation

between diffusive and jump-driven skewness, not linked to the level or the composition of the

volatility, the model is structurally better equipped to capture the whole term structure of the

smile on July 1st, 1999.

3.3. Term Structure Models

Assuming that matrix AJD in equation (1) holds under a risk-neutral measure P∗, we can generate

a class of affine term structure models with jumps by defining the short rate as in Assumption 2.25

25When we relax the assumption of ρ1 being positive semi-definite, we can allow interest rates to exhibit negative
jumps, at the cost of a nonzero probability for negative interest rates.
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This class embeds the pure diffusion term structure models in Gouriéroux and Sufana (2003) and

Buraschi, Cieslak, and Trojani (2007).

By setting γ = 0 for the Laplace transform in Proposition 3, we obtain the prices of zero bonds

with yields equal to:26

R(t, T ) = − log
B(t, T )
T − t

= − 1
T − t

[B(T − t) + tr(A(T − t)Xt)] , (39)

with the short rate given as R(t) = limT↘t R(t, T ) = ρ0 + tr [ρ1Xt]. Bond yields are stochastically

correlated. At the same time, they are subject to common jumps, for which the imperfectly

correlated jump sizes are generated by an IID n(n + 1)/2 dimensional random matrix ξX . Yields

covariances are given by:

Covt (dR(t, T1), dR(t, T2)) =
tr[A(T1 − t)Q′QA(T2 − t)Xt] + Et [tr(A(T1 − t)dJt)tr(A(T2 − t)dJt)]

(T1 − t)(T2 − t)

Suppose, for instance, that dJt = dNtξ
X , where {N(t) : t ≥ 0} is a Poisson process in R+ and the

jump size ξX is IID distributed in S+
n . We can write the part of the yields’ co-movement due to

jumps in X as

Et [tr(A(T1 − t)dJt)tr(A(T2 − t)dJt)]
(T1 − t)(T2 − t)

= (λX,0 + tr(λX,1Xt))
Et

[
tr(A(T1 − t)ξX)tr(A(T2 − t)ξX)

]

(T1 − t)(T2 − t)
,

which is an affine function of Xt, since the intensity process λX depends on the n(n + 1)/2 compo-

nents of the matrix AJD process X.

In summary, we obtain a tractable affine yield curve setting with at least two useful properties.

First, the model implies a flexible covariance structure with stochastically correlated yields. Second,

it implies a potentially significant fraction of yields variation due to multivariate jumps in the latent

state process. Theoretically, the variation due to jumps cannot be hedged by portfolios of zero

bonds, which makes the market incomplete. These two features can be linked to the empirical

predictability of bond returns and the main stylized facts on interest rate derivatives, such as the

pricing patterns of interest rate caps and swaptions (see, e.g., Han (2007)). The application of

matrix AJD models to explain unspanned volatility in real data (see, e.g., Collin-Dufresne and

Goldstein (2002)) is an interesting venue for future research.
26Note that bond and interest rate options can be calculated using the transform inversion methods in Section 1.
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4. Conclusions

We propose a new class of flexible and tractable matrix affine jump diffusions (MAJD) for modeling

multivariate sources of risk. Our approach has several convenient properties as it allows, e.g., to

directly specify the process of the covariance matrix needed for multivariate asset pricing problems.

At the same time, it permits the specification of multifactor models with rich conditional depen-

dence structure between factors. We provide a complete analytical transform analysis of matrix

AJD, which opens a whole range of potential applications like, e.g., fixed-income problems with

stochastically correlated intensities, dynamic portfolio choice with jumps in returns, volatilities or

correlations, the pricing of credit derivatives on a basket of defaultable assets and, more generally,

multi-asset option problems with quanto, rainbow, basket or spread based payoffs.

Within our matrix AJD setting, we present explicit examples of multivariate models for as-

set returns, in which multifactor volatility, stochastic correlations, stochastic skewness, and jumps

in returns or second moments can naturally coexist. To understand in more detail some of the

potentially new structural implications of our model setting, we derive (i) closed-form option pric-

ing formulas for a three factor MAJD option pricing model and (ii) closed-form optimal hedging

demands for a multivariate dynamic portfolio choice problem with stochastic variance covariance

matrix. At the models’ calibrated parameters, a three-factor MAJD model with correlated risk

factors, jumps in returns and a stochastic intensity can substantially reduce some of the biases of

benchmark AJD models in reproducing the empirical overall shape of the implied volatility skew

term structure of equity index options. This finding is largely due to the model’s ability to generate

a wide degree of variation in jump-driven and diffusive skewness, which is not linked to the level

or the composition of the spot volatility. Second, we find that volatility and correlation jumps

can imply an economically relevant intertemporal hedging component, already in cases where the

sizes of volatility and correlation jumps are moderate, when the probability of a jump in second

moments can co-move with the returns’ variance covariance state.

Finally, our modeling approach is based on the assumption of finite-frequency jumps in returns

and/or second moments. The extension of this framework to include jump specifications with

high-frequency jumps and more general matrix Lévy processes is a potentially interesting venue

for future research. Moreover, even if it is beyond the goal of this paper to provide an extensive

empirical study of matrix AJD models, the empirical analysis of the properties of this new model
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class for asset pricing purposes is another interesting direction of research. Gruber, Tebaldi, and

Trojani (2009) provide a detailed study of option pricing models based on three-factor matrix

AJD. They show that these models can generate a degree of stochastic skewness unspanned by

shocks in volatility level and volatility composition, which can help to reconcile the dynamic and

cross-sectional empirical properties of the implied volatility smile of equity index options.
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Appendix

A.1. Proofs

Proof of Proposition 2. Under regularity conditions, the Lévy infinitesimal generator LX of the

matrix Markov process X is defined for bounded C2 functions f : D → R by:

LXf(x) = tr[(ΩΩ′ + Mx + xM ′)D + 2xDQ′QD]f(x) + λX(x)
∫

S+
n

(f(x + z)− f(x))dνX(z),

where D is a n × n matrix of differential operators with ij-component given by ∂
∂Xij

. The affine

dependence of this generator on state x ∈ S+
n implies, by separation of variables, that the transform

is exponential affine with coefficients solving a system of Riccati equations.

Proposition 6. The dynamics of matrix AJD process X in Assumption 1 with respect to the

risk-neutral probability P∗ takes for 0 ≤ t ≤ T the form:

dXt = (ΩΩ′ + M∗(t)Xt + XtM
∗′(t))dt +

√
XtdB∗

t Q + Q′dB∗
t
′√Xt + dJ∗t , (40)

where B∗ is a standard Brownian motion in Rn×n and J∗ is a pure jump process with values in

S+
n , having independent jump sizes ξX

t with distribution νX∗(t) and an affine intensity λ∗X(Xt, t) =

λ∗X,0(t) + tr(λ∗X,1(t)Xt). The parameters of the X−dynamics (40) under risk-neutral probability

P∗ are M∗(t) = M + 2Q′Qβ(t, T ), λ∗X,0(t) = λX,0ΘX(β(t, T )), λ∗X,1(t) = λX,1ΘX(β(t, T )) and

ΘX∗(Γ, t) = ΘX(Γ + β(t, T ))/ΘX(β(t, T )).

Proof of Proposition 6. Let B∗
t = Bt − 2

∫ t
0

√
Xsβ(s, T )Q′ds for any 0 ≤ t ≤ T . Then, from

Lemma 1 below, ζB∗ is a local martingale in Rn×n under probability measure P , where ζt :=

ξt exp(
∫ t
0 R(Xs)ds), 0 ≤ t ≤ T . This implies that B∗ is a local martingale under risk-neutral

measure P∗. By Lévy’s Theorem, it follows that B∗ is a standard Brownian motion in Rn×n under

P∗. Now, let

N∗
t = Nt −

∫ t

0
ΘX(β(s, T ))λX(Xs)ds, (41)

where N is the counting process counting the number of jumps of X. Then, using Lemma 3 in

the Appendix of Duffie, Pan and Singleton (2000), ζN∗ is a local martingale in R under P, which

implies that N∗ is a local martingale under P∗. By the martingale characterization of intensity,27

27See, e.g., Brémaud (1981).
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under P∗ process N is a counting process with intensity {λ∗X(Xt, t) : 0 ≤ t ≤ T} such that

λ∗X(x, t) = λ∗X,0(t) + tr(λ∗X,1(t)Xt). The conditional Laplace transform of ξX under P∗ is:

ΘX∗(Γ, t) = E∗t−[exp(tr(ΓξX))] = Et−[ζT exp(tr(ΓξX))]/Et−[ζT ] = ΘX(Γ + β(t, T ))/ΘX(β(t, T )).

It follows that the conditional risk-neutral discounted transform of XT is exponentially affine:

ΨX∗(Γ, Xt, t, T ) := E∗[exp(−
∫ T

0
R(Xs)ds + tr(ΓXT ))|Ft] = exp(B∗(T − t) + tr(A∗(T − t)Xt))

with coefficients B∗(τ) ∈ R and A∗(τ) ∈ Sn that satisfy the same system of matrix Riccati equations

as in Proposition 3, but with M , ΘX , λX,0, and λX,1 replaced by M∗(t), ΘX∗(·, t), λ∗X,0(t) and

λ∗X,1(t), respectively.

Lemma 1. The process {ζtB
∗
t : 0 ≤ t ≤ T} is a local martingale under P.

Proof of Lemma 1. For any 0 ≤ t ≤ T , let B∗
t = Bt − 2

∫ t
0

√
Xuβ(u, T )Q′du. Denoting by Xc the

continuous part, we have for any 0 ≤ s ≤ T :

ζtB
∗
t = ζsB

∗
s +

∫ t

s
ζu−dB∗

u +
∫ t

s
B∗

u−dζu +
∑

s<u≤t

(ζu − ζu−)(B∗
u −B∗

u−) +
∫ t

s
d[ζ, B∗]cu

= ζsB
∗
s +

∫ t

s
ζu−(dBu − 2

√
Xuβ(u, T )Q′du) +

∫ t

s
B∗

udζu +
∫ t

s
ζud[tr(β(u, T )Xc

u), B∗
u].

Since d[tr(β(u, T )Xc
u), B∗

u] = d[tr(
√

Xuβ(u, T )Q′B′
u), Bu] =

√
Xuβ(u, T )Q′du, we obtain ζtB

∗
t =

ζsB
∗
s +

∫ t
s ζu−dBu +

∫ t
s B∗

udζu, which implies that {ζtB
∗
t : 0 ≤ t ≤ T} is a local martingale under

P.

Proposition 7. The dynamics of Y in Assumption 4 under P∗ is:

dYt =
(

R(Xt)− λ∗XY (Xt, t)(ΘY ∗(1)− 1)− 1
2
tr(Xt)

)
dt

+tr
(√

Xt

(
dB∗

t P ′ + dW ∗
t

√
In − PP ′

))
+ dL∗t ,

where B∗,W ∗ ∈ Rn×n are two independent standard Brownian motions and L∗ ∈ R is a pure jump

process having independent jump sizes ξY
t with distribution νY ∗(t) and affine intensity λ∗Y X(Xt, t) =

λ∗Y X,0(t)+ tr(λ∗Y X,1(t)Xt). The parameters of the Y−dynamics under risk neutral probability P∗ are

λ∗Y X,0(t) = λY X,0ΘY X(γ(t, T ), β(t, T )), λ∗Y X,1(t) = λY X,1ΘY X(γ(t, T ), β(t, T )) and ΘY X∗(γ, Γ, t) =

ΘY X(γ + γ(t, T ), Γ + β(t, T ))/ΘY X(γ(t, T ), β(t, T )).
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Proof of Proposition 3. The Lévy infinitesimal generator LY X of (Y, X) is defined for bounded C2

functions f : R×D → R by:

LY,Xf(y, x) =
[
R(x) + µe(x)− 1

2
tr(x)

]
∂f(y, x)

∂y
+

1
2
tr(x)

∂2f(y, x)
∂2y

+tr[(ΩΩ′ + Mx + xM ′)D + (DQ′P ′x + xPQD)
∂

∂y
+ 2xDQ′QD]f(y, x)

+λY X(x)
∫

R×S+
n

(f(y + w, x + z)− f(y, x))dνY X(w, z), (42)

where D is a n × n matrix of differential operators with ij-component given by ∂
∂Xij

. Plugging

an exponential affine guess for the Laplace transform, the proposition follows by separation of

variables.

Proof of Proposition 4. In the multi-asset model, the Lévy infinitesimal generator LY X of (Y, X)

is:

LY,Xf(y, x) =
[
R(x)1n + µe(x)β + xη − 1

2
diag [x]

]′ ∂f(y, x)
∂y

+
1
2
tr

(
x

∂2f(y, x)
∂y∂y′

)

+tr
[
(ΩΩ′ + Mx + xM ′)D +DQ′ ∂

∂y
ρx + x

∂

∂y′
ρ′QD + 2xDQ′QD

]
f(y, x)

+λY X(x)
∫

Rn×S+
n

(f(y + w, x + z)− f(y, x))dνY X(w, z). (43)

By separation of variables, we get a discounted Laplace transform of the return vector YT that is

exponentially affine.

Proposition 8. The dynamics of Y in Assumption 6 under P∗ takes the form:

dYt =
(

R(Xt)1n − λ∗XY (Xt, t)((ΘY (e1), ΘY (e2), . . . ,ΘY (en))′ − 1n)− 1
2
diag[Xt]

)
dt

+tr
(√

Xt

(
dB∗

t ρ + dW ∗
t

√
1− ρ′ρ

))
+ dL∗t ,

where B∗ ∈ R and W ∗ ∈ Rn are two independent standard Brownian motions and L∗ ∈ Rn

is a pure jump process having independent jump sizes ξY
t with distribution νY ∗(t) and affine in-

tensity λ∗Y X(Xt, t) = λ∗Y X,0(t) + tr(λ∗Y X,1(t)Xt). The parameters of the Y -dynamics under P∗ are

λ∗Y X,0(t) = λY X,0ΘY X(γ(t, T ), β(t, T )), λ∗Y X,1(t) = λY X,1ΘY X(γ(t, T ), β(t, T )) and ΘY X∗(γ, Γ, t) =

ΘY X(γ + γ(t, T ), Γ + β(t, T ))/ΘY X(γ(t, T ), β(t, T )), with ΘXY the Laplace transform in (21).
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Proof of Proposition 5. We can write the relevant Hamilton-Jacobi-Bellman (HJB) equation as:

0 = sup
w

{
Jt + rWJW + η′XwJW W +

1
2
w′XwW 2JWW + tr

[
(ΩΩ′ + MX + XM ′)JX

]
(44)

+Ww′JWXQ′Xρ + ρ′XQJWXwW + 2tr
[
XJXXQ′QJXX

]

+λX(X)E
[
J(t,W, X̃)− J(t,W,X)

]}
,

where X̃ = X + ξX . The first-order conditions with respect to the portfolio decision w are:

0 = XηWJW + XwW 2JWW +
(
XWJWXQ′ + XQJWX

)
ρW,

from which we obtain an implicit equation for the optimal portfolio decision:

w? = − ηJW

WJWW
− 1

WJWW

(
JWXQ′ + QJWX

)
ρ. (45)

For a given wealth Wt and a matrix Xt, we can make the following guess for the solution of the

HJB equation:

J(t,Wt, Xt) =
W 1−γ

t

1− γ
exp (tr [A(τ)Xt] + B(τ)) , (46)

from which the optimal portfolio weights follow. Plugging w? into the HJB in (44), we see that our

guess indeed solves (44). A(τ) and B(τ) solve (32) and (33).

A.2. Volatility of Volatility and Leverage in the Single-Asset AJD Model

The volatility of returns Vt := 1
dtV art(dYt) = tr(Xt) + λ(Xt)E[ξY ξY ] follows using the properties

of the matrix AJD model. To compute the volatility of volatility, note that

dVt = tr(dXt) + E[ξY ξY ]tr(λY X,1dXt) = tr(HdXt) , (47)

where H = In + λY X,1E[ξY ξY ]. It then follows:

1
dt

Var t(dVt) = 4tr(HQ′QHXt) + λY X(Xt)E
[
tr(HξX)tr(HξX)

]
. (48)

In a similar way, we obtain for the leverage between return and volatility:

1
dt

Cov t(dYt, dVt) = 2tr(PQHXt) + λY X(Xt)E
[
ξY tr(HξX)

]
. (49)
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A.3. Volatility of Volatility and Leverage in the Multi-Asset AJD Return Model

The elements of the returns’ covariance matrix Vijt := 1
dtCov t(dYitdYjt) = Xijt + λ(Xt)E[ξY

i ξY
j ]

follow using the properties of the matrix AJD model. To compute the volatilities of volatility, note

that:

dVijt = tr(eje
′
idXt) + E[ξY

i ξY
j ]tr(λY X,1dXt) = tr(HijdXt) , (50)

where Hij = eje
′
i + λY X,1E[ξY

i ξY
j ]. It then follows:

1
dt

Var t(dVijt) = 4tr(HijQ
′QHijXt) + λY X(Xt)E

[
tr(Hijξ

X)tr(Hijξ
X)

]
. (51)

To obtain the leverage between return and volatility, we first have:

dYit = (...)dt + e′i
√

Xt(dBtρ +
√

1− ρ′ρdWt) + e′idLt

= (...)dt + tr(
√

Xt(dBtρe′i +
√

1− ρ′ρdWte
′
i)) + e′idLt .

Therefore, from the independence of B and W :

1
dt

Cov t(dYit, dVijt) =
1
dt

Cov
(
tr(

√
XtdBtρe′i) + e′idLt, dVijt

)

=
1
dt

Cov
(
tr(

√
XtdBtρe′i) + e′idLt, tr(HijdXt)

)

=
1
dt

Cov
(
tr(

√
XtdBtρe′i), tr(Hij

√
XtdBtQ) + tr(HijQ

′dB′√Xt)
)

+λY X(Xt)E
[
ξY
i tr(HijξX)

]
.

Therefore,

1
dt

Cov
(
tr(

√
XtdBtρe′i), tr(Hij

√
XtdBtQ)

)
= tr(H ′

ijQ
′ρe′iXt) ,

and

1
dt

Cov
(
tr(

√
XtdBtρe′i), tr(HijQ

′dB′√Xt)
)

= tr(HijQ
′ρe′iXt) ,

implying the expression for 1
dtCov t(dYit, dVijt).
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Table 1
Parameter choice in a bivariate matrix AJD Model for asset returns
Calibrated M , Q, and ρ parameters for the pure diffusion part of a 2 × 2 matrix AJD models such that
ΩΩ′ = βQQ and β = 10. These parameters have been estimated with GMM on a bivariate series of returns
and conditional covariance matrices for the S&P 500 Index Future and the 30-year Treasury Bond Future,
sampled at monthly frequencies; see Buraschi, Porchia, and Trojani (2010). For illustration purposes, the
jump component is such that λY X,0 = 1 and the jump size is distributed as Wishart W (ξX , n), n = 2, with
noncentrality parameter ξX and n degrees of freedom.

M Q λY X,1 ξX

-1.122 0.747 0.160 0.083 2.000 -0.100 0.010 0.009
0.884 -0.888 -0.021 0.009 -0.100 3.000 0.009 0.012

ΣY βY µY ρ
0.140 0.005 -0.050 -0.010 -0.279
0.005 0.030 -0.025 -0.015 -0.247

Table 2
Volatility and leverage structure in the single-asset model
The table summarizes the conditional variance-covariance and co-volatility structure (Vt := Var t(dYt)/dt)
for the single-asset matrix AJD model together with the leverage effect. The matrix H is defined as H :=
In + λY X,1E

[
(ξY )2

]
.

λY X,0 = 0, λY X,1 = 0 Unconstrained

Var t(dYt)/dt : tr(Xt) tr(Xt) + λY X(Xt)E
[
(ξY )2

]

Var t(dVt)/dt : 4tr(Q′QXt) 4tr(HQ′QHXt) + λY X(Xt)E
[
tr(HξX)2

]

Cov t(dYt, dVt)/dt : 2tr(PQXt) 2tr(PQHXt) + λY X(Xt)E
[
ξY tr

(
HξX

)]

Table 3
Variance-covariance and leverage structure in the multi-asset model
The table summarizes the conditional variance-covariance and co-volatility structure (Vijt =
Cov(dYitdYjt)/dt) for the multi-asset matrix AJD model, together with the leverage effect. The matrix
Hij is defined as Hij := eje

′
i + λY X,1E

[
ξY
i ξY

j

]
.

λY X,0 = 0, λY X,1 = 0 Unconstrained

Cov t(dYitdYjt)/dt : Xijt Xijt + λY X(Xt)E
[
ξY
i ξY

j

]

Var t(dViitdVjjt)/dt : 4XijtQ
′
iQj 4tr(HijQ

′QHijXt) + λY X(Xt)E
[
tr(Hijξ

X)2
]

Cov t(dYit, dVijt)/dt : ρ′(XiitQj + XijtQi) ρ′Q(Hij + H ′
ij)Xtei + λY X(Xt)E

[
ξY
i tr

(
Hijξ

X
)]
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Table 4
Fitted parameter values for models MJD, SVJ-2F, MD, SV-2F.
Model parameters are estimated by minimizing MAE for a cross-section of 173 S&P 500 index option
prices on July 1st, 1999.

√
V0 is the estimated value of stochastic volatility and X11

0 , X22
0 , X21

0 are
the components of the estimated state X0 on this sample day. MAE is the mean absolute dollar
error and % In B-A is the percentage of fitted model prices inside the bid-ask spread.

MJD SVJ-2F MD SV-2F
M11 -1.4270 -1.1954 -2.1575 -1.3507
M21 -0.0197 – -0.0702 –
M22 -0.4054 -0.2837 -1.3759 -1.7520
Q11 -0.2604 -0.3689 -0.2939 -0.3572
Q21 -0.4978 – 0.3100 –
Q22 0.0006 0.0105 0.0037 -0.0082
P 11 0.4924 0.9225 0.6898 0.9408
P 21 0.8692 – -0.7153 –
P 22 0.0003 0.9992 0.1531 1.0000
X11

0 0.0093 0.0212 0.0096 0.0175
X21

0 -0.0063 – -0.0097 –
X22

0 0.0131 0.0064 0.0106 0.0100
β 1.0012 – 1.9611 –

λ0 0.0000 0.0000 – –
λ11

1 0.1271 0.0195 – –
λ21

1 0.0001 – – –
λ22

1 0.0001 0.0445 – –
µY -0.0100 -0.0040 – –
σY 0.0048 0.0811 – –
β1 – 1.7419 – 2.0196
β2 – 0.0068 – 1.9639√
V0 0.1498 0.1661 0.1421 0.1658

MAE 0.478 0.926 0.887 1.011
% IN B-A 88% 61% 64% 60%
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Figure 1
Implied volatility surfaces.
We plot implied volatility smiles and the time series of their slope for the S&P500 and for a single
stock, ABB, traded on Virt-X. The upper panels plot the smile for options of different maturity
ranging from one month to five years (S&P 500) and one year (ABB), respectively, for two specific
dates. The lower panels plot the time series of the slope of the volatility smiles over a time period
ranging from August 1996 to December 2005 (S&P 500) and from January 2000 to December 2007
(ABB), respectively. The slope is measured as the difference between the 10% out-of-the money
call and the 10% out-of-the money put option for maturities of one month (red line) and one year
(blue line).
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Figure 2
Volatility and correlation process.
The top left and right panels plot the trajectories of the two volatility processes and the correlation
process, respectively, simulated under the matrix AJD process in Assumption 1. In the lower left
panel, we plot the jump intensity, which we assume to be affine in Xt. The lower right panel plots
the jump sizes in the correlation process. For the simulation, parameters are taken from Table 1.
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Figure 3
Volatility leverage with and without jump specification.
The figure displays the volatility leverage Corr t(dYit, dViit) for asset i = 1, 2 within a bivariate
matrix AJD model for returns. The solid and dash-dotted constant horizontal lines are the two
volatility leverage coefficients for the model without jumps. The two solid and dash-dotted non-
constant lines plot the two volatility leverage coefficients for the model with jumps.
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Figure 4
Intertemporal hedging demand and jumps in covariances.
The figure displays the intertemporal hedging demand in an optimal portfolio allocation for a
CRRA utility investor with relative risk aversion coefficient γ = 6. In the left panels, we calculate
the hedging demand as a fraction of the myopic portfolio for different time horizons, ranging from
zero to ten years. The dotted lines represent the hedging demand when there is no jump risk in
covariances and the solid lines the hedging demands when there are jumps in covariances. The
right panels plot the fraction of the total hedging demand induced by the presence of jumps in
covariances.
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Figure 5
Simulation of return volatilities and return correlations.
The left panel of the figure displays the absolute differences of simulated return volatilities of the
two assets in the model with and without jumps. The jump events are marked with vertical lines
and the mean jump intensity is equal to 1.98%. The right panel plots the difference of the assets’
correlations in the models with and without jumps. Our simulation is based on daily intervals and
we impose a time horizon of 10’000 days.
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Figure 6
S&P 500 implied volatility smile for five different times to maturity.
Option prices are obtained from market data on July 1st, 1999. The figure displays the implied
volatility smiles of S&P 500 index options on this day for maturities ranging from 35 days to 246
days. Asterisks denote Black Scholes implied volatilities inferred from observed option prices. Dif-
ferent colors indicate the observed option implied volatility smile for the different option maturities.
Moneyness is measured by K/F , with K the option strike price and F the index futures price.
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Figure 7
Fitted S&P 500 implied volatility smile by different models.
Option prices are obtained from market data on July 1st, 1999. The figure displays the fitted
implied volatility smiles of S&P 500 index options for models MAJD (panel A), MAD (panel B),
SVJ-2F (panel C), SV-2F (panel D) and maturities of 35 days and 246 days, respectively. Asterisks
denote Black Scholes implied volatilities inferred from observed option prices. Circles denote Black
Scholes implied volatilities inferred from calibrated model-implied option prices. Moneyness is
measured by K/F , with K the option strike price and F the index futures price.
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Figure 8
Fitted S&P 500 implied volatility smile by different models.
Option prices are obtained from market data on July 1st, 1999. The figure displays the complete
fitted implied volatility smiles of S&P 500 index options for models MAJD (panel A), MAD (panel
B), SVJ-2F (panel C), SV-2F (panel D) for maturities between 35 days and 246 days. Asterisks
denote Black Scholes implied volatilities inferred from observed option prices. Circles denote Black
Scholes implied volatilities inferred from calibrated model-implied option prices. Moneyness is
measured by K/F , with K the option strike price and F the index futures price.
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Figure 9
Fitted S&P 500 implied volatility smile of model MAJD for different values of latent
state αt.
Option prices are obtained from market data on July 1st, 1999. The figure displays the implied
volatility skew of S&P 500 index options in calibrated model MAJD for maturities 35 days (panel A),
119 days (panel B), and 246 days (panel C). We fix the volatility level Vt and volatility composition
V1

t /Vt and move state αt in its admissible domain. In this way, we obtain the range of admissible
model implied skews contained in the gray zone of panels A, B, and C. The dashed lines plot
the actual implied volatility skews on July 1st, 1999. In panel D, we plot the term structure of
implied volatilities for 90%, 100% and 110% moneyness (straight lines). We fix again the volatility
level Vt and volatility composition V1

t /Vt and move state αt in its admissible domain. The range of
admissible model implied term structures is contained in the gray zone of panels D and dashed lines
reproduce the actual implied volatility term structures on July 1st, 1999. Moneyness is measured
by K/F , with K the option strike price and F the index futures price.
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Figure 10
Relation between correlation leverage and jump intensity
Using the calibrated parameters for model MAJD, the Figure plots the correlation corr(dYt, dVt)
as a function of the jump intensity λY X(Xt), as the latent state αt varies in the interval [0, π]. We
hold the volatility level Vt fixed as well as the volatility composition V1

t /Vt.
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