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Abstract

A large literature studies the predictability of stock returns by other lagged financial

variables in a predictive regression setting. A common feature of widely used testing

procedures is a failing robustness, which may lead to misleading conclusions determined

by the particular features of a small subfraction of the data. We propose a new general

method to deal with this problem based on the robust subsampling approach. The method

implies robust confidence intervals and inference results. It is applicable both in the multi-

predictor context and in settings with nearly integrated regressors. Simulation evidence

confirms the higher accuracy and efficiency of our robust testing approach for typical

applications in which the data may follow only approximately a predictive regression

model. We apply our approach to US equity data from 1961 to 2008 and find that it

yields a stronger evidence in favor of predictability than a number of other (nonrobust)

tests in the literature.
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1 Introduction

A number of studies has investigated wether stock returns can be predicted by economic vari-

ables such as, e.g., the price-dividend ratio or the interest rate; see, for instance, Rozeff (1984),

Fama and French (1988), Campbell and Shiller (1988), Nelson and Kim (1993), Goetzmann

and Jorion (1995), Campbell and Yogo (2006), Jansson and Moreira (2006), Polk, Thompson

and Vuolteenaho (2006). The econometric approach to test for predictability is mostly based

on a predictive regression of stock returns onto a set of lagged financial variables; see, e.g.,

Stambaugh (1999). Important distinctions between testing procedures in the literature arise

because of the different test statistics and asymptotic theories used to test the null hypothe-

sis of no predictability. These differences lead in a number of cases to diverging results and

conclusions.

Mankiw and Shapiro (1986) and Stambaugh (1986) note that in a setting with endogenous

predictor and correlated innovations standard asymptotic theory causes small sample biases

that may imply an over rejection of the hypothesis of no predictability. To mitigate the problem,

a first approach proposes tests based on bias-corrected estimators of predictive regressions. For

instance, Stambaugh (1999) and Amihud, Clifford and Wand (2008) introduce bias-corrected

OLS estimators for the univariate and the multi-predictor setting, respectively. Another strand

of early literature applies a VAR simulation approach or a bootstrap scheme to compute finite

sample confidence intervals; see, among others, Nelson and Kim (1993) and Goetzmann and

Jorion (1993).1

Recent work has considered the issue of endogenous integrated or nearly integrated pre-

dictors, following the evidence in Torous, Valkanov and Yan (2004) that various variables

assumed to predict stock returns follow a local-to-unit root autoregressive process. Lewellen

(2004), Torous et al. (2004) and Campbell and Yogo (2006) introduce new testing procedures

and more accurate unit-root and local-to-unit root asymptotics for the predictive regression

1These methods deliver consistent predictability tests under particular assumptions that may be hardly
verifiable in applications. Standard asymptotic consistency proofs for the VAR approach assume knowledge
of the true data generating model. Consistency of the bootstrap approach in Goetzmann and Jorion (1993)
follows if returns are iid and dividends are not stochastic.
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model with a single persistent predictor and correlated innovations. Torous et al. (2004) and

Campbell and Yogo (2006) tests are based on Bonferroni methods and are thus difficult to

extend to multi-predictor predictive regression settings. Following Politis and Romano (1994)

and Wolf (2000), Choi and Chue (2007) show that the subsampling is a convenient resampling

scheme to define valid confidence intervals and tests for predictive regression models with mul-

tiple, potentially nearly integrated, regressors. In contrast to the bootstrap, the subsampling

satisfies weaker consistency conditions that are typically satisfied by many empirical predictive

regression models.

A common denominator of all above testing approaches is their dependence on procedures

that can be heavily influenced by a small fraction of particular observations in the data. For

standard OLS estimators of linear regression models with iid data this problem is well-known

since a long time; see Huber (1981) for a review. Following Huber’s seminal work, several

authors have emphasized the potentially even worse robustness features of level and power of

asymptotic tests of parametric hypotheses in time series settings; see Heritier and Ronchetti

(1994), Ronchetti and Trojani (2001), Mancini, Ronchetti and Trojani (2005) and Gagliardini,

Trojani and Urga (2005), among others.2 Finally, recent research has shown that confidence

intervals and tests of resampling schemes like the bootstrap and the subsampling may be easily

inflated by a small fraction of outliers in the data; see Singh (1998), Salibian-Barrera and Zamar

(2002) and Camponovo, Scaillet and Trojani (2009a,b). Intuitively, this problem arises because

the fraction of anomalous observations generated by resampling schemes like the bootstrap and

the subsampling is often much higher than the fraction of outliers in the original data. This

feature may imply unreliable test results even when estimating the predictive regression model

with robust regression techniques.

The main contributions of this paper are (i) a new general robust method for hypothesis

testing in the predictive regression setting and (ii) a robust analysis on the conclusions of a

number of predictability tests in the empirical literature. Our method is applicable both in

2For instance, t−type statistics and confidence intervals for testing the null of no predictability require
estimation of both the slope parameter in the predictive regression model and the variance of the error term.
Since standard variance estimators can be very sensitive to outliers or other particular structures of a small
subset of the data the resulting test may imply unreliable level and power properties.

4



multivariate and near-to-unity regression settings, it ensures robustness of level and power of

the implied tests, and it allows the researcher to identify from the data potentially problematic

observations that may invalidate the inference derived from non robust test procedures in the

literature. We build our tests by using well-known robust M-estimators for linear regression

models available in the statistical literature, and by computing test critical values and con-

fidence intervals with the robust subsampling approach in Camponovo, Scaillet and Trojani

(2009b). While the subsampling allows us to consider both multivariate and near-to-unit-root

settings, using the robust subsampling allows us to avoid the potentially damaging effects of

a few particular data points in the data on the test conclusions. We apply our robust ap-

proach to US equity data from 1961 to 2008 and find that it yields a stronger evidence in favor

of predictability than a variety of other tests in the literature. This evidence suggests that

conventional approaches in the literature may feature a low power in applications, due to the

presence of abnormal structures in a small subset of the data.

The paper is organized as follows. Section 2 introduces the relevant multivariate predictive

regression model and some recent procedures proposed for testing the null hypothesis of no

predictability. Section 3 explains how robust predictability tests are obtained using the robust

subsampling approach in Camponovo, Scaillet and Trojani (2009b). Moreover, it produces

Monte Carlo evidence on the accuracy and robustness properties of our tests relative to classical

methods. In Section 4, we apply our robust testing approach to US equity data and examine

the empirical evidence for predictability. Section 5 concludes.

2 Predictive Regression Model

We denote by {yt} the response variables and by {xt} the explanatory variables of the predictive

regressions model:

yt = α + β′xt−1 + ut (1)

xt = µ+ ρxt−1 + vt (2)
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where, for t = 1, . . . , n, yt, α and ut are scalars, xt, µ and vt are p-dimensional vectors and ρ

is a p × p matrix with eigenvalues |λi| < 1, i = 1, . . . , p. We assume that the errors {vt} are

iid with mean zero and covariance matrix Σ, while ut = φ′vt + et, where φ is a p-dimensional

vector and {et} are iid random variables with mean zero and independent of {xt} and {vt}.

It is well known that in this setting inference based on standard asymptotic theory suffers

from small sample biases, which may imply an over rejection of the hypothesis of no predictabil-

ity, H0 : β = β0 = 0; see e.g. Mankiw and Shapiro (1986) and Stambaugh (1986). Moreover,

as emphasized in Torous et al. (2004), various state variables considered as predictors are

well approximated by a nearly integrated process. Consequently, this suggests a local-to-unit

framework λi = 1 + c/n for the autoregressive model (2), which may imply a non standard

asymptotic distribution for the classical estimators of ρ and β.

Recently, several tests procedures have been proposed in order to overcome these problems.

In this paper, we focus on the more recent approaches based on the Bonferroni method proposed

in Torous et al. (2004) and Campbell and Yogo (2006), the bias-corrected estimators method

used in Amihud et al. (2008) and the subsampling procedures proposed in Wolf (2000) and

Choi and Chue (2007). Our first objective is to study the accuracy of these procedures under

small violations of the model assumptions. Indeed, all these approaches are based on statistical

tools which are very sensitive to contamination by outliers or more general deviations from

the assumed predictive regression model. Consequently, despite the high accuracy under the

strict model assumptions, these testing procedures may become easily inefficient or biased even

with a small fraction of outliers in the data. We first briefly introduce the different approaches

and finally we analyze through Monte Carlo simulations their accuracy, both in presence and

absence of small deviations from the model assumptions.
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2.1 Bonferroni Method

Consider the predictive regressions model (1)-(2) with p = 1 and ρ = λ1 = 1 + c/n. In order

to test the null Hypothesis H0 : β = β0, Campbell and Yogo (2006) introduced the Q-statistic:

Q(β0, ρ) =
(β̂n − β0)− βuv(ρ̂n − ρ)

σu(1− δ2)1/2(
∑n

t=1 x
µ2
t−1)

−1/2
(3)

where σ2
u = V ar(ut), σ

2
v = V ar(vt), σuv = Cov(ut, vt), βuv = σuv/σ

2
v , δ = σuv/σuσv, x

µ
t−1 =

xt−1 − (n−1
∑n

t=1 xt−1) and β̂n and ρ̂n are the OLS estimators of β and ρ, respectively.3

The Q-statistic depends on the unknown parameter ρ. Consequently, tests based on (3)

become unfeasible. To solve this problem, Campbell and Yogo (2006) propose a Bonferroni

approach. More precisely, for fixed α1 = α1 + α1, they first compute ρ(α1) and ρ(α1) such

that α1 = P (ρ > ρ(α1)) and α1 = P (ρ < ρ(α1)). Then, for fixed α2 with α = α1 + α2, the

Bonferroni confidence interval for β is given by:

Cβ(α) = [β(ρ(α1), α2), β(ρ(α1), α2)] (4)

where β(ρ, α2) = β(ρ) − zα2
2
σu

(
1−δ2∑n
t=1 x

µ2
t−1

)1/2

, β(ρ, α2) = β(ρ) + zα2
2
σu

(
1−δ2∑n
t=1 x

µ2
t−1

)1/2

, β(ρ) =∑n
t=1 x

µ
t−1[yt−βuv(xt−ρxt−1)]∑n

t=1 x
µ2
t−1

, and zα2
2

denotes the 1−α2/2 quantile of the standard normal distribu-

tion. By Bonferroni’s inequality, the confidence interval (4) has coverage of at least 100(1−α)%.

However, confidence interval (4) is typically conservative. Campbell and Yogo (2005, 2006) pro-

vide a refinement of the Bonferroni method and a procedure to implement it. In our study, we

consider this last approach.

3Campbell and Yogo (2006) introduce a t-statistic as well. However, because of the better accuracy of the
Q-statistic, showed through theoretical results and Monte Carlo simulations, we focus on the Q-statistic.
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2.2 Bias Correction Methods

Consider the predictive regressions model (1)-(2) with p ≥ 1. For testing the hypothesis of

predictability, Amihud et al. (2008) consider the augmented regressions:

yt = α + β′xt−1 + φ′vt + ut. (5)

Since {vt} is unknown, it has to be replaced by a sample estimate. A simple candidate is {v̂t},

the residuals from the VAR(1) model (2) computed using the OLS estimator ρ̂n of ρ in (2).

However, a key issue is that {v̂t} inherits the small sample bias of ρ̂n; see Nicholls and Pope

(1988). To overcome this problem, Amihud et al. (2008) consider first the expression for the

bias of the OLS estimator ρ̂n in Nicholls and Pope (1998) given as:

E[ρ̂n − ρ] = −b/n+O(n−3/2) (6)

Then, they provide an iterative procedure in order to estimate b and, using equation (6), they

compute a bias corrected estimator ρ̂cn of ρ. Consequently, they calculate the reduced bias

residuals {v̂ct}, with ρ̂cn instead of ρ̂n in (2). Their bias corrected estimate β̂cn of β is the OLS

estimator in the regression model (5) with {v̂ct} instead of {vt}. Finally, in order to make

inference on the parameter β, they estimate:

E[(β̂cn − β)(β̂cn − β)′] (7)

and approximate cov(β̂cn) = E[(β̂cn − E[β̂cn])(β̂cn − E[β̂cn])′] through expression (7). Using this

approximation, they test the null hypothesis of non predictability with the conventional t and

Wald tests; see Amihud et al. (2008) for more details.

2.3 Subsampling Method

The tests defined in Wolf (2000) and Choi and Chue (2007) are based on the subsampling

theory developed since Politis and Romano (1992, 1994). The subsampling is a resampling
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procedure, which aims to approximate the sampling distribution of a statistic.

We briefly describe the subsampling approach in a general case. Let X(n) =
(
X1, . . . , Xn

)
be an observation sample, and let T(n) := T (X(n)) be a statistic based on the sample X(n).

For i = 1, . . . , n, the subsampling approach splits the original sample in overlapping blocks

X(m),i =
(
Xi, . . . , Xi+m−1

)
of size m < n. Then, it applies the statistic T to the so generated

blocks, T(m),i = T (X(m),i). Finally, using the empirical distribution of T(m),i as an approximation

of the distribution of T(n), it computes confidence intervals for the parameter of interest.4.

Finally, we can focus on the predictive regression model (1)-(2). In order to test the

predictability hypothesis in the stationary case, Wolf (2000) considers the statistics TW(n) =
√
n(β̂n−β0) and TW(m),i =

√
m(β̂m,i− β̂n), where β̂n and β̂m,i are the OLS estimators of β based

on the whole sample and the subsampling blocks of size m, respectively. In order to extend the

subsampling approach to the local-to-unit framework, Choi and Chue (2007) propose instead

the studentized statistics TCC(n) =
√
n(β̂n − β0)/σ̂n and TCC(m),i =

√
m(β̂m,i − β̂n)/σ̂m,i, where σ̂n

and σ̂m,i are estimates of the standard deviation of β̂n and β̂m,i, respectively.

Andrews and Guggenberger (2007 abc) and Mikusheva (2007) show that confidence intervals

based on the subsampling distribution of the statistic TCC(m),i may imply a distorted size, which

is instead correct using the symmetric statistic T(n) =
√
n|β̂n−β0|/σ̂n. Therefore, in our robust

analysis we consider the subsampling distribution based on T(n). Finally, a main issue in the

application of subsampling procedures is the choice of the block size m, since accuracy of the

subsampling distribution depends on this parameter. In our experiments, we apply a data

driven calibration method (CM) for the selection of the block size, introduced in Romano and

Wolf (2001). Details are provided in Appendix B.5

2.4 The Robustness Problem of Standard Tests of Predictability

We compare through Monte Carlo simulation the accuracy and robustness of the Bonferroni ap-

proach, the bias-corrected method and the subsampling procedures for testing the predictability

4Alternatively, it is possible to consider nonoverlapping blocks as well.
5Romano and Wolf (2001) introduce two data driven methods for the selection of the block size: The

minimum confidence index volatility (MCIV) and the calibration method (CM). Because of the better accuracy
and higher robustness of the CM, showed in Camponovo et al. (2009), we focus on the CM only.
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hypothesis.

We generate N = 1000 samples X(n) =
(
(Y1, Z

′
0), . . . , (Yn, Z

′
n−1)

)
, with Z ′t−1 = (1, X ′t−1),

t = 1, . . . , n, of size n = 192, according to model (1)-(2) for the parameter choices p = 1,

α = µ = 0, ρ = 0.95, Σ = 1, φ = −0.75, and β0 = 0, 0.025, 0.05, 0.075, 0.1. To study

the robustness of the different methods under investigation, we consider replacement outliers

random samples X̃(192) =
(
(Ỹ1, Z

′
0), . . . , (Ỹ192, Z

′
191)
)

generated according to:

Ỹt = (1− pt)Yt + pt · Y3max, (8)

where Y3max = 3 · max(Y1, . . . , Y192) and pt is an iid 0 − 1 random sequence, independent of

process (1)-(2) and such that P [pt = 1] = η. The probability of contamination is set to η = 5%,

which is a small contamination of the original sample. For the subsampling procedures, we

select the block size applying CM to the set of admissible block sizes M = {12, 16, 20, 24}.

The significance level is 1− α = 0.9.

We first analyze the finite sample coverage and the power of the methods under investigation

in a test of the null hypothesis H0 : β0 = 0. The first 3 panels of Figure 1 plots the empirical

frequencies of rejection of the null hypothesis H0 : β0 = 0 for different values of the alternative

hypothesis: β0 = 0, 0.025, 0.05, 0.075, 0.1.

With non contaminated samples (straight line), when β0 = 0, the size of all methods

considered is close to the nominal level α = 0.1: For all procedures, the difference with the

nominal level is less than 1%. As expected, for increasing values of β0 the power of the tests

increases. When β0 = 0.05, all methods have a frequency of rejection larger than 65% and when

β0 = 0.075 larger than 90%. The accuracy of all these procedures dramatically deteriorates

when applied to contaminated samples (dashed line). When β0 = 0, the Bonferroni approach

and the bias corrected methods tend to overreject H0. In contrast, the classic subsampling

underejects H0, implying a size lower that 5%. Moreover, when β0 > 0 the power of all

procedures is much lower than that in the non contaminated case. When β0 = 0.05, all

methods have a proportion of rejection less than 30%, which is for β0 = 0.075 less than 45%.
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3 Robust Predictive Regression

The main objective of our study is to define a robust test procedure for the predictive regression

model (1)-(2), which ensures a desirable accuracy in both presence or absence of abnormal

structures in a small subset of the data. To overcome the lack of a robust test in this setting,

a first possibility could be to directly develop robust versions of the nonrobust approaches

analyzed in the previous section. However, this task may be hard to achieve in general.

The Bonferroni approach introduced in Campbell and Yogo (2006) is based on the non

robust OLS estimators β̂n and ρ̂n. To robustify it, it would first be necessary to consider instead

robust estimators of β and ρ, respectively. However, for making inference on parameter β the

asymptotic distribution of these estimators in the local to-unit-root case has to be computed.

This modification extremely complicates the construction of Bonferroni confidence intervals and

makes the procedures introduced in Campbell and Yogo (2005) hard to implement. Indeed,

this objective required a not obvious extension to the predictive regression setting of the robust

local to unit root asymptotic in Lucas (1995, 1997).

In the bias corrected method of Amihud et al. (2008), the reduce bias residuals {v̂ct}

are computed using the expression for the bias of the non robust OLS estimator in Nicholls

and Pope (1988). To robustify this method, it would first be necessary to compute a similar

expression for the bias of a robust estimator. Moreover, in the augmented regression model

(5), we have to consider also a robust estimator of β as well. Finally, for making inference on

parameter β, a robust procedure for the computation of the covariance of these estimators is

required.

To robustify the subsampling approach an obvious first idea is to apply the standard sub-

sampling method to a robust statistic, instead of a nonrobust one. However, this approach

does not provide a robust subsampling distribution. Indeed, as highlighted in Camponovo et

al (2009a), the fraction of anomalous observations generated by the subsampling approach is

often much higher than the fraction of outliers in the original data. Consequently, because of

this extreme large amount of abnormal structures in the subsamples, even test results based on

robust estimators become easily unreliable; see Singh (1998) and Salibian-Barrera and Zamar
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(2002) for the iid bootstrap, Camponovo et al. (2009a) for the iid subsampling and Camponovo

et al. (2009b) for the general time series case. Moreover, as discussed in Salibian-Barrera and

Zamar (2002) and Camponovo et al (2009ab), the application of standard resampling methods

in non linear robust time series settings can become computationally unfeasible.

3.1 Robust Fast Subsampling

In order to test the hypothesis of predictability in an accurate and robust way, we propose

the robust fast subsampling procedure introduced in Camponovo et al. (2009b). Similar to

the studentized subsampling, the robust fast subsampling constructs an empirical distribution

function that approximates the distribution of TR(n) =
√
n|β̂Rn − β0|/σ̂Rn , where non robust OLS

estimator β̂n of β is replaced by a robust estimator β̂Rn and σ̂Rn is a robust scale estimate; see

Hubert, Rousseeuw and Van Aelst (2008). However, the crucial difference between the stu-

dentized classic and robust fast subsampling consists in the computation of the block statistics

TR(m),i. More precisely, instead of exactly computing these statistics, the robust fast subsampling

replaces them by a first order approximations based on a Taylor expansion of TR(m),i. Conse-

quently, because of the approximations of the block statistics, the fast subsampling method

provides very fast and computationally feasible procedures, which requires only computation

of estimators for statistic TR(n). Moreover, as shown in Camponovo et al. (2009b), when applied

to robust statistics TR(n) this approach implies robust resampling procedures as well. Indeed,

the robust fast subsampling inherits directly the degree of robustness of the robust estimators

used to compute TR(n). In Appendix A, we explain in detail how to apply this method to the

model (1)-(2).

Through Monte Carlo simulations, we can study the accuracy and robustness of our robust

fast subsampling tests for predictability. With the same Monte Carlo setting samples of Section

2.4, we analyze the finite sample coverage and the power of the robust fast subsampling in a

test of the null hypothesis H0 : β0 = 0. The bottom panel in Figure 1 plots the empirical

frequencies of rejection of the null hypothesis H0 : β0 = 0, implied by our robust approach for

different values of the alternative hypothesis: β0 = 0, 0.025, 0.05, 0.075, 0.1.
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With non contaminated samples (straight line), when β0 = 0, the size of the robust fast

subsampling is 0.109, which is very close to the nominal level α = 0.1. Moreover, for large

values of β0 the frequencies of rejections increase with power values similar to those observed for

the non robust methods. For β0 = 0.05 the power is 65.7%, while for β0 = 0.05 the frequency of

rejection is 92.9%. For the non robust methods the power ranges from 64.5% to 70.0% and from

92.4% to 96.3% for β0 = 0.05 and β0 = 0.075, respectively. Finally, the robust fast subsampling

implies accurate results even with contaminated samples (dashed line). When β0 = 0, the size

is 0.093 and consequently close to the nominal level. For β0 > 0, the power curve of the

robust fast subsampling remains similar to the power curve observed without contaminations,

indicating that our robust approach clearly outperforms classical methods. In particular, when

β0 = 0.05 and β0 = 0.075 the power is close to 45% and 70%, respectively. For the non robust

methods, the proportion of rejections ranges instead from 16.1% to 29.4% and from 26.9% to

44.7% for β0 = 0.05 and β0 = 0.075, respectively. This corresponds to an increase of at least

50% of the power of our robust method relative to all classical procedures.

4 Predictability of Stock Returns

We implement the procedures introduced in the previous sections on US equity data. We

consider monthly S&P 500 index data (1871-2008) from Shiller (2000).

4.1 Empirical Predictability Findings

In our analysis, we study the forecast ability of dividend yields for future stock returns. We

define the one-period real total return as:

Rt = (Pt + dt)/Pt−1 (9)
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where Pt is the end of month real stock price and dt is the real dividends paid during month t.

Moreover, we define the annualized dividend series Dt as:

Dt = dt + (1 + rt)dt−1 + (1 + rt)(1 + rt−1dt−2 + · · ·+ (1 + rt)(1 + rt−1 . . . (1 + rt−10)dt−11 (10)

where rt is the one-month Treasury-bill rate. For t = 1, . . . , n, we consider the predictive

regression model:

ln(Rt) = α + β

(
Dt−1

Pt−1

)
+ εt (11)

Finally, using the Bonferroni approach, the bias corrected method, the classical subsampling

and our robust fast subsampling, we test the null hypothesis of no predictability H0 : β = β0 =

0.

We apply the procedures under investigation to the period 1961-2008, consisting of 576 ob-

servations and the subperiods 1961-1992 and 1993-2008, consisting of 384 and 192 observations,

respectively. In order to test H0 : β = β0 = 0, for each method and period, we construct 90%

confidence intervals for parameter β. Table 1 reports our empirical results.

In the whole period 1961-2008, all procedures under investigations provide very similar con-

fidence intervals and provide evidence in favor of the predictability of stock returns. Similar

findings arise for the subperiod 1961-1992: Also in this case, the Bonferroni approach, the bias

corrected method, the classic subsampling and our robust fast subsampling find evidence in

favor of predictability. Finally, in the subperiod 1993-2008, only our robust approach produces

significant evidence of predictability. In particular, the non robust procedures provide larger

confidence intervals, which imply a non rejection of H0. This is an interesting finding. A pos-

sible source of the divergent conclusions of non robust methods and our approach is the larger

proportion of anomalous observations in the subperiod 1993-2008. As shown through Monte

Carlo simulations, the presence of outliers in the data can dramatically decrease the power

and the accuracy of non robust procedures. The finding for the subperiod 1993-2008 seems

to confirm this result. Indeed, the year 2008 is characterized by several unusual observations

linked to the recent credit crisis: For instance we find that observation October 2008 is the most
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influential data point for the whole period 1961-2008. Such outliers deteriorate the accuracy

of classical methods and the non rejection of H0 due to the large confidence intervals provided

by non robust methods suggests a low power of these approaches in these cases.

5 Conclusion

A large literature studies the forecasting ability of a variety of explanatory variables for future

stock returns. In particular, several recent testing procedures have been proposed, in univari-

ate and multivariate predictive regression models with correlated errors and nearly integrated

regressors. All these methods produce desirable inference properties under the strict model

assumptions. However, we find that even small deviations from the assumptions of the strict

predictive regression model can dramatically deteriorate the accuracy of these tests. To over-

come this problem, we propose a robust fast subsampling test for predictability. Our method

works under weak consistency conditions in a multivariate framework and in presence of po-

tentially nearly integrated regressors. Monte Carlo simulations confirm the fragility of classical

tests of predictability when applied to data which only approximatively follow the predictive

regression model assumptions. In contrast, our robust approach shows a desirable stability

even for different contaminations by outliers. Finally, in the application to US equity data,

our procedure shows stronger evidence in favor of predictability of stock returns by dividend

yields than classic methods. In the whole period 1961-2008 and in the subperiods 1961-1992

and 1993-2008, the robust fast subsampling always rejects the hypothesis of no predictability.

In contrast, in the subperiod 1993-2008 the classic methods provide larger confidence intervals,

which imply a non rejection of H0. This finding seems to confirm the lack of power of non

robust methods highlighted in our Monte Carlo simulations. Indeed, the presence of an even

moderate proportion of anomalous observations in this subperiod deteriorates the accuracy of

non robust methods. These findings indicate that robustness is a key aspect to consider when

testing the predictability in predictive regression models.
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Appendix A: Robust Fast Subsampling and Predictive

Regression Model

We compute the robust fast subsampling distribution for the multivariate predictive regres-

sion model (1)-(2). For t = 1, . . . , n, we write regression model (1) as:

yt = θ′zt−1 + ut (12)

where θ = (α, β′) and zt−1 = (1, x′t−1)
′. Let X(n) =

(
(Y1, Z

′
0), . . . , (Yn, Z

′
n−1)

)
be an observation

sample according to (12). Furthermore, for m < n and i = 1, . . . , n − m + 1, denote by

X(m),i =
(
(Yi, Z

′
i−1), . . . , (Yi+m−1, Z

′
i+m−2)

)
the n−m+ 1 overlapping blocks of size m.

We consider the robust estimator θ̂Rn of true parameter θ0 = (α0, β
′
0)
′, defined as solution of

the equation ψn,c(X(n), θ̂
R
n ) = 0, where:

ψn,c(X(n), θ) =
1

n

T∑
i=1

gc(Yi, Zi−1, θ) (13)

and

gc(Yi, Zi−1, θ) = (Yi − θZi−1)Zi−1 ·min

(
1,

c

||(Yi − θZi−1)Zi−1||

)
. (14)

For j = 1, . . . , p, we denote by θ
(j+1)
0 = β

(j)
0 the j-th component of parameter β0. Let σ̂R,jn be a

robust estimator of the standard deviation of β̂
R (j)
n . The robust fast subsampling approximates

the distribution of
|β̂R (j)
n −β(j)

0 |
σ̂R,jn

by the empirical distribution of:

∣∣∣∣(− [∇θψm,c(X(m),i, θ̂
R
n )]−1ψm,c(X(m),i, θ̂

R
n )

)(j)∣∣∣∣
σ̂R,jm,i

(15)

where ∇θψm,c(X(m),i, θ̂
R
n ) denotes the derivative of function ψm,c with respect to θ and σ̂R,jm,i

denotes the estimated standard deviation of β̂
R (j)
m , using the subsampling block X(m),i; see also

Hong and Scaillet (2006).
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Finally, given t ∈ (0, 1) let Qt be the upper quantile of the empirical distribution implied by

the robust fast subsampling statistics (15). The symmetric robust fast subsampling symmetric

t-confidence interval for parameter β
(j)
0 is given by:

CIt =
[
β̂R (j)
n − σ̂R,jn Qt, β̂

R (j)
n − σ̂R,jn Qt

]
(16)
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Appendix B: Block Size Selection

An important issue in the application of subsampling procedures is the choice of the block

size m, since accuracy of the resampling distribution depends on this parameter. In this section,

we propose a data driven selection method, introduced in Romano and Wolf (2001), based on

a calibration approach.

Fix t ∈ (0, 1), i ∈ {1, . . . , p} and let β
(i)
0 be the parameter of interest. We denote by M =

{mmin, . . . ,mmax} the set of admissible block sizes. Let X ∗(n) be a nonoverlapping moving block

bootstrap sample generated from X(n) with block size m. For each bootstrap sample, denote by

CI∗t (m) the subsampling t−confidence interval according to block size m; see Appendix A and

equation (16) for details on the construction of CI∗t (m). The data driven block size according

to the calibration method is defined by

mCM := arg inf
m∈M
{|t− P ∗

[
β̂(i)
n ∈ CI∗t (m)

]
| : P ∗ [CI∗t (m) ∈ R] > 1− t} (17)

where, by definition, arg inf(∅) := ∞, and P ∗ is the nonoverlapping moving block bootstrap

probability distribution.
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Figure 1: Power Curves. We plot the proportion of rejections of the null hypothesis H0 :
β0 = 0, when the true parameter value is β0 ∈ [0, 0.1]. From the top to the bottom, we
present power curves for the Bonferroni approach, the bias-corrected method, the subsampling
and the robust fast subsampling. We consider non contaminated samples (straight line) and
contaminated samples (dashed line).
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(1961− 2008) (1961− 1992) (1993− 2008)
(576) (384) (192)

Bonferroni [0.0281, 0.0420] [0.0185, 0.0384] [−0.0045, 0.1209]

Bias Corrected [0.0266, 0.0423] [0.0160, 0.0398] [−0.0028, 0.1075]

Subsampling [0.0242, 0.0498] [0.0147, 0.0485] [−0.0104, 0.1317]

R.F.Subsampling [0.0269, 0.0468] [0.0179, 0.0447] [0.0327, 0.1128]

Table 1: Stock Returns Predictability. We report 90% confidence intervals for the param-
eter β in model (11). We consider the Bonferroni approach, the bias corrected method, the
classic subsampling and our robust fast subsampling for the period 1961-2008 (576 observations)
and the subperiods 1961-1992 and 1993-2008 (384 and 192 observations, respectively).
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