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Abstract

In this paper, we investigate the asymmetry in the tail dependence between US

equity portfolios and the aggregate US market. Given the limited number of ob-

servations in the tails of a joint distribution, standard non-parametric measures of

tail dependence often have poor finite-sample properties. We therefore develop a

parametric model for measuring and testing asymmetry in tail dependence, using

the noncentral t distribution initially described by Kshirsagar (1961). This model

allows calibrating different levels of tail dependence depending on the sign of the

extreme returns. It also accommodates situations in which the volatilities or the

correlations across returns are time varying. We find that, for small firms, value

firms, past losers, and past winners, the tail dependence with the market portfolio

is higher on the downside than on the upside.
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1 Introduction

Several recent papers have pointed out that the dependence across asset returns may be

stronger in bearish markets than in bullish markets. Longin and Solnik (2001) have inves-

tigated the extent of the asymmetry of the correlation across markets, using the so-called

exceedance correlation, i.e., the correlation between realizations that are jointly above

or below a given threshold. For international stock markets, they demonstrate that the

correlation between large negative returns does not converge to zero, but instead tends

to increase with the threshold. At the same time, the correlation between large positive

returns converges to zero. Ang and Bekaert (2002) describe the joint behavior of market

returns using a regime-switching model and provide empirical evidence that cross-market

correlation is significantly higher over bearish markets than over bullish markets. Ang

and Chen (2002) formally test the asymmetry in the dependence across stock returns

using exceedance correlations. They demonstrate that the correlation between Fama-

French portfolio returns and the market return is significantly larger when the market

return is negative than when it is positive. They also show that this correlation asym-

metry is greater for small firms, value firms, or past losers. Hong, Tu, and Zhou (2006)

also investigate the asymmetric dependence between portfolio returns and the market

return. They find that this asymmetry matters for asset allocation for investors with

disappointment-aversion preferences.

All the papers above provide empirical evidence that stock returns display asymmet-

ric dependence in bearish and bullish markets. This evidence raises several interesting

questions. First, it is not clear whether or not the asymmetric dependence reported in

these papers really implies an asymmetric dependence in the tails of the distribution,

as initially claimed by Longin and Solnik (2001). It may well be the case that depen-

dence vanishes once one considers extreme realizations, as is typical with Gaussian-type

distributions. It is worth emphasizing that tail dependence is a key measure for risk

management, which mainly focuses on the extreme events of joint distribution. It turns

out that the properties of tail dependence may be very different from the ones expected

by the exceedance correlations. The present paper aims at contributing to this litera-

ture by investigating the tail dependence between Fama-French portfolio returns and the

market return. More precisely, it demonstrates that the tail dependence is, indeed, very

often asymmetric, i.e., joint extreme negative returns are more likely to occur than joint

extreme positive returns.

Another question raised by the recent literature relies on the difficulty of finding an

appropriate model for testing the asymmetry in the tail dependence. Ang and Chen

(2002) find that none of the standard models they investigate is able to generate the pat-

tern of asymmetry observed in the data. Hong, Tu, and Zhou (2006) use an ad-hoc mixed

copula model to reproduce the empirical asymmetry found in tail dependence. Most of

the multivariate distributions used for modeling financial returns are unable to produce

reliable estimates of left- and right-tail dependence found in the actual joint distribu-

tion. For instance, most of the copula considered in the empirical literature generates

tail dependence for the extremes on one side of the distribution, but no dependence for

the extremes on the other side (Clayton or Gumbel copula). Similarly, the asymmetric

t distribution (Mencia and Sentana, 2010; Hu and Kercheval, 2010) implies full depen-
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dence on one side of the distribution and full independence on the other side. To the

contrary, the skewed t distribution (Hansen, 1994; Jondeau and Rockinger, 2003a) can

capture the asymmetry in the exceedance correlations but does not generate asymmetric

tail dependence. For all these models, it is therefore impossible to have a free measure

of the asymmetry in the tail dependence.1 The second contribution of the present paper

is to propose a distribution with a different level of tail dependence for each side of the

distribution, allowing for testing of the asymmetry in tail dependence. This distribution,

namely the non-central t distribution (NCT), was initially proposed by Kshirsagar (1961)

and Owen (1965). This paper demonstrates how to use the NCT distribution to model

and test the asymmetry in the distribution’s tails in a conditional set-up. The NCT

distribution is shown to share interesting properties of the normal mixture distributions.

In particular, it is closed under contemporaneous aggregation.

The approach developed in this paper is a parametric one. The objective is to provide

a full description of the joint distribution of the variables at hand. Then, the properties

of the tails are deduced from this distribution, which allows for testing of the presence

of asymmetry in the tail dependence. It should also be noted that, given its analytical

expression, this parametric distribution provides a very fast estimation of the model’s

parameters and of the distribution’s quantiles.

The approach developed in this paper is used to investigate the relation between

Fama-French portfolio returns and market returns, following Ang and Chen (2002) and

Hong, Tu, and Zhou (2006). The NCT is shown to provide a good description of the data

and to reproduce the observed asymmetric tail dependence, provided returns are filtered

for AR and GARCH effects. The remainder of the paper is structured as follows. Section

2 describes the data and provides some evidence of asymmetry in the tail dependence

using non-parametric statistics. Section 3 describes the NCT and its main properties and

discusses the estimation procedure used in the paper. Section 4 presents the empirical

evidence and demonstrates that the NCT provides a good fit of the data, including the

ability to reproduce the asymmetry in the tail dependence. Section 5 concludes the paper.

2 Empirical Evidence of Tail Asymmetry

2.1 Data

As in most of the papers discussed in the introduction, the analysis is based on the U.S.

equity market. Ang and Chen (2002) and Hong, Tu, and Zhou (2007) already considered

several portfolios à la Fama and French, with sorts based on size, book-to-market ratio,

momentum, or industry. From these studies, it is known that the relation between size

or momentum portfolios and the market index is highly asymmetric but less so for the

book-to-market sort. In the following, we consider size, book-to-market, and momentum

1A few papers have investigated the asymmetry in tail dependence from a non-parametric standpoint,
in the context of extreme value theory (Longin and Solnik, 2001; Poon, Rockinger, and Tawn, 2004).
One difficulty with this approach is that it relies on non-parametric estimators, which are known to have
poor finite-sample properties.
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quintile portfolios.2 The data cover the period from July 1963 to December 2008 at the

daily frequency (T = 11′455 observations). All returns are defined in excess of the risk-

free rate. The excess returns on portfolios are denoted by {rp1,t, · · · , rpn,t}t=1,··· ,T , and

the market portfolio excess return is denoted by {rm,t}t=1,··· ,T .

Table 1 provides summary statistics on market and portfolio returns. As the table

indicates, non-normality is a major feature of the portfolio returns at hand: the asymme-

try of the univariate distribution is very pronounced for all series. The skewness ranges

from −0.95 to −0.59 for size portfolios, from −0.97 to −0.27 for book-to-market portfo-

lios, and from −0.60 to 0.07 for momentum portfolios. The thickness of the distribution’s

tail, measured by the kurtosis, also illustrates that the return’s distribution is far from

normality. This evidence is confirmed by the standard (Jarque and Bera) normality test,

which strongly rejects the null hypothesis.

Turning to the dependence relation between portfolios and the market, the table

indicates that there exist some non-linear dependencies: the co-skewness E[rpi,t r
2
m,t] is

highly negative, indicating that portfolio returns are strongly correlated with market

volatility. In addition, the co-kurtosis E[r2
pi,t r

2
m,t] is very large, suggesting that the

volatilities of both processes are also strongly correlated. These features hold for all

portfolios.

Another important feature of all portfolio returns is temporal dependency. First, we

notice a sizeable serial correlation in returns, with a maximal value of 0.228 for the

smallest-size portfolio. For squared returns, the serial correlation is even more pro-

nounced, since it is as high as 0.4, again for the smallest-size portfolio. This result

suggests that an appropriate modeling of the time dependency is required as a prelimi-

nary step before investigating the distribution properties of portfolio returns. It is worth

emphasizing that the existence of time-varying volatility is known to affect the tail behav-

ior (Starica and Pictet, 1997) as well as the dependence structure between the processes

under consideration (Loretan and English, 2000).

[Insert Table 1 here]

2.2 Univariate tail analysis

Regarding the univariate properties of portfolio and market returns in the tails, one

statistic of particular interest is the tail index, which measures the thickness of the dis-

tribution’s tails. A widely used estimator is the Hill’s (1975) estimator.3 If {r̃t} denotes

a return series sorted by increasing value, i.e., r̃1 ≤ · · · ≤ r̃T , then the tail index is

2The data are available from the French’s webpage, http://mba.tuck.dartmouth.edu/pages/faculty/ken.
french/. Momentum portfolios are based on deciles, thus we took deciles 1, 4, 7, and 10 in the following
to save space.

3Hill’s estimator is the ML estimator of the tail index when the tail of the distribution is distributed
as a Pareto density.
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estimated, for a threshold q ∈ [1, T ], by

ξ̂−(q) =
1

q

q∑
j=1

log

(
r̃j
r̃q

)
,

ξ̂+
(q) =

1

q

q∑
j=1

log

(
r̃T−j+1

r̃T−q

)
,

for the left tail and the right tail, respectively. When rt is i.i.d. and belongs to the domain

of attraction of the Fréchet extreme value distribution, i.e., ξ > 0, then ξ̂(q) is strongly

consistent and asymptotically normal, with distribution
√
q
(
ξ̂(q) − ξ

)
∼ N (0, ξ2). For

weakly dependent variables, ξ̂(q) remains weakly consistent. The tail index can be used

to evaluate if a given moment of the distribution does exist. Indeed, if a time series has

a tail index ξ, then for all integers k, such that k < 1/ξ, the k-th moment of this series

exists (Embrechts, Klüppelberg, and Mikosch, 1997).

As Table 2 (Panel A) indicates, all the estimates of the tail index range between

0.29 and 0.4 for ξ− and between 0.29 and 0.35 for ξ+. These values suggest that, for

all portfolios, the kurtosis does not exist and, in some cases, even the skewness is not

defined. A possible interpretation of this result is that the time dependency of the

return process affects the properties of the unconditional distribution of returns. Taking

autocorrelation and heteroskedasticity into account can produce an innovation process

with finite skewness and kurtosis (Starica and Pictet, 1997).

[Insert Table 2 here]

To capture the time dependence in portfolio returns, the dynamic is now described as

rt = µt + vt, (1)

vt = h
1/2
t εt, (2)

µt = φ1rt−1 + · · ·+ φprt−p, (3)

ht = ω + β ht−1 + α v2
t−11vt−1≤0 + γ v2

t−11vt−1>0, (4)

where µt denotes the expected return, vt the error term, ε the i.i.d. innovation process,

and ht the conditional variance, modeled as an asymmetric GARCH process (Glosten,

Jagannathan, and Runkle, 1993)

Parameter estimates of the AR(p)–GARCH(1,1) processes are reported in Table 3.

A maximum of four lags were required to remove the serial correlation found in portfolio

returns. In addition, as expected, the conditional volatility is found to be highly persistent

and asymmetric. Asymmetry is particularly pronounced for small firms, value firms,

and past winners. Ljung-Box test statistics for innovations εt = vt/h
1/2
t and squared

innovations ε2
t indicates that this filter is enough to remove most of the serial first and

second-order dependence found in portfolio returns. We therefore turn to the tail analysis

of innovation processes.

As Panel B of Table 2 indicates, the tail index of the innovation process now ranges be-

tween 0.22 and 0.28 for ξ− and between 0.19 and 0.24 for ξ+. Consequently, in all cases,

the skewness does exist and, in most cases, the kurtosis is also well defined. Another
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interesting result is that, once heteroskedasticity is taken into account, most portfolios

exhibit some asymmetry in the estimates of the tail index: the left tail index is systemat-

ically higher than the right tail index, indicating that negative extremes are more likely

to occur than positive extremes of similar magnitude. Such an asymmetry has already

been reported for a large set of financial markets (Jondeau and Rockinger, 2003b).

[Insert Table 3 here]

2.3 Multivariate tail analysis

We now consider the tail dependence between a given portfolio return and the market

return. We therefore define pairs of returns, denoted by (r1,t, r2,t) = (rm,t, rpi,t), i =

1, · · · , n, such that the market return is ranked first and the portfolio return second.

Several statistics have been proposed to evaluate the strength of the link between two

time series when large realizations occur. A widely used measure is the aforementioned

exceedance correlation, introduced by Longin and Solnik (2001). In this paper, we define

the left exceedance correlation between two random variables (r1,t, r2,t) for a threshold

u as the correlation between the realizations that are below the u-quantiles, denoted by

F−1
1 (u) and F−1

2 (u) respectively, with u ∈ (0, 0.5) and Fj the marginal cdf of rj,t, for

j = 1, 2.4 Accordingly, the right exceedance correlation is the correlation between the

realizations that are above the (1− u)-quantile, u ∈ (0, 0.5). Therefore, we have:

ρ−(u) = corr [r1,t, r2,t | F1(r1,t) < u, F2(r2,t) < u]

ρ+(u) = corr [r1,t, r2,t | F1(r1,t) ≥ 1− u, F2(r2,t) ≥ 1− u] .

In the case of a symmetric distribution, we expect ρ+(u) = ρ−(u), ∀u ∈ (0, 0.5). One

important drawback of the exceedance correlation is that it is affected by changes in the

marginal distributions (see Loretan and English, 2000; Longin and Solnik, 2001).

Another measure of tail dependence, which is not affected by a change in the marginal

distributions, is the tail dependence coefficient (TDC). The lower TDC is defined as the

probability that r1,t is below the u-quantile F−1
1 (u), given that r2,t is also below the

corresponding u-quantile F−1
2 (u), and the upper TDC is defined accordingly:

λ−(u) = Pr[F1(r1,t) < u | F2(r2,t) < u]

λ+(u) = Pr[F1(r1,t) ≥ 1− u | F2(r2,t) ≥ 1− u].

To investigate the behavior of a joint distribution in the extremes (the lower left cor-

ner and the upper right corner in a scatterplot), the limit values are defined as λ− =

limu→0 λ
−(u) and λ+ = limu→0 λ

+(u).

This measure has been studied by Ledford and Tawn (1996), Coles, Heffernan, and

Tawn (1999), and Poon, Rockinger, and Tawn (2004), among others. Two variables

are called asymptotically dependent when λ > 0 and asymptotically independent when

λ = 0. Clearly, λ is a measure of the degree of dependence in the extremes. This measure

of asymptotic dependence is not without drawbacks, however. For instance, for two

4This notation based on quantiles (instead of the level of returns) is used for consistency with the
subsequent measures.

6



normal random variables with correlation coefficient ρ < 1, one has λ+(u) = λ−(u) = 0,

whatever the value of ρ. However, the variables are dependent, provided ρ 6= 0. Facing

this difficulty, Ledford and Tawn (1996) and Coles, Heffernan, and Tawn (1999) have

proposed a complementary statistic, which measures asymptotic independence. This

measure is defined as

λ
−

(u) =
2 log (Pr [F1(r1,t) < u])

log (Pr [F1(r1,t) < u, F2(r2,t) < u])
− 1

λ
+

(u) =
2 log (Pr [F1(r1,t) > 1− u])

log (Pr [F1(r1,t) > 1− u, F2(r2,t) > 1− u])
− 1,

with limit values λ
−

= limu→0 λ
−

(u) and λ
+

= limu→0 λ
+

(u).

This measure has properties similar to a correlation, i.e., it belongs to [−1, 1] and

is positive in the case of a positive association. When the variables are asymptotically

dependent (λ = 1), the degree of dependence is measured by λ. When the variables

are asymptotically independent (λ = 0), the degree of dependence is measured by λ.

Empirical estimation of these measures is described in Poon, Rockinger, and Tawn (2004).

Table 4 reports the measures of exceedance correlation and tail dependence for unfil-

tered portfolio returns. Exceedance correlations are computed for a threshold of u = 1%.

As it appears from the table, for all portfolios, the left correlation across extreme events is

much higher than the corresponding right correlation. The difference is particularly large

for small firms (0.85 versus 0.57), for large book-to-market firms (0.92 versus 0.8) and

for past winners (0.82 versus 0.45). On average, the difference between the left and right

exceedance correlations is 0.11 for size portfolios, 0.07 for book-to-market portfolios, and

0.16 for momentum portfolios. In fact, for momentum portfolios, there is a U-shape in

the difference ρ−(1%)− ρ+(1%), as past losers also exhibit a large difference (0.72 versus

0.52).

A test for the null hypothesis that ρ+ = ρ− has been proposed by Hong, Tu, and

Zhou (2007) for a sequence of thresholds (u1, · · · , um). The test statistic is Jρ = T (ρ̂+ −
ρ̂−)′Ω̂−1(ρ̂+ − ρ̂−), where ρ̂+ − ρ̂− = (ρ̂+(u1)− ρ̂−(u1), · · · , ρ̂+(um)− ρ̂−(um)) and Ω̂ is a

consistent estimate of the asymptotic covariance matrix of ρ̂+−ρ̂−.5 The table reports the

results of this test for u = (0.025; 0.05; · · · ; 0.475; 0.5). Clearly, left and right correlations

are significantly different from each other for the two small-size portfolios, for the largest

book-to-market firms, and for the past losers and past winners. This evidence is confirmed

by Figure 1, which presents the exceedance correlation for various values of the threshold

probability u. As mentioned by Ang and Chen (2002), the graph demonstrates that most

of the correlations between the market return and portfolio returns are much higher in a

bearish market than in a bullish market. This pattern is not consistent with the normal

or t distributions, which are symmetric densities.

Table 4 also reports the λ and λ statistics (for the threshold u = 1%), which describe

the asymptotic dependence and asymptotic independence, respectively. On the one hand,

we cannot reject the null hypothesis of asymptotic dependence (λ = 1) for all portfolios

5Ang and Chen (2002) proposed a related test for correlation symmetry. Their test considers whether
or not the empirical exceedance correlation can be explained by a given model. The test proposed by
Hong, Tu, and Zhou (2007) allows for answering the question of whether or not the empirical exceedance
correlations are significantly asymmetric.
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but the lowest momentum portfolio. On the other hand, we clearly reject the null hy-

pothesis of asymptotic independence (λ = 0). As a consequence, λ can be interpreted

as a measure of dependence in the extremes. The ranking of λ estimates is essentially

the same as the ranking of the exceedance correlations, although in general at a lower

level. The table also indicates that the lower measure, λ−, is generally above the upper

measure, λ+. The difference is again larger for small firms, value firms, past losers, and

past winners, yet not significantly different from 0.

The bottom part of Figure 1 displays the value of the tail dependence coefficient for

various thresholds u. Again, it indicates some systematic difference between the left and

right tails, although it is less pronounced than for the exceedance correlations.

[Insert Table 4 here]

[Insert Figure 1 here]

We now turn to the measures of tail dependence for GARCH-filtered returns (Table

5). The discrepancy between the left and right tail dependence measures is much more

pronounced. The difference between the left and right exceedance correlation is around

0.26 for size, book-to-market, and momentum portfolios. This evidence is confirmed by

Figure 2. The equality of the left and right exceedance correlations is rejected for the

first three size portfolios, the three largest book-to-market portfolios, and three out of

four momentum portfolios. These results clearly confirm that exceedance correlations are

affected by the margins through the dynamic of the conditional volatility.

The difference between the tail dependence parameters is above 0.1 for the first three

size portfolios, the three largest book-to-market portfolios and the lowest and largest

momentum portfolios. We also observe that the TDC is well above zero on both sides

of the distribution. This indicates that large negative and large positive extreme are

tail dependent but possibly at different levels. This evidence is not consistent with many

copula models (like the Clayton or the Gumbel copulas), which generate tail independence

on one side of the distribution only. It should be mentioned that the differences λ−− λ+

are significant in only two cases. This is due to the fact that these measures are non-

parametric and, therefore, have large asymptotic standard errors, as they are estimated

using a small number of realizations. As will be observed in Section 4, the use of a

parametric model will allow us to obtain more accurate estimates of the tail dependence

parameters.

[Insert Table 5 here]

[Insert Figure 2 here]

3 A Model for Asymmetric Tail Dependence

As illustrated in the previous section, the joint distribution of the market return and some

portfolio returns exhibits asymmetric tail dependence. However, most of the commonly

used distributions do not have this desirable property. This section now describes a

multivariate distribution that is able to capture this feature.

8



3.1 Normal mean-variance mixture model

In the multivariate setup, several extensions to the normal distribution have been pro-

posed to generate asymmetry and fat tails. A particularly fruitful area of research has

built on the class of elliptical distributions. In this context, a first extension was the so-

called normal variance mixture model.6 An (n× 1) random vector {rt} has a multivariate

normal variance mixture distribution if it can be written as

rt = m+
√
WtZt,

where Zt ∼ Nn(0,Σ), Wt ≥ 0 is a non-negative scalar-valued random variable, indepen-

dent from Zt, and m is an (n× 1) vector of parameters. Wt can be interpreted as a

common shock to the variances of the return processes. Conditionally on a realization

w of Wt, the random vector rt is normally distributed with mean m and variance w Σ.

The first unconditional moments are E[rt] = m and V [rt] = E[Wt]Σ. Depending on the

distribution of Wt, one can generate symmetric distributions with fat tails. The (sym-

metric) generalized hyperbolic (GH) distribution is obtained when Wt is a generalized

inverse Gaussian distribution.

An obvious limitation of these distributions is that they impose elliptical symmetry

to the joint dynamic of the series. As a consequence, they cannot generate asymmetric

tail dependence. A natural extension with possibly asymmetric tail dependence is the

so-called normal mean-variance mixture model, defined by

rt = m(Wt) +
√
WtZt, (5)

wherem : [0,∞)→ R is a measurable function. A widely studied specification ism(Wt) =

m+γWt, where γ is an (n× 1) vector of parameters. Wt can be interpreted as a common

shock to the variances and means of the return processes. Conditional on the realization

w of Wt, the random vector rt is normally distributed with mean m + γw and variance

w Σ. The unconditional moments are E[rt] = m + E[Wt]γ and V [rt] = E[Wt]Σ +

V [Wt]γγ
′. When Wt is a generalized inverse Gaussian distribution, one obtains the GH

asymmetric distribution. This distribution was introduced by Barndorff-Nielsen (1977)

and popularized in finance by Barndorff-Nielsen and Shephard (2001). More recently,

Mencia and Sentana (2009) analyzed the properties of this distribution and its adequacy

for multivariate financial time series. This class of distributions has several interesting

properties. First, GH distributions are closed under contemporaneous aggregation, so

that a portfolio composed of GH series has itself a GH distribution. Another important

property is tail dependence: a large realization of Wt implies that all of the elements of rt
take simultaneously large values, therefore introducing dependence in the distribution’s

tails. Different specifications are obtained for difference choices of the distribution of Wt.

The asymmetric t distribution is obtained when Wt is drawn from an inverse gamma

distribution Ig(ν/2, ν/2) or, equivalently, when ν/Wt is a chi-square χ2
ν , where ν denotes

the degree of freedom (Mencia and Sentana, 2009).7 Other members of this family are

6For a survey of these distributions, see McNeil, Frey, and Embrechts (2005).
7Appendix 1 presents theoretical results on some distributions discussed in the paper.
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the normal inverse Gaussian (NIG) (Barndorff-Nielsen, 1995) or the Variance Gamma

(VG) distributions (Madan and Seneta, 1990).

Several papers have found that the GH distribution is often over-parameterized for

financial time series and that the GH asymmetric t distribution typically provides superior

estimates. This distribution has been advocated by Aas and Haff (2006), Hu (2005), and

Hu and Kercheval (2010), in a univariate framework and by Mencia and Sentana (2009),

in a multivariate setup. However, Banachewicz and van der Vaart (2008) have recently

demonstrated that the GH asymmetric t distribution generates extreme behaviors of the

tail dependence: in the presence of asymmetry, the series are either fully tail-dependent

or fully tail-independent. This extreme result is also illustrated in Mencia and Sentana

(2009, Figure 2). The tail dependence coefficient typically goes to zero on one side of the

distribution while converging to a non-zero value on the other side. The reason is that

the inverse chi-square in the first term of equation (5) completely dominates the second

term when it takes very large values.

In this paper, we investigate an alternative specification that allows for less extreme

tail dependence, in which the mean function is defined as m(Wt) = m +
√
Wt γ, such

that the return process is now written as

rt = m+
√
Wt(γ + Zt). (6)

The resulting process has a known distribution, called the non-central t distribution

(NCT), described by Kshirsagar (1961) in a different context.8

The main advantages of the NCT distribution are the following. (1) It is more flexible

than the GH asymmetric t distribution to fit the observed tail dependence. (2) It can be

estimated by a direct ML technique, such that it is much faster to estimate than most GH

distributions.9 (3) It shares the properties of the mean-variance mixture distributions, in

particular, it is closed under temporal and contemporaneous aggregation.

3.2 Description of the NCT

This section briefly describes the multivariate NCT distribution and provides some new

results about this distribution. Let Zt be an (n× 1) random vector with a normal dis-

tribution with mean 0 and covariance matrix Σ. Let γ be an (n× 1) random vector and

ν/Wt ∼ χ2
ν be independent of Zt. Then, the (n× 1) random vector rt defined in equation

(6) has a NCT distribution with degree of freedom ν and non-centrality (or asymmetry)

8For a statistical description of the univariate NCT, see Johnson, Kotz, and Balakrishnan (1994,
Chapter 28). For the multivariate NCT, see Kotz and Nadarahjah (2004, Chapter 5).

9In general, direct ML estimation is not recommended, given the highly non-linear expression for
the unconditional distribution. The Expectation-Maximization (EM) algorithm has been proposed by
Protassov (2004) to overcome this difficulty. However, it renders the estimation of this model very
time-consuming for large-dimension systems. Mencia and Sentana (2009) describe an ML estimator for
multivariate GH distributions in a conditional setup.
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vector γ. The joint probability density function of rt is:

fm,γ,ν,Σ(rt) =
Γ ((ν + n) /2)

(νπ)n/2Γ(ν/2)|Σ|1/2
exp

(
−1

2
γ
′
Σ−1γ

)(
ν

ν + (rt −m)
′
Σ−1 (rt −m)

)(ν+n)/2

×
∞∑
k=0

Γ((ν + k + 2)/2)

k! Γ ((ν + n) /2)

 √
2 (rt −m)

′
Σ−1γ√

ν + (rt −m)
′
Σ−1 (rt −m)

k

. (7)

We denote this process by rt ∼ nctn (m, γ, ν,Σ) . It has several interesting properties.

First, the marginal distribution of ri,t is also an NCT distribution, denoted by ri,t ∼
nct1 (mi, γi, ν, σ

2
i ), where σ2

i = Σii. The k-th noncentral moment of ri,t is given by

E[rki,t] = νk/2E[χ−kν ]E[(γi + Zi,t)
k],

where Zi,t ∼ N(0, σ2
i ). Provided ν is larger than the order of the moment, the first four

moments of r̃i,t = ri,t − µi are given by:

E[r̃i,t] =
(ν

2

)1/2 Γ ((ν − 1) /2)

Γ (ν/2)
γi,

V [r̃i,t] =
ν

ν − 2
(σ2

i + γ2
i )− E[r̃i,t]

2,

S[r̃i,t] = E[r̃i,t]

(
ν (2νσ2

i − 3σ2
i + γ2

i )

(ν − 2) (ν − 3)
− 2V [r̃i,t]

)
/V [r̃i,t]

3/2,

K[r̃i,t] =

[
ν2 (3σ4

i + 6γ2
i σ

2
i + γ4

i )

(ν − 2) (ν − 4)

−E[r̃i,t]
2

(
ν [(ν + 1) γ2

i + 3 (3ν − 5)σ2
i ]

(ν − 2) (ν − 3)
− 3V [r̃i,t]

)]
/V [r̃i,t]

2,

where S and K denote the standardized skewness and kurtosis, respectively.

Second, the NCT is able to generate rather general patterns describing the dependence

between the processes. As an illustration, Figure 3 compares the contour plot for the

NCT with the GH asymmetric t distribution studied by Mencia and Sentana (2009). For

purposes of comparison, the same parameters are used for both distributions: ν = 5,

ρ = 0.5, together with γ = (−1,−1)′ and γ = (1,−1)′. We observe that the NCT has a

less extreme behavior in the tails than the asymmetric t distribution. As it appears clearly

from top figures, the NCT distribution generates less lower-tail dependence and more

upper-tail dependence, such that it produces more balanced levels of tail dependence. As

it is shown below, the NCT allows calibrating the magnitude of the tail dependence on

both sides of the distribution.

[Insert Figure 3 here]

A third interesting property of the NCT, shared with the other mean-variance mixture

distributions, is that it is closed under contemporaneous aggregation.

11



Proposition 1 Assume a portfolio with weights α = (α1, · · · , αn)′ of assets with returns

(r1,t, · · · , rn,t)′ drawn from an NCT distribution. Then the portfolio return is given by

rp,t = α′m+
√
Wtα

′γ +
√
Wtα

′Zt = mp +
√
Wt (γp + Zp,t) ,

where Zp,t = α′Zt is normally distributed with mean 0 and variance σ2
p = α′Σα, mp =

α′m, and γp = α′γ. The distribution of rp,t is therefore nct1
(
mp, γp, ν, σ

2
p

)
.

This property is important for portfolio construction, as it has been demonstrated

by Mencia and Sentana (2009) and Hu and Kercheval (2010) in the context of the GH

asymmetric t distribution. Indeed all of the characteristics of the portfolio return are

directly deduced from those of the components. However, it should be noted that, in the

presence of GARCH effect, the previous proposition cannot be directly used to obtain

the distribution of the aggregate return. Section 3.4 will describe how to obtain the

conditional distribution of the portfolio return in the context of a multivariate GARCH

model.

3.3 Tail dependence

An important issue is whether or not a given distribution is able to reproduce the asym-

metric tail behavior found in actual data. For this purpose, this section now compares

the TDC implied by the standard t, the GH asymmetric t, and the NCT distributions.

For those three distributions, it is possible to give the analytical expression of the TDC.

For a bivariate t distribution with degree of freedom ν and correlation ρ, it is well-known

that

λ− = λ+ = 2

(
1− tν+1

(√
ν + 1

√
1− ρ
1 + ρ

))
, (8)

where tν(·) is the t cdf with degree of freedom ν. This expression is given, for instance,

in Demarta and McNeil (2005).

Regarding the GH asymmetric t distribution, Banachewicz and van der Vaart (2008)

have shown that it results in extreme behavior of the distribution’s tails. For convenience,

their theorem is reported below.

Theorem 1 (TDC of the asymmetric t distribution) The lower and upper TDC

of the vector (r1,t, r2,t) for a bivariate GH asymmetric t distribution with asymmetric

parameters (γ1, γ2) are given by:

1. If γ1 = γ2 = 0, then λ− = λ+ is given by equation (8).

2. If γ1 > 0 and γ2 > 0, then λ− = 0 and λ+ = 1.

3. If γ1 < 0 and γ2 < 0, then λ− = 1 and λ+ = 0.

4. If (γ1 < 0 and γ2 > 0) or (γ1 > 0 and γ2 < 0), then λ− = λ+ = 0.

Proof: See Banachewicz and van der Vaart (2008).

This theorem demonstrates that, when there is no asymmetry (γ1 = γ2 = 0), the TDC

only depends on the characteristics of the degree of freedom and the correlation between

12



r1,t and r2,t (equation (8)). It can, therefore, capture various levels of (symmetric) tail

dependence. When the series are asymmetric, however, there is full upper tail dependence

and lower tail independence if both asymmetry parameters are positive, and full lower

tail dependence and upper tail independence if both asymmetry parameters are negative.

When one series is positively skewed and the other is negatively skewed, then there is

both full lower and upper tail independence.

This result suggests that the tail dependence generated by the asymmetric t distri-

bution is too extreme to fit some actual data. As the following theorem shows, the NCT

provides much more flexibility:10

Theorem 2 (TDC of the non-central t distribution) The lower and upper TDC of

the vector (r1,t, r2,t) for a bivariate NCT distribution with asymmetric parameters (γ1, γ2)

are given by:

λ− = 2−
∫ ∞

0

Φ

(√
t(c−γ1,−γ2 − ρ) + γ1 − ρ γ2√

1− ρ2

)
gν+1,−γ2(t)dt

−
∫ ∞

0

Φ

(√
t(c−γ2,−γ1 − ρ) + γ2 − ρ γ1√

1− ρ2

)
gν+1,−γ1(t)dt, (9)

λ+ = 2−
∫ ∞

0

Φ

(√
t(cγ1,γ2 − ρ)− γ1 + ρ γ2√

1− ρ2

)
gν+1,γ2(t)dt

−
∫ ∞

0

Φ

(√
t(cγ2,γ1 − ρ)− γ2 + ρ γ1√

1− ρ2

)
gν+1,γ1(t)dt, (10)

where

gν+1,γ(t) ∝ t
ν+1
2
−1 exp

(
−1

2
(
√
t− γ)2

)
,

with

cγ1,γ2 =

(
dγ1
dγ2

)1/ν

, and dγ =
νν/2−1e−γ

2/2

√
πΓ(ν/2)

∞∑
k=0

Γ

(
ν + k + 1

2

)
(
√

2γ)k

k!
.

Proof: See Appendix 2. The distribution gν,γ(·) is defined up to a normalization constant,

which can be easily obtained by numerical integration. We note that, for a given corre-

lation, the lower TDC for asymmetry parameters (γ1, γ2) is equal to the upper TDC we

would have for asymmetry parameters (−γ1,−γ2). In the case γ1 = γ2 = γ, expressions

(9) and (10) reduce to

λ− = λ+ = 2

(
1−

∫ ∞
0

Φ

((√
t− γ

)√1− ρ
1 + ρ

)
gν+1,γ(t)dt

)
. (11)

The TDC depends on the asymmetric parameters (γ1, γ2), the correlation coefficient

(ρ), and the degree of freedom (ν). Figure 4 displays the value of the upper TDC, λ+,

as a function of the asymmetric parameters for various values of the degree of freedom

10This theorem has been presented in Gudendorf (2008). For convenience, the proof is reproduced in
the appendix.
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and the correlation coefficient. The value of the upper TDC is the largest when γ1 and

γ2 are equal and positive, the correlation ρ is large, and the degree of freedom ν is small.

When γ1 and γ2 have the same sign, the tail dependence is reinforced by a large (positive)

correlation and by a small degree of freedom. Yet, λ+ does not necessarily go to 0 when

γ1 and γ2 are negative, when the correlation is positive and large enough. This result

indicates that we can easily generate two different positive values for λ− and λ+, provided

γ1 and γ2 have the same sign and the correlation ρ is large enough.

[Insert Figure 4 here]

3.4 Estimation

As already mentioned, from an empirical point of view, the NCT has the interesting

property that its estimation does not require the use of the EM algorithm and can be

done by direct likelihood maximization.

The (non-standardized) NCT distribution has been defined in Section 3.2 to charac-

terize the return’s process and, therefore, to capture any level of mean and variance. As

suggested by empirical evidence, we should also consider a conditional model, in which

the expected return and the variance are time-varying and the innovation is drawn from

a standardized NCT distribution. In the next section, the NCT distribution will be used

to describe the return process rt itself as well as the AR-GARCH filtered innovation, εt.

As a multivariate extension to model (1)–(4), we can consider the following conditional

model:

rt = µt (ϑ) + Ωt (ϑ|It−1)1/2 εt, (12)

µt (ϑ) ≡ µt (ϑ|It−1) = Et−1 [rt] (13)

Ωt (ϑ) ≡ Ωt (ϑ|It−1) = Et−1

[
(rt − µt(ϑ)) (rt − µt(ϑ))′

]
, (14)

where µt (ϑ) is the (n× 1) vector of expected returns, Ωt (ϑ) is the (n× n) conditional

covariance matrix, and Et−1 denotes the expectation conditional on the information avail-

able at date t−1, denoted by It−1. The vector ϑ contains all of the parameters associated

with the conditional mean vector and the conditional covariance matrix. This specifica-

tion raises several issues, highlighted by Mencia and Sentana (2009). In particular, the

log-likelihood function depends on the decomposition used to construct the “square root”

matrix Ω
1/2
t .11 Mencia and Sentana (2009) propose an interesting alternative specifica-

tion, which relies on a re-parametrization of the asymmetric parameters vector, which

is made a function of the “square root” matrix Ω
1/2
t . It allows the log-likelihood to be

independent of the choice of the decomposition.

In this paper, we separate the modeling of the conditional variances from the modeling

of the dependence structure between the two processes. As in all GH distributions, the

NCT distribution is characterized by two types of dependence: the linear dependence,

captured by the covariance matrix Σ between the normal variates Zt, and the non-linear

11The “square root” matrix Ω
1/2
t is such that Ωt = Ω

1/2
t Ω

1/2′

t . Typically, Ω
1/2
t may be based on the

Cholesky decomposition of Ωt. An alternative way to construct the “square root” of the covariance
matrix is to use a spectral decomposition, such that Ωt = VtΛtV

′
t , where Vt is the (n× n) matrix of

eigenvectors, and Λt is the diagonal matrix of eigenvalues. In this case, one simply has Ω
1/2
t = VtΛ

1/2
t .
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dependence, captured through the effect of the mixing variable Wt. Therefore, it is

natural to adopt a two-stage approach: the dynamics of the variances are modeled through

univariate GARCH processes, while the dynamics of the correlations are modeled through

the covariance matrix Σt, whose off-diagonal elements are now allowed to be time-varying.

The multivariate model is thus defined as follows:

rt = µt (ϑ) +Ht (ϑ|It−1)1/2 εt, (15)

µt (ϑ) ≡ µt (ϑ|It−1) = Et−1 [rt] , (16)

Ht (ϑ) ≡ Ht (ϑ|It−1) = {hi,t}i=1,··· ,n , (17)

where Ht (ϑ) denotes the (n× n) diagonal matrix with the conditional variances hi,t =

Et−1

[
(ri,t − µi,t(ϑ))2] on the diagonal. The variances are driven by an asymmetric

GARCH process (equation (4)). Innovations εt are distributed as nctn(m, γ, ν,Σt), with

mean E[εt] = 0 and covariance matrix V [εt] = Θt, with ones on the diagonal and (pos-

sibly time-varying) terms θij,t off the diagonal. Given the expressions for the mean and

covariance matrix of NCT variables, this implies some restrictions on model parameters,

as:

E[εt] = m+
(ν

2

)1/2 Γ ((ν − 1) /2)

Γ (ν/2)
γ = 0, (18)

V [εt] =
ν

ν − 2
(Σt + γγ′)− E[εt]E[εt]

′ = Θt. (19)

Equation (18) imposes restrictions on the constant term m = −
(
ν
2

)1/2 Γ((ν−1)/2)
Γ(ν/2)

γ and

equation (19) imposes restrictions on the covariance matrix Σt = ν−2
ν

Θt − γγ′. Because

the diagonal elements of Θt are ones, diagonal elements of Σt are also constrained to be

constant. More precisely, they are equal to σ2
i = ν−2

ν
−γ2

i , which requires γi <
√

(ν − 2)/ν

to ensure the positivity of σ2
i . This indicates that, for a large degree of freedom ν,

parameters γ are all bounded by (−1; 1). For a lower degree of freedom, the range of

possible values may be narrower. For instance, when ν = 4, we have γi ∈ (−1/4; 1/4).

These restrictions are implicitly taken into account in the subsequent estimates.

To capture the possible time-variability in the correlations between innovations, the

off-diagonal terms of Σt, denoted by σij,t, are allowed to vary over time. More precisely,

the correlation ρt = σij,t/
√
σ2

1σ
2
2 is modeled according to market conditions as:

ρt =
K∑
k=1

ρk 1vk−1≤rm,t<vk , (20)

with v0 = −∞ and vK = +∞. The correlations can take different values depending on

the realizations of the market return. In the following empirical analysis, we will consider

two thresholds for the market return in the following: the 5% and the 95% quantiles.
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Therefore, the sample log-likelihood of the model is:

logL (r1, · · · , rT |ϑ, ξ) =
T∑
t=1

[
log
(
fm,γ,ν,Σt

(
Ht (ϑ)−1/2 (rt − µt (ϑ))

))
−1

2
log |Ht (ϑ)|

]
, (21)

where ξ denotes the set of parameters associated with the NCT distribution. It contains

(µ1, µ2, ν, γ1, γ2, σ1, σ2, ρk, k = 1, · · · , K) for unfiltered returns and (ν, γ1, γ2, ρk,

k = 1, · · · , K) for filtered returns. Maximizing expression (21) with respect to parameter

set (ϑ, ξ) yields the ML estimator.12

As is well-known, (strong) GARCH models are not closed under contemporaneous

aggregation. Consequently, we cannot give the unconditional distribution of the aggregate

return. It is however possible to define the conditional distribution of the portfolio return

process for a given date t. Indeed, for a given portfolio weight vector α = (α1, · · · , αn),

we have rp,t =
∑n

i=1 αiµi,t +
∑n

i=1 αih
1/2
i,t

(
mi +

√
Wt(γi + Zi,t)

)
= µp,t + vp,t. It is easy to

show that, conditional on the information set rp,t−1, rp,t−2, · · ·, the distribution at date t

is vp,t ∼ nct1(α′H
1/2
t m,α′H

1/2
t γ, ν, α′H

1/2
t ΘtH

1/2
t α).

Finally, it is worth emphasizing that, once the model is estimated, it is easy to test

hypotheses about tail dependence. Indeed, this measure is related to the model’s param-

eters (through equations (9) and (10)). Therefore, one can easily implement a Wald test.

For instance, testing the null hypothesis of equality of the TDC can be done by defining

c(ξ) = λ− − λ+ and computing

Q = c(ξ̂′)

(
∂c

∂ξ′
Σ
∂c′

∂ξ

)−1

c(ξ̂). (22)

Under the null hypothesis, Q is distributed as a χ2 with one degree of freedom.

In the case with different levels of correlations, it should be mentioned that the lower

and upper TDC, λ− and λ+, are computed with different levels of correlations. In the

setup considered in this paper (with thresholds at the 5% and 95% quantiles), it implies

that λ− is estimated using ρ1 in expression (9), and λ+ is estimated using ρ3 in expres-

sion (10). Differences between λ− and λ+ can therefore come from the estimates of the

asymmetry parameters, γ1 and γ2, but also from the differences between the lower and

upper correlations, ρ1 and ρ3.

4 Empirical Evidence

In this section, we apply the methodology presented above to the size, book-to-market,

and momentum portfolios discussed in Section 2. The estimates indicate that the NCT

is able to capture the asymmetric tail dependence found in actual data, provided returns

are filtered for first- and second-order serial correlation.

12From a technical point of view, it should be mentioned that the estimate of the infinite sum in the
NCT pdf (equation (7)) converges very fast to 0 as k increases. In all of our experiments, the sum
converged with a precision of 10e-10 with less than 50 terms. Consequently, the estimation of the model
is very fast.
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4.1 Model with unfiltered returns

Table 6 reports the parameter estimates of the NCT for unfiltered returns with constant

correlation parameter ρ. For each column, index 1 corresponds to the market return and

index 2 to the portfolio return. As the table indicates, all of the asymmetry parameters

γi are negative and highly significant. The asymmetry of the market return, γ1, is in

the range (−0.09;−0.06). For portfolio returns, the asymmetry is more pronounced for

small firms and past winners and less pronounced for large firms and past losers. We also

observe that the degree of freedom, ν, is very low for all pairs of portfolios, ranging from

2.6 to 3.7. This result suggests that the estimated joint distribution is not consistent

with a finite kurtosis and (in some cases) a finite skewness for unfiltered returns, due to

GARCH effects unaccounted for. Last, the correlation with the market innovation is very

large, as it ranges from 0.78 to 0.99. It is particularly large for large firms and growth

firms. These estimates are very close to the sample correlations reported in Table 1.

The table reports goodness-of-fit test statistics based on the hit regressions proposed

by Christoffersen (1998) and extended by Patton (2010). The hit test compares the

theoretical and empirical number of realizations of pairs of innovations in a set of regions

in the unit square. To test if the hits are time-independent, they are regressed on past

hits (one day, one week, and one month past) using ML estimation. Under the null of

time independence, all the coefficients of past hits are jointly zero for all regions. See

Patton (2010) for details. Results reported in the table clearly demonstrate that the

estimated models are not able to fit the data. In all cases, the p-value of the hit test is

equal to 0.

Regarding the ability of the model to reproduce the asymmetric TDC found in the

data, the table reports the sample and estimated TDC. It indicates that the NCT per-

forms very well in capturing the level of the sample TDC and the sign of the asymmetry

between λ− and λ+. However, it fails at estimating the size of the observed asymmetry.

The inability to fit the actual characteristics of the data is illustrated in Figure 5, which

presents the theoretical and empirical number of realizations for some regions of interest in

the unit square. These regions correspond to [ui < F1(r1,t) < ui+1, ui < F2(r2,t) < ui+1],

with u ∈ [0; 0.05; · · · ; 0.95; 1]. The figure reveals that, for most portfolios, the model is

unable to reproduce the number of realizations for regions in the center of the distribu-

tion, in particular for large firms and growth firms. As already suggested, this failure

presumably comes from the inability of the model to capture the time dependency found

in actual returns.

[Insert Table 6 here]

[Insert Figure 5 here]

4.2 Model with AR-GARCH-filtered returns

We now consider the estimation of the conditional model (15)–(17), in which returns

are filtered for AR and GARCH effects. Parameter estimates and summary statistics

of this model are reported in Table 7. The parameter estimates are in line with the

empirical evidence reported in Section 2. The thickness of the distribution’s tails is much

less pronounced once the returns are filtered for AR-GARCH effects. The degree of
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freedom is now between 6.4 and 7.7, reflecting fat-tailed processes, but with well-defined

skewness and kurtosis. Another interesting result is that the magnitude of the asymmetry

parameters increases significantly. All asymmetry parameters but one are negative, and

most of them are statistically different from 0. The market return has an asymmetry

parameter between −0.25 and −0.1, depending on the pair considered. Size portfolios

have large negative asymmetric parameters, with a value of γ2 close to −0.4 for the first

three portfolios. Book-to-market portfolios have a homogeneous value of γ2 close to −0.1.

Momentum portfolios display more heterogeneity regarding the asymmetry parameter:

past losers have a positive, yet barely significant, γ2, whereas past winners have a large

negative value of γ2.

Goodness-of-fit statistics reveal that, in most cases, the regions of interest in the

unit square are now rather well-described by the model. However, for six out of the 14

portfolios, the model does not pass the test at the 10% significance level. Finally, the

estimated TDC, implied by the parameters’ estimates are generally rather close to the

sample TDC. In some cases, both values are barely distinguishable. However, when the

difference between the sample values of λ− and λ+ is large, the model is still unable to

reproduce such a difference. This is typically the case for small firms, values firms, past

losers, and past winners. Figure 6 indicates that the model is now able to correctly

reproduce the number of realizations along the diagonal in most cases.

[Insert Table 7 here]

[Insert Figure 6 here]

4.3 Model with time-varying correlations

Finally, we investigate the case with a time-varying correlation between the innovation

processes. More precisely, we consider the possibility that the innovations are charac-

terized by different correlations far in the lower and upper tails. These correlations are

denoted by ρ1 for the observations with a market return below its 5% quantile, by ρ3 for

the observations with a market return above its 95% quantile, and by ρ2 otherwise.

Table 8 reports the parameter estimates of this model. Clearly, estimates of the

asymmetry parameter and degree of freedom are very close to those reported in Table

7 for the model with constant correlation. Regarding correlation estimates, we observe

some large differences between the left and right correlations, ρ1 and ρ3. For instance, for

the smallest firms, ρ1 = 0.858 and ρ3 = 0.779, with a highly significant difference ρ1− ρ3.

This implies a large improvement in the log-likelihood of the model. The LR test statistic

for the test of the null hypothesis that the correlation is constant over time is equal to 32,

with a p-value of 0. More importantly, the time-variability in the correlation gives some

freedom for the estimation of the TDC and allows us to obtain estimated values that are

much closer to the sample values. We observe a similar improvement for the past losers

and, to a lesser extent, for the value firms and the past winners. For these portfolios, the

LR test statistic has a p-value of 0, indicating that the model with constant correlation

should be rejected.

The Hit test statistics confirm that we cannot reject the null that the model is correctly

specified for all pairs of returns but two. In addition, comparison of the sample and

estimated TDC clearly shows that the two measures are now very close to each other.

18



These results indicate that the model with time-varying correlations is able to reproduce

the asymmetry in tail dependence observed in the data, while at the same time providing

a good fit of the actual data.

[Insert Table 8 here]

To conclude, we can now discuss the test of symmetry of the TDC, provided we have

obtained a correct specification of the parametric model. The table reports the t-stat of

the difference λ−−λ+ for all pairs. This t-stat can be compared to the t-stat of the non-

parametric estimates reported in Table 5. The null hypothesis of equality of the lower

and upper TDC is rejected in many more cases than with non-parametric estimates: λ− is

found to be significantly larger than λ+ for the first four size portfolios, for value firms, for

past losers as well as for past winners. These are the portfolios we had already identified

as the best candidates for an asymmetric tail dependence. The difference λ− − λ+ is

as high as 0.17 for small firms, 0.075 for value firms, 0.12 for past losers, and 0.09 for

past winners. This evidence clearly demonstrates that asymmetric tail dependence is

an empirical feature of several portfolio returns and, consequently, that it is worthwhile

having a parametric model to capture this feature.

Our results provide an interesting interpretation of the debate about the difference

between left and right correlations obtained in actual portfolio returns. On the one hand,

several authors have argued that the correlation between the market and portfolio returns

is, indeed, different on the left and right sides of the distribution (Ang and Chen, 2002).

On the other hand, Campbell et al. (2008) have proposed an alternative explanation,

arguing that the difference in left and right correlation actually comes from the asym-

metry in the joint distribution. This explanation was initially proposed by Loretan and

English (2000). Our results suggest that both the asymmetry in the joint distribution

and the time-variability in correlation are required to generate a large asymmetry in the

distribution’s tail dependence. Asymmetry in the distribution is, indeed, a main driver of

the asymmetry between left and right correlations, but it is not enough to fully explain

the difference. Adding some difference between the conditional correlations, depending

on market conditions, allows us to capture some amount of the difference between left

and right correlations.

5 Conclusion

The contributions of this paper are twofold. First, it extends the recent research on

asymmetry in correlations by Longin and Solnik (2001), Ang and Chen (2002), and Hong,

Tu, and Zhou (2006). These authors have shown that international markets and Fama-

French portfolios are more correlated in a bearish market than in a bullish market. This

paper investigates the possibility of asymmetry in the tail dependence. Using standard

non-parametric measures of tail dependence, we obtain that, for most portfolios returns,

the tail dependence is stronger in the lower tail than in the upper tail of the distribution.

This form of asymmetry is particularly strong for size and momentum portfolios. In most

cases, however, the difference is economically sizeable, yet statistically insignificant. This

result is presumably due to the poor finite-sample properties of the usual non-parametric

measures, which are based on a small number of realizations.
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The second contribution of the paper is then to describe the NCT distribution, which

allows us to capture the reported asymmetry in tail dependence. From this perspec-

tive, it is more effective than an alternative distribution, such as the GH asymmetric

t distribution, which results in overly extreme levels of tail dependence. We also de-

scribe how to compute the TDC for this distribution and present the main drivers of

this measure. Finally, we provide empirical evidence that the NCT distribution is able to

correctly reproduce the joint behavior of the market return and portfolio return, provided

returns are filtered for AR and GARCH effects. To fully reproduce the asymmetry in

tail dependence, we also need to allow some time-variability in the correlation between

the innovation processes. Once different levels of correlations are introduced for large

negative and large positive shocks, the fit of the lower and upper TDC is almost perfect.

The results reported in this paper have important implications from an asset and risk

management perspective. On the one hand, an investor who worries about the possibility

of extreme realizations of her portfolio may be willing to introduce some concerns in

her allocation criterion or in the portfolio weights constraints (like VaR constraints). In

such a case, having a consistent parameter estimate of the behavior of the asset returns

in the tails of the joint distribution is of primary interest. On the other hand, this

approach provides consistent and fast estimates of some tail measures involving the joint

distribution. For instance, the expected shortfall of an asset return, conditional on some

realization of the market return, can be computed very effectively with this approach.

This measure of conditional (or marginal) expected shortfall is the key tool of the systemic

risk measure described by Brownlees and Engle (2010).
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6 Appendix

6.1 Appendix 1: Additional details on asymmetric distributions

The random vector X is distributed as a GH asymmetric t distribution if its joint density

is given by (see McNeil, Frey, and Embrechts, 2005):

f(x) = c
K ν+n

2

(√
(ν + ρ(x))(γ′Σ−1γ)

)
exp

(
(x−m)

′
Σ−1γ

)
(
√

(ν + ρ(x))(γ′Σ−1γ))−
ν+n
2 (1 + ρ(x)

ν
)
ν+n
2

, (23)

where ρ(x) = (x − m)
′
Σ−1(x − m), Kλ(x) is the modified Bessel function of the third

kind, and the normalizing constant is given by:

c =
21− ν+n

2

(νπ)n/2Γ(ν
2
)|Σ|1/2

.

This distribution is obtained from the GH distribution when the mixing variable W is

drawn from an inverse gamma distribution, Ig (ν/2, ν/2).

The random vector X is distributed as a non-central t (NCT) distribution if its joint

density is given by (see Kotz and Nadarahjah, 2004):

fm,γ,ν,Σ(x) =
Γ(ν+n

2
)

(νπ)n/2Γ(ν
2
)|Σ|1/2

exp

(
−1

2
γ
′
Σ−1γ

)(
ν

ν + ρ(x)

)(ν+n)/2

×
∞∑
k=0

2k/2Γ((ν + n+ 2)/2)

k!Γ ((ν + n) /2)

(
(x−m)

′
Σ−1γ√

ν + ρ(x)

)k

.

We denote this process X ∼ nctn (m, γ, ν,Σ) . The marginal distributions of X are given

by Xi ∼ nct1 (mi, γi, ν, σ
2
i ), where σ2

i = Σii. The k-th non-central moment of X̃i =

(Xi −mi) is

E[X̃k
i ] = νk/2E[χ−kν ]E[(γi + Zi)

k],

where Zi ∼ N(0, σ2
i ).

The first four non-central moments of X̃i, denoted Mi[X̃i], are given by

M1[X̃i] = E[X̃i] =
(ν

2

)1/2 Γ ((ν − 1) /2)

Γ (ν/2)
γi,

M2[X̃i] = E[X̃2
i ] =

ν

ν − 2
(σ2

i + γ2
i ),

M3[X̃i] = E[X̃3
i ] =

(ν
2

)3/2 Γ ((ν − 3) /2)

Γ (ν/2)

(
γ3
i + 3σ2

i γi
)
,

M4[X̃i] = E[X̃4
i ] =

ν2

(ν − 2) (ν − 4)

(
γ4
i + 6γ2

i σ
2
i + 3σ4

i

)
.
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Finally, the variance, skewness, and kurtosis are defined as

V [X̃i] = M2[X̃i]−M1[X̃i]
2

S[X̃i] = E

[
µ3[X̃i]

V [X̃i]3/2

]
= E[X̃i]

[
ν (2νσ2

i − 3σ2
i + γ2

i )

(ν − 2) (ν − 3)
− 2V [X̃i]

]
/V [X̃i]

3/2,

K[X̃i] = E

[
µ4[X̃i]

V [X̃i]2

]
=

[
ν2 (3σ4

i + 6γ2
i σ

2
i + γ4

i )

(ν − 2) (ν − 4)

−E[X̃i]
2

(
ν [(ν + 1) γ2

i + 3 (3ν − 5)σ2
i ]

(ν − 2) (ν − 3)
− 3V [X̃i]

)]
/V [X̃i]

2,

where µ3[X̃i] = E

[(
X̃i −M1[X̃i]

)3
]

and µ4[X̃i] = E

[(
X̃i −M1[X̃i]

)4
]

are the third

and fourth central moments of X̃i.

Co-moments can be obtained using the following relations. The (r, s)-th non-central

co-moment of X̃i is given by

E[X̃r
i X̃

s
j ] = ν(r+s)/2E[χ−(r+s)

ν ]E[(γi + Zi)
r (γj + Zj)

s]. (24)

From the normality of the Zs, we know that E[ZiZj] = σij, E[ZiZjZk] = 0, and

E[ZiZjZkZl] = σijσkl + σikσjl + σilσjk. Therefore, the last term on the right-hand-side of

equation (24) is defined as follows for r + s = 2, 3, and 4:

E[(γi + Zi) (γj + Zj)] = γiγj + σij

E[(γi + Zi) (γj + Zj) (γk + Zk)] = γiγjγk + γiσjk + γjσik + γkσij

E[(γi + Zi) (γj + Zj) (γk + Zk) (γl + Zl)] = γiγjγkγl + γiγjσkl + γiγkσjl + γiγlσjk

+γjγkσil + γjγlσik + γkγlσij + σijσkl + σikσjl + σilσjk.

The first non-central co-moments of X̃ are then given by

E[X̃iX̃j] =
ν

ν − 2
(γiγj + σij),

E[X̃iX̃jX̃k] =
(ν

2

)3/2 Γ ((ν − 3) /2)

Γ (ν/2)
(γiγjγk + γiσjk + γjσik + γkσij) ,

E[X̃iX̃jX̃kX̃l] =
ν2

(ν − 2) (ν − 4)
(γiγjγkγl + γiγjσkl + γiγkσjl + γiγlσjk + γjγkσil

+γjγlσik + γkγlσij + σijσkl + σikσjl + σilσjk).
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Finally, we deduce the covariance, co-skewness, and co-kurtosis as

Vij = E
[(
X̃i − E[Xi]

)(
X̃j − E[Xj]

)]
= E[X̃iX̃j]−M1[X̃i]M1[X̃j]

Sijk = E


(
X̃i − E[Xi]

)(
X̃j − E[Xj]

)(
X̃k − E[Xk]

)
√
V [X̃i]V [X̃j]V [X̃k]


Kijkl = E


(
X̃i − E[Xi]

)(
X̃j − E[Xj]

)(
X̃k − E[Xk]

)(
X̃l − E[Xl]

)
√
V [X̃i]V [X̃j]V [X̃k]V [X̃l]

 ,
where the third and fourth central co-moments are directly deduced from the non-central

co-moments.

6.2 Appendix 2: Proof of Theorem 2

We adopt notations close to those already used in Banachewicz and van der Vaart (2008).

F1 and F2 are the marginal cdfs of X1 and X2, F−1
1 and F−1

2 the corresponding generalized

inverse functions, f1 and f2 the pdfs, and f1,2 the joint pdf of (X1, X2). To determine

the TDC of the NCT distribution, we consider the following random variables X1 and

X2 defined as:

X1 =
γ1 + Z1

S/
√
ν

and X2 =
γ2 + Z2

S/
√
ν
, (25)

where (Z1, Z2) is a bivariate normal vector with means 0, variances 1, and correlation

ρ, and S2 is a random variable distributed as a χ2
ν . The conditional distribution of Z1

given Z2 = z2 is normal with mean ρz2 and variance 1 − ρ2. It can be seen as the

distribution of the random variable (ρz2 +
√

1− ρ2 Y ), where Y is a standard normal

variable, independent of Z2 and S. Last, we use the notation: f(x) � g(x) for x → a if

f(x)/g(x)→ 1 as x→ a.

Defining g(x) = F−1
1 ◦ F2(x) and using the notation x = F−1

2 (1 − u), the upper tail

coefficient can be reexpressed as:13

λ+ = lim
u↓0

Pr[F1(X1) ≥ 1− u |F2(X2) ≥ 1− u]

= lim
x→+∞

Pr[X1 ≥ F−1
1 ◦ F2(x)|X2 ≥ x] = lim

x→+∞

Pr[X1 ≥ g(x), X2 ≥ x]

Pr[X2 ≥ x]

= lim
x→+∞

∫∞
g(x)

∫∞
x
f1,2(s, t)dt ds

Pr[X2 ≥ x]

= lim
x→+∞

∫∞
g(x)

f1,2(s, x)ds+
∫∞
x
f1,2(g(x), t)dt g

′
(x)

f2(x)

= lim
x→+∞

(
Pr[X1 ≥ g(x)|X2 = x] + Pr[X2 ≥ x|X1 = g(x)]

f1(g(x))g
′
(x)

f2(x)

)

= lim
x→+∞

(Pr[X1 ≥ g(x)|X2 = x] + Pr[X2 ≥ x|X1 = g(x)]) . (26)

13The development below is mainly based on l’Hôpital’s rule.
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The last equality comes from the fact that, using the formula for the differentials of

inverse functions and the chain rule, we have:

g
′
(x) = (F−1 ◦ F2)

′
(x) = (F−1

1 )
′ ◦ F2(x)F

′

2(x) =
1

F
′
1 ◦ F−1

1 (F2(x))
f2(x)

=
1

F
′
1(F−1

1 ◦ F2(x))
f2(x) =

f2(x)

f1(g(x))
,

so that: f1(g(x))g
′
(x)/f2(x) = 1.

It is easier to work with expression (26) than with the original definition of the upper

tail coefficient. Here, we can work immediately with the conditional distributions of X1

and X2. We now exploit the fact that the random variables X1 and X2 are the quotient

of a normal random variable on the numerator and a chi-square random variable on the

denominator.

Preliminary results.

For the sake of comprehension, the proof is divided into three preparing lemmata

and the main proof. All three lemmata given below are concerned with the asymptotic

expansion of the function g(·). The first lemma prepares the field for the following ones

and is taken from Banachewicz and van der Vaart (2008).

Lemma 1 (Banachewicz and van der Vaart, 2008)

Let F be a cumulative distribution function of a distribution on [0,∞) and F−1 its

quantile function.

1. If 1− F (x) � cx−k as x→∞, then F−1(1− u) � (c/u)1/k as u ↓ 0.

2. If F (x) � cxk as x→ 0 for some k > 0, then F−1(u) � (u/c)1/k as u ↓ 0.

3. If 1− F (x) � cxke−γx as x→∞ for some γ > 0, then F−1(1− u) � − log(u)/γ as

u ↓ 0.

Proof : See Banachewicz and van der Vaart (2008).

The asymptotic expansion of g(·) is now given below.

Lemma 2 As x→ +∞:

g(x) � cγ1,γ2 x with cγ1,γ2 =

(
dγ1
dγ2

)1/ν

,

where

dγ =
νν/2−1e−γ

2/2

√
πΓ(ν/2)

∞∑
k=0

Γ

(
ν + k + 2

2

)
(
√

2γ)k

k!
.
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Proof. Let denote by c a generic constant:

1− F1(x) = c

∫ ∞
x

(ν + t2)−(ν+1)/2

∞∑
k=0

Γ

(
ν + k + 2

2

)
(
√

2γ1)k

k!

(
t2

ν + t2

)k/2
dt

= c

∫ ∞
x

(ν + t2)−(ν+1)/2

∞∑
k=0

Γ

(
ν + k + 2

2

)
(
√

2γ1)k

k!

(
1

ν/t2 + 1

)k/2
dt

�

(
∞∑
k=0

Γ

(
ν + k + 2

2

)
(
√

2γ1)k

k!

)∫ ∞
x

t−(ν+1)dt

= c

[
−t
−ν

ν

]∞
x

= dγ1 x
−ν as x→∞.

Using point (1) of Lemma 1 above, we find:

F−1
1 (1− u) = d1/ν

γ1
u−1/ν , as u ↓ 0.

We now calculate the asymptotic expression for g(x):

g(x) = F−1
1 ◦ F2(x) = d1/ν

γ1
(dγ2x

−ν)−1/ν =

(
dγ1
dγ2

)1/ν

xν/ν = cγ1,γ2 x. 2

Lemma 3 As x → +∞, the asymptotic distribution for S̃2 = X2
2S

2/ν conditional on

X2 = x is given by

pS̃2|X2=x(t) ∝ t
ν+1
2
−1 exp

(
−1

2

(
t1/2 − γ2

)2
)
. (27)

Proof. By Bayes’ rule, the conditional density of S2|X2 = x is:

pS2|X2=x(t) ∝ pX2|S2=t(x) pS2(t).

Since Z2 = X2

√
S2/ν − γ2 is distributed as a N(0, 1), we obtain that, conditionally on

S2 = t, X2 is normally distributed with mean γ2

√
ν/t and variance ν/t. Therefore, we

have:

pS2|X2=x(t) ∝
√
t

ν
exp

(
−1

2

t

ν

(
x− γ2

√
ν/t
)2
)
tν/2−1 exp

(
− t

2

)
∝ t

ν+1
2
−1 exp

(
−1

2

t

ν
(x2 + ν)

)
exp

(
1

2

t

ν
2γ2x

√
ν/t

)
exp

(
−1

2
γ2

2

)
∝ t

ν+1
2
−1 exp

(
−1

2

t

ν
(x2 + ν)

)
exp

(
γ2ν

−1/2t1/2x
)

exp

(
−1

2
γ2

2

)
.

We deduce that the density of S̃2 conditional on X2 = x, is asymptotically proportional

to, as x→ +∞:

pS̃2|X2=x(t) ∝ t
ν+1
2
−1 exp

(
−1

2

(
t1/2 − γ2

)2
)
.

In the following, we denote this distribution gν+1,γ2(t) ≡ pS̃2|X2=x(t). 2
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In the main proof, we also use the following approximations. Let x be a realization of

X2 and s2 be a realization of S2. Then, the equation x2s2/ν = t has the unique positive

solution s = ν1/2t1/2x−1, for x > 0. Let z2 be a realization of Z2 and x be a realization of

X2. We deduce from the definition of X2 that z2 = ν−1/2xs− γ2.

Proof of Theorem 2. Let z2 and s be realizations of Z2 and S. For the upper tail

coefficient, we start with the first element on the right-hand-side of equation (26). We

have:

lim
x→+∞

Pr[X1 ≥ g(x)|X2 = x]

= lim
x→+∞

∫
Pr[

γ1 + Z1

sν−1/2
≥ g(x)|X2 = x, S̃2 = t]gν+1,γ2(t)dt

= lim
x→+∞

∫
Pr[Z1 ≥ ν−1/2g(x)s− γ1|X2 = x, S̃2 = t]gν+1,γ2(t)dt

= lim
x→+∞

∫
Pr[ρz2 +

√
1− ρ2Y ≥ ν−1/2g(x)s− γ1|X2 = x, S̃2 = t] gν+1,γ2(t)dt

= lim
x→+∞

∫
Pr

[
Y ≥ ν−1/2g(x)s− γ1 − ρ(ν−1/2xs− γ2√

1− ρ2

]
gν+1,γ2(t)dt

= 1− lim
x→+∞

∫ ∞
0

Φ

(
ν−1/2s(g(x)− ρx)− γ1 + ργ2√

1− ρ2

)
gν+1,γ2(t)dt.

We can exchange the order of limit and integral and replace the asymptotic approxima-

tions found above in the normal cdf, so that we obtain:

lim
x→∞

Pr[X1 ≥ g(x)|X2 = x] = 1−
∫ ∞

0

Φ

(
ν−1/2sx(cγ1,γ2 − ρ)− γ1 + ργ2√

1− ρ2

)
gν+1,γ2(t)dt

= 1−
∫ ∞

0

Φ

(
t1/2(cγ1,γ2 − ρ)− γ1 + ργ2√

1− ρ2

)
gν+1,γ2(t)dt.

The second part of equation (26), Pr[X2 ≥ x|X1 = g(x)], is obtained in a similar way.

It is easy to establish that, for large values of x, an asymptotic approximation for s is

s = ν1/2t1/2g(x)−1 and that z1 = ν−1/2g(x)s− γ1). The density appearing in the integral

has the asymptotic form:

pX2
1S

2/ν|X1=g(x) ∝ t
ν+1
2
−1 exp

(
−1

2
(t1/2 − γ1)2

)
.

Therefore, we deduce:

lim
x→∞

Pr[X2 ≥ x|X1 = g(x)] = 1− lim
x→+∞

∫ ∞
0

Φ

(
ν−1/2xs− γ2 − ρz1)√

1− ρ2

)
gν+1,γ1(t)dt

= 1−
∫ ∞

0

Φ

(
t1/2(c−1

γ1,γ2
− ρ)− γ2 + ργ1√
1− ρ2

)
gν+1,γ1(t)dt.
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Finally, the upper tail coefficient in this case is given by:

λ+ =

{
1−

∫ ∞
0

Φ

(
t1/2(cγ1,γ2 − ρ)− γ1 + ργ2√

1− ρ2

)
gν+1,γ2(t)dt

}

+

{
1−

∫ ∞
0

Φ

(
t1/2(cγ2,γ1 − ρ)− γ2 + ργ1√

1− ρ2

)
gν+1,γ1(t)dt

}
.

When in addition γ1 = γ2, this expression reduces to:

λ+ = 2

(
1−

∫ ∞
0

Φ

(
t1/2(1− ρ)− γ1(1− ρ)√

1− ρ2

)
gν+1,γ2(t)dt

)
. 2
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Captions

Table 1: This table provides summary statistics on the market return and the return of

size, book-to-market, and momentum portfolios, sampled at daily frequency from July

1963 till December 2008. The summary statistics include: the mean µi; the standard devi-

ation σi; the skewness E[r̃3
i,t/σ

3
i ]; the kurtosis E[r̃4

i,t/σ
4
i ]; the correlation E[r̃i,tr̃m,t/(σiσm)];

the co-skewness E[r̃i,tr̃
2
m,t/(σiσ

2
m)]; the co-kurtosis E[r̃2

i,tr̃
2
m,t/(σ

2
i σ

2
m)] with the market

portfolio, where r̃i,t = ri,t − µi and r̃m,t = rm,t − µm; the Jarque-Beta (JB) test statistic

for the null of normality; the first-order serial correlation of returns corr[rt, rt−1] and the

Ljung-Box test statistic LB(rt) for the test of nullity of the first five serial correlations;

the first-order serial correlation of squared returns corr[r2
t , r

2
t−1] and the Ljung-Box test

statistic LB(rt) for the test of nullity of the first five serial correlations. The 5% critical

value for the Ljung-Box tests is 11.07.

Table 2: This table reports, for each equity portfolio, the Hill’s estimator of the univari-

ate tail indices for the lower tail (ξ−) and the upper tail (ξ+) of the distribution. Panel A

corresponds to unfiltered returns, Panel B to AR-GARCH filtered returns. The standard

error of the Hill’s estimator is given by 1/
√
q, where q is the number of observations used

for the estimation. Here, since q = 114, the standard error is 0.094.

Table 3: This table reports the parameter estimates of the AR(p)-GARCH(1,1) model

for each equity portfolio. The maximum number of lags for the AR(p) process has been

found to be p = 4, according to the Akaike criterion. The model is described in equations

(1)–(4). Standard errors are in parentheses. The table also reports the first-order serial

correlation of returns corr[εt, εt−1] and the Ljung-Box test statistic LB(εt) for the test

of nullity of the first five serial correlations; the first-order serial correlation of squared

returns corr[ε2
t , ε

2
t−1] and the Ljung-Box test statistic LB(εt) for the test of nullity of the

first five serial correlations. The 5% critical value for the Ljung-Box tests is 11.07.

Table 4: This table reports, for each equity portfolio, some measures of tail dependence

with the market portfolio, for unfiltered returns. These measures include: the exceedance

correlations ρ−(1%) and ρ+(1%); the test statistic Jρ for the null hypothesis of equality

of the sequence of exceedance correlations for quantiles u = (0.025; 0.05; · · · ; 0.475; 0.5);

the measures of tail asymptotic independence λ̄−(1%) and λ̄+(1%); the measures of tail

asymptotic dependence λ−(1%) and λ+(1%); and the test statistic t(λ−(1%)− λ+(1%))

for the null hypothesis of equality of the left and right tail dependence coefficients.

Table 5: This table reports, for each equity portfolio, some measures of tail dependence

with the market portfolio, for AR-GARCH-filtered returns. See the caption of Table 4

for a description of the table.

Table 6: This table reports parameter estimates of the NCT distribution and measures

of goodness-of-fit and of tail dependence for unfiltered returns. These measures include:

the log-likelihood of the model; the Hit test statistic (with p-value in parentheses); the

sample and estimated measures of tail asymptotic dependence, λ− and λ+; and the t-stat

for the difference λ̂− − λ̂+.

Table 7: This table reports parameter estimates of the NCT distribution and measures

of goodness-of-fit and of tail dependence for AR-GARCH-filtered returns. See the caption

of Table 6 for a description of the table.
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Table 8: This table reports parameter estimates of the NCT distribution and measures of

goodness-of-fit and of tail dependence for AR-GARCH-filtered returns with time-varying

correlations. See the caption of Table 6 for a description of the table.

Figure 1: This figure shows the exceedance correlations (upper plot) and tail depen-

dence parameters (lower figure) for the quantiles u = (0.01; · · · ; 0.99), for unfiltered

returns. Panels A, B, and C correspond to size portfolios, book-to-market portfolios, and

momentum portfolios, respectively.

Figure 2: This figure shows the exceedance correlations (upper plot) and tail dependence

parameters (lower figure) for the quantiles u = (0.01; · · · ; 0.99), for AR-GARCH-filtered

returns. Panels A, B, and C correspond to size portfolios, book-to-market portfolios, and

momentum portfolios, respectively.

Figure 3: This figure compares the contour plot of the GH asymmetric t distribution

and NCT distribution for various values of the asymmetry parameters. In both cases,

the degree of freedom is ν = 5 and the correlation parameter is ρ = 0.5. The asymmetric

parameters (γ1, γ2) are taken in {−1; 1}.

Figure 4: This figure shows the TDC as a function of the asymmetric parameters (γ1,

γ2), for various values of ν and ρ.

Figure 5: This figure shows the actual and estimated number of realizations in some

regions of the unit square for unfiltered returns. Panels A, B, and C correspond to size

portfolios, book-to-market portfolios, and momentum portfolios, respectively.

Figure 6: This figure shows the actual and estimated number of realizations in some

regions of the unit square for AR-GARCH-filtered returns. Panels A, B, and C correspond

to size portfolios, book-to-market portfolios, and momentum portfolios, respectively.
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Table 1: Summary statistics

Smallest Size 2 Size 3 Size 4 Largest
mean 0.022 0.025 0.024 0.023 0.017
std dev. 0.874 0.972 0.941 0.947 0.991
skew. -0.947 -0.653 -0.615 -0.601 -0.590
kurt. 16.825 13.766 14.511 19.150 24.365
correl. 0.815 0.880 0.924 0.959 0.988
coskew. -0.704 -0.596 -0.597 -0.609 -0.606
cokurt. 14.927 14.743 16.608 20.089 22.997
JB 92939.3 56134.5 63968.3 125174.3 218522.5

corr[rt, rt−1] 0.228 0.164 0.171 0.156 0.043
LB(rt) 875.755 377.040 374.222 298.899 62.143
corr[r2

t , r
2
t−1] 0.396 0.387 0.309 0.217 0.171

LB(r2
t ) 52.358 53.527 50.498 45.065 33.524

Growth B/M 2 B/M 3 B/M 4 Value
mean 0.015 0.019 0.021 0.028 0.034
std dev. 1.065 0.949 0.915 0.898 0.950
skew. -0.271 -0.739 -0.651 -0.969 -0.863
kurt. 15.754 24.861 25.281 32.576 25.322
correl. 0.972 0.963 0.942 0.918 0.895
coskew. -0.486 -0.662 -0.638 -0.745 -0.722
cokurt. 18.206 22.959 23.127 25.501 21.819
JB 77775.8 229151.1 237754.9 419300.1 239248.2

corr[rt, rt−1] 0.086 0.084 0.088 0.083 0.100
LB(rt) 100.981 104.482 120.941 114.351 131.241
corr[r2

t , r
2
t−1] 0.155 0.141 0.174 0.229 0.193

LB(r2
t ) 36.967 34.731 40.208 40.238 38.796

Market Past losers Mom. 4 Mom. 7 Past winners
mean 0.018 0.000 0.000 0.000 0.000
std dev. 0.954 28.575 27.105 33.499 15.131
skew. -0.617 0.008 0.008 0.008 0.008
kurt. 22.258 275.715 97.712 100.931 166.494
correl. - 0.373 0.201 0.132 0.191
coskew. - 6.065 3.654 1.925 3.259
cokurt. - 0.000 0.000 0.000 0.000
JB 177739.5 50221.6 42214.6 32035.3 40696.4

corr[rt, rt−1] 0.085 0.149 0.080 0.082 0.119
LB(rt) 106.718 275.715 97.712 100.931 166.494
corr[r2

t , r
2
t−1] 0.154 0.373 0.201 0.132 0.191

LB(r2
t ) 38.343 50.222 42.215 32.035 40.696

33



Table 2: Measures of univariate tail indices

Panel A: Unfiltered returns
Smallest Size 2 Size 3 Size 4 Largest

ξ− 0.333 0.310 0.319 0.338 0.332
ξ+ 0.336 0.294 0.309 0.319 0.327

Growth B/M 2 B/M 3 B/M 4 Value
ξ− 0.298 0.334 0.367 0.403 0.364
ξ+ 0.294 0.310 0.334 0.323 0.348

Market Past losers Mom. 4 Mom. 7 Past winners
ξ− 0.327 0.335 0.334 0.327 0.294
ξ+ 0.353 0.346 0.316 0.297 0.313
Panel B: Filtered returns

Smallest Size 2 Size 3 Size 4 Largest
ξ− 0.283 0.255 0.250 0.245 0.233
ξ+ 0.226 0.201 0.200 0.215 0.212

Growth B/M 2 B/M 3 B/M 4 Value
ξ− 0.229 0.234 0.247 0.240 0.242
ξ+ 0.194 0.195 0.202 0.202 0.212

Market Past losers Mom. 4 Mom. 7 Past winners
ξ− 0.240 0.251 0.232 0.240 0.244
ξ+ 0.202 0.241 0.224 0.215 0.202
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Table 3: Parameter estimates of the AR(p)-GARCH(1,1) model

Smallest Size 2 Size 3 Size 4 Largest
µ 0.009 (0.075) 0.014 (0.009) 0.016 (0.009) 0.016 (0.006) 0.015 (0.006)
ρ1 0.320 (0.066) 0.281 (0.011) 0.282 (0.011) 0.256 (0.010) 0.112 (0.010)
ρ2 0.012 (0.115) -0.003 (0.011) -0.024 (0.009) -0.020 (0.012) -0.012 (0.015)
ρ3 0.084 (0.028) 0.062 (0.011) 0.063 (0.011) 0.048 (0.011) 0.003 (0.026)
ρ4 0.077 (0.045) 0.043 (0.011) 0.028 (0.010) 0.020 (0.009) -0.006 (0.008)

ω 0.014 (0.003) 0.015 (0.003) 0.013 (0.003) 0.010 (0.002) 0.005 (0.001)
α 0.223 (0.039) 0.186 (0.019) 0.173 (0.018) 0.160 (0.018) 0.112 (0.012)
γ 0.069 (0.020) 0.050 (0.009) 0.033 (0.007) 0.027 (0.006) 0.023 (0.006)
β 0.835 (0.016) 0.864 (0.014) 0.879 (0.012) 0.896 (0.011) 0.930 (0.007)

corr[rt, rt−1] -0.006 -0.001 -0.001 0.002 0.003
LB(rt) 33.711 11.616 7.472 3.433 0.735
corr[r2t , r

2
t−1] 0.017 0.020 0.013 0.004 0.006

LB(r2t ) 7.656 9.778 4.638 0.545 0.567
Growth B/M 2 B/M 3 B/M 4 Value

µ 0.012 (0.006) 0.013 (0.005) 0.021 (0.007) 0.023 (0.013) 0.030 (0.009)
ρ1 0.138 (0.010) 0.164 (0.010) 0.169 (0.010) 0.179 (0.013) 0.167 (0.012)
ρ2 -0.013 (0.006) -0.004 (0.007) -0.009 (0.017) -0.007 (0.025) 0.002 (0.020)
ρ3 0.011 (0.008) 0.020 (0.009) 0.017 (0.014) 0.023 (0.029) 0.024 (0.022)
ρ4 0.003 (0.006) 0.007 (0.009) -0.005 (0.011) -0.006 (0.064) 0.006 (0.014)

ω 0.008 (0.002) 0.006 (0.002) 0.008 (0.002) 0.011 (0.003) 0.016 (0.004)
α 0.110 (0.013) 0.120 (0.017) 0.132 (0.018) 0.131 (0.022) 0.131 (0.020)
γ 0.024 (0.005) 0.026 (0.006) 0.031 (0.006) 0.031 (0.012) 0.035 (0.007)
β 0.928 (0.009) 0.923 (0.011) 0.909 (0.011) 0.903 (0.020) 0.894 (0.015)

corr[rt, rt−1] 0.006 0.004 0.004 0.000 0.005
LB(rt) 0.847 1.027 0.673 2.789 4.187
corr[r2t , r

2
t−1] 0.001 0.009 0.008 0.016 0.008

LB(r2t ) 0.413 1.363 1.305 5.178 1.702
Market Past losers Mom4 Mom 7 Past winners

µ 0.017 (0.006) -0.015 (0.008) 0.011 (0.010) 0.017 (0.009) 0.038 (0.010)
ρ1 0.166 (0.010) 0.201 (0.010) 0.134 (0.011) 0.147 (0.010) 0.201 (0.010)
ρ2 -0.011 (0.004) 0.005 (0.005) 0.005 (0.011) 0.000 (0.024) -0.018 (0.012)
ρ3 0.020 (0.009) 0.038 (0.011) 0.026 (0.010) 0.021 (0.013) 0.021 (0.017)
ρ4 0.003 (0.008) 0.027 (0.011) 0.004 (0.005) -0.003 (0.007) 0.009 (0.006)

ω 0.007 (0.002) 0.007 (0.002) 0.005 (0.001) 0.010 (0.002) 0.032 (0.006)
α 0.130 (0.017) 0.105 (0.016) 0.105 (0.016) 0.126 (0.016) 0.192 (0.019)
γ 0.024 (0.006) 0.031 (0.008) 0.027 (0.006) 0.030 (0.006) 0.038 (0.007)
β 0.916 (0.011) 0.930 (0.011) 0.931 (0.010) 0.911 (0.011) 0.865 (0.012)

corr[rt, rt−1] 0.002 0.012 0.007 0.007 0.001
LB(rt) 0.763 14.042 2.419 1.260 1.568
corr[r2t , r

2
t−1] 0.002 0.028 0.038 0.006 -0.002

LB(r2t ) 0.155 17.405 16.965 1.166 1.452
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Table 4: Measures of tail dependence (Unfiltered returns)

Smallest Size 2 Size 3 Size 4 Largest
ρ−(1%) 0.850 0.886 0.947 0.979 0.988
ρ+(1%) 0.571 0.765 0.888 0.922 0.971
Jρ(ρ

− = ρ+) 172.639 78.219 26.765 22.132 14.454
p-val. 0.000 0.000 0.179 0.392 0.849

λ
−

(1%) 1.138 1.045 1.070 1.069 0.987

λ
+

(1%) 1.003 0.983 1.001 0.942 1.021

λ−(1%) 0.576 0.629 0.733 0.777 0.873
λ+(1%) 0.471 0.567 0.681 0.733 0.908
t(λ−(1%)− λ+(1%)) 1.659 0.772 0.572 0.429 -0.306

Growth B/M 2 B/M 3 B/M 4 Value
ρ−(1%) 0.960 0.977 0.967 0.940 0.918
ρ+(1%) 0.913 0.908 0.913 0.874 0.795
Jρ(ρ

− = ρ+) 4.284 4.141 18.854 25.700 44.563
p-val. 1.000 1.000 0.595 0.218 0.002

λ
−

(1%) 1.021 1.089 1.051 1.088 1.151

λ
+

(1%) 0.855 0.969 1.053 1.060 1.005

λ−(1%) 0.768 0.829 0.760 0.707 0.646
λ+(1%) 0.873 0.786 0.707 0.681 0.594
t(λ−(1%)− λ+(1%)) -0.977 0.422 0.544 0.299 0.653

Past losers Mom. 4 Mom. 7 Past winners
ρ−(1%) 0.715 0.938 0.945 0.817
ρ+(1%) 0.522 0.883 0.922 0.453
Jρ(ρ

− = ρ+) 48.392 22.202 8.450 57.288
p-val. 0.001 0.388 0.993 0.000

λ
−

(1%) 0.926 1.094 1.099 1.056

λ
+

(1%) 0.689 1.069 1.091 0.890

λ−(1%) 0.472 0.716 0.742 0.576
λ+(1%) 0.506 0.716 0.751 0.541
t(λ−(1%)− λ+(1%)) -0.482 0.000 -0.094 0.502

36



Table 5: Measures of tail dependence (AR-GARCH-filtered returns)

Smallest Size 2 Size 3 Size 4 Largest
ρ−(1%) 0.704 0.817 0.895 0.939 0.982
ρ+(1%) 0.404 0.351 0.626 0.714 0.911
Jρ(ρ

− = ρ+) 199.526 56.541 56.300 21.222 2.350
p-val. 0.000 0.000 0.000 0.445 1.000

λ
−

(1%) 0.853 0.946 0.996 0.961 1.064

λ
+

(1%) 0.512 0.760 0.786 0.887 0.911

λ−(1%) 0.516 0.577 0.647 0.743 0.874
λ+(1%) 0.332 0.472 0.533 0.655 0.848
t(λ−(1%)− λ+(1%)) 2.832 1.463 1.404 0.952 0.238

Growth B/M 2 B/M 3 B/M 4 Value
ρ−(1%) 0.966 0.961 0.905 0.906 0.906
ρ+(1%) 0.810 0.737 0.718 0.739 0.691
Jρ(ρ

− = ρ+) 13.474 14.824 38.951 38.588 43.951
p-val. 0.891 0.832 0.010 0.011 0.002

λ
−

(1%) 1.022 1.069 1.033 0.931 1.069

λ
+

(1%) 0.963 0.892 0.759 0.735 0.749

λ−(1%) 0.725 0.769 0.734 0.716 0.629
λ+(1%) 0.734 0.647 0.629 0.550 0.516
t(λ−(1%)− λ+(1%)) -0.090 1.316 1.179 1.909 1.473

Past losers Mom. 4 Mom. 7 Past winners
ρ−(1%) 0.797 0.902 0.929 0.877
ρ+(1%) 0.521 0.443 0.806 0.757
Jρ(ρ

− = ρ+) 93.209 80.259 29.188 52.628
p-val. 0.000 0.000 0.110 0.000

λ
−

(1%) 1.035 1.063 1.081 1.004

λ
+

(1%) 0.688 0.972 0.965 0.797

λ−(1%) 0.559 0.594 0.655 0.594
λ+(1%) 0.411 0.577 0.585 0.489
t(λ−(1%)− λ+(1%)) 2.205 0.233 0.858 1.383

37



Table 6: Parameter estimates of the NCT (Unfiltered returns)

Smallest Size 2 Size 3 Size 4 Largest
γ1 -0.086 (0.012) -0.082 (0.014) -0.086 (0.018) -0.079 (0.017) -0.092 (0.014)
γ2 -0.163 (0.012) -0.145 (0.014) -0.142 (0.018) -0.101 (0.017) -0.059 (0.015)
ν 3.008 (0.069) 3.090 (0.073) 3.256 (0.079) 3.364 (0.084) 3.233 (0.082)
σ1 0.333 (0.007) 0.341 (0.007) 0.356 (0.008) 0.366 (0.008) 0.353 (0.008)
σ2 0.262 (0.006) 0.350 (0.008) 0.347 (0.008) 0.356 (0.008) 0.391 (0.009)
ρ 0.789 (0.004) 0.863 (0.003) 0.913 (0.002) 0.954 (0.001) 0.988 (0.001)

− logL 20674 19965 17373 13939 6759
Hit test 561.9 (0.000) 602.6 (0.000) 648.1 (0.000) 650.8 (0.000) 915.8 (0.000)

λ− λ+ λ− λ+ λ− λ+ λ− λ+ λ− λ+

sample 0.576 0.471 0.629 0.567 0.733 0.681 0.777 0.733 0.873 0.908
estimated 0.544 0.514 0.624 0.600 0.690 0.671 0.768 0.756 0.884 0.879

t(λ̂− − λ̂+) 8.820 5.747 4.105 4.105 1.125
Growth B/M 2 B/M 3 B/M 4 Value

γ1 -0.066 (0.008) -0.071 (0.010) -0.065 (0.109) -0.056 (0.023) -0.068 (0.013)
γ2 -0.050 (0.009) -0.052 (0.010) -0.051 (0.106) -0.046 (0.023) -0.059 (0.015)
ν 3.655 (0.100) 3.319 (0.084) 3.160 (0.078) 3.068 (0.073) 3.136 (0.074)
σ1 0.384 (0.008) 0.367 (0.008) 0.355 (0.009) 0.347 (0.007) 0.350 (0.007)
σ2 0.514 (0.011) 0.378 (0.008) 0.332 (0.008) 0.302 (0.006) 0.354 (0.007)
ρ 0.970 (0.001) 0.963 (0.001) 0.941 (0.001) 0.922 (0.002) 0.892 (0.002)

− logL 13366 13126 0.786 15135 16214 18778
Hit test 774.1 (0.000) 638.9 (0.000) 565.1 (0.000) 522.3 (0.000) 500.2 (0.000)

λ− λ+ λ− λ+ λ− λ+ λ− λ+ λ− λ+

sample 0.768 0.873 0.829 0.786 0.760 0.707 0.707 0.681 0.646 0.594
estimated 0.803 0.797 0.791 0.785 0.743 0.735 0.708 0.700 0.657 0.645

t(λ̂− − λ̂+) 1.764 2.013 0.267 1.582 2.888
Past losers Mom. 4 Mom. 7 Past winners

γ1 -0.050 (0.016) -0.067 (0.023) -0.076 (0.013) -0.071 (0.017)
γ2 -0.031 (0.022) -0.033 (0.025) -0.066 (0.014) -0.160 (0.023)
ν 2.564 (0.053) 3.085 (0.072) 3.272 (0.081) 2.951 (0.066)
σ1 0.312 (0.007) 0.350 (0.008) 0.362 (0.008) 0.336 (0.007)
σ2 0.578 (0.012) 0.372 (0.008) 0.375 (0.008) 0.642 (0.014)
ρ 0.825 (0.003) 0.909 (0.002) 0.930 (0.002) 0.881 (0.002)

− logL 25112 18260 16638 22958
Hit test 691.8 (0.000) 661.7 (0.000) 487.6 (0.000) 424.8 (0.000)

λ− λ+ λ− λ+ λ− λ+ λ− λ+

sample 0.472 0.506 0.716 0.716 0.742 0.751 0.576 0.541
estimated 0.598 0.589 0.685 0.677 0.718 0.707 0.653 0.631

t(λ̂− − λ̂+) 1.580 1.565 2.655 4.213
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Table 7: Parameter estimates of the NCT (AR-GARCH-filtered returns)

Smallest Size 2 Size 3 Size 4 Largest
γ1 -0.232 (0.042) -0.258 (0.048) -0.247 (0.048) -0.230 (0.091) -0.183 (0.040)
γ2 -0.419 (0.044) -0.400 (0.049) -0.382 (0.049) -0.280 (0.092) -0.131 (0.040)
ν 6.535 (0.226) 7.096 (0.269) 7.574 (0.311) 7.774 (0.327) 6.572 (0.228)
ρ 0.832 (0.003) 0.880 (0.002) 0.919 (0.001) 0.953 (0.001) 0.990 (0.001)

− logL 16697 16678 14489 11548 3686
Hit test 60.6 (0.453) 60.7 (0.449) 76.7 (0.072) 73.1 (0.120) 84.3 (0.021)

λ− λ+ λ− λ+ λ− λ+ λ− λ+ λ− λ+

sample 0.516 0.332 0.577 0.463 0.647 0.533 0.743 0.647 0.874 0.848
estim. 0.459 0.399 0.519 0.464 0.583 0.537 0.672 0.643 0.856 0.847

t(λ̂− − λ̂+) 8.030 7.049 6.748 2.794 3.931
Growth B/M 2 B/M 3 B/M 4 Value

γ1 -0.136 (0.055) -0.146 (0.053) -0.158 (0.070) -0.133 (0.029) -0.166 (0.063)
γ2 -0.114 (0.054) -0.111 (0.053) -0.118 (0.068) -0.100 (0.029) -0.095 (0.071)
ν 7.334 (0.288) 6.405 (0.213) 6.547 (0.226) 6.706 (0.233) 7.006 (0.270)
ρ 0.969 (0.001) 0.957 (0.001) 0.935 (0.001) 0.921 (0.001) 0.897 (0.002)

− logL 11488 11742 13424 14161 16478
Hit test 60.1 (0.471) 101.1 (0.001) 94.1 (0.003) 78.8 (0.053) 64.8 (0.314)

λ− λ+ λ− λ+ λ− λ+ λ− λ+ λ− λ+

sample 0.725 0.734 0.769 0.638 0.734 0.620 0.717 0.542 0.629 0.507
estim. 0.731 0.719 0.704 0.689 0.638 0.619 0.597 0.580 0.538 0.517

t(λ̂− − λ̂+) 2.300 2.461 1.360 4.237 1.325
Past losers Mom. 4 Mom. 7 Past winners

γ1 -0.116 (0.026) -0.175 (0.032) -0.187 (0.036) -0.196 (0.042)
γ2 0.016 (0.008) -0.059 (0.029) -0.161 (0.037) -0.345 (0.043)
ν 7.096 (0.262) 6.743 (0.236) 6.648 (0.233) 7.199 (0.276)
ρ 0.840 (0.003) 0.903 (0.002) 0.923 (0.001) 0.900 (0.002)

− logL 21875 16364 15077 19850
Hit test 60.0 (0.476) 54.1 (0.689) 81.1 (0.036) 74.0 (0.106)

λ− λ+ λ− λ+ λ− λ+ λ− λ+

sample 0.559 0.402 0.594 0.577 0.655 0.585 0.594 0.489
estim. 0.429 0.420 0.555 0.537 0.607 0.582 0.548 0.506

t(λ̂− − λ̂+) 3.685 4.075 4.943 6.651
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Table 8: Parameter estimates of the NCT
(AR-GARCH-filtered returns, time-varying correlation)

Smallest Size 2 Size 3 Size 4 Largest
γ1 -0.261 (0.043) -0.280 (0.068) -0.260 (0.042) -0.231 (0.071) -0.182 (0.036)
γ2 -0.412 (0.043) -0.400 (0.067) -0.382 (0.043) -0.278 (0.070) -0.132 (0.036)
ν 6.665 (0.249) 7.144 (0.294) 7.487 (0.323) 7.621 (0.338) 6.663 (0.250)
ρ1 0.858 (0.008) 0.897 (0.006) 0.931 (0.004) 0.960 (0.003) 0.989 (0.001)
ρ2 0.835 (0.003) 0.881 (0.002) 0.918 (0.002) 0.953 (0.001) 0.991 (0.001)
ρ3 0.779 (0.012) 0.854 (0.009) 0.908 (0.006) 0.951 (0.003) 0.989 (0.001)

− logL 16681 16670 14483 11546 3686
Hit test 39.4 (0.982) 43.3 (0.949) 62.1 (0.402) 65.4 (0.294) 49.9 (0.821)

λ− λ+ λ− λ+ λ− λ+ λ− λ+ λ− λ+

sample 0.516 0.332 0.577 0.463 0.647 0.533 0.743 0.647 0.874 0.848
estim. 0.495 0.326 0.549 0.416 0.616 0.513 0.697 0.638 0.852 0.842
t(λ− − λ+) 8.270 5.747 5.388 3.219 1.252

Growth B/M 2 B/M 3 B/M 4 Value
γ1 -0.123 (0.086) -0.137 (0.033) -0.151 (0.098) -0.135 (0.239) -0.171 (0.051)
γ2 -0.107 (0.085) -0.108 (0.033) -0.107 (0.098) -0.100 (0.239) -0.094 (0.050)
ν 7.173 (0.300) 6.158 (0.207) 6.279 (0.234) 6.563 (0.288) 6.824 (0.265)
ρ1 0.972 (0.002) 0.965 (0.003) 0.949 (0.004) 0.934 (0.005) 0.918 (0.005)
ρ2 0.969 (0.001) 0.956 (0.001) 0.933 (0.001) 0.920 (0.002) 0.896 (0.002)
ρ3 0.970 (0.002) 0.962 (0.003) 0.940 (0.005) 0.918 (0.006) 0.892 (0.007)

− logL 11488 11736 13417 14157 16472
Hit test 53.6 (0.708) 87.1 (0.013) 81.3 (0.035) 63.1 (0.369) 50.6 (0.802)

λ− λ+ λ− λ+ λ− λ+ λ− λ+ λ− λ+

sample 0.725 0.734 0.769 0.638 0.734 0.620 0.717 0.542 0.629 0.507
estim. 0.747 0.726 0.736 0.713 0.682 0.640 0.634 0.578 0.589 0.513
t(λ− − λ+) 1.207 1.676 1.812 1.184 3.676

Past losers Mom. 4 Mom. 7 Past winners
γ1 -0.145 (0.024) -0.169 (0.065) -0.183 (0.041) -0.204 (0.048)
γ2 0.023 (0.020) -0.074 (0.061) -0.164 (0.041) -0.345 (0.049)
ν 7.165 (0.281) 6.552 (0.237) 6.610 (0.246) 7.142 (0.288)
ρ1 0.873 (0.008) 0.914 (0.006) 0.926 (0.005) 0.912 (0.005)
ρ2 0.841 (0.003) 0.901 (0.002) 0.923 (0.001) 0.899 (0.002)
ρ3 0.801 (0.010) 0.910 (0.006) 0.922 (0.005) 0.890 (0.007)

− logL 21861 16364 15078 19847
Hit test 51.5 (0.775) 36.4 (0.993) 67.9 (0.225) 62.1 (0.401)

λ− λ+ λ− λ+ λ− λ+ λ− λ+

sample 0.559 0.402 0.594 0.577 0.655 0.585 0.594 0.489
estim. 0.481 0.363 0.586 0.558 0.615 0.582 0.576 0.486
t(λ− − λ+) 5.583 1.622 1.778 4.334
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Figure 1A: Measure of dependence (Size portfolios - Unfiltered returns)
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Figure 1B: Measure of dependence (B/M portfolios - Unfiltered returns)
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Figure 1C: Measure of dependence (Momentum portfolios - Unfiltered returns)
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Figure 2A: Measure of dependence (Size portfolios - AR-GARCH-filtered returns)
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Figure 2B: Measure of dependence (B/M portfolios - AR-GARCH-filtered returns)
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Figure 2C: Measure of dependence (Momentum portfolios - AR-GARCH-filtered returns)
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Figure 3: Comparison of the Asymmetric t and NCT distributions
for various values of the asymmetry parameters
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Figure 4: Tail dependence coefficient as a function of the asymmetry parameters
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Figure 5A: Actual and estimated number of realizations in some regions
(Size portfolios - Unfiltered returns)
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Figure 5B: Actual and estimated number of realizations in some regions
(B/M portfolios - Unfiltered returns)
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Figure 5C: Actual and estimated number of realizations in some regions
(Momentum portfolios - Unfiltered returns)
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Figure 6A: Actual and estimated number of realizations in some regions
(Size portfolios - AR-GARCH-filtered returns)
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Figure 6B: Actual and estimated number of realizations in some regions
(B/M portfolios - AR-GARCH-filtered returns)
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Figure 6C: Actual and estimated number of realizations in some regions
(Momentum portfolios - AR-GARCH-filtered returns)
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