
 
 

 

    Working Paper  
         Series 

_______________________________________________________________________________________________________________________ 
 
 
 

National Centre of Competence in Research  
Financial Valuation and Risk Management 

 
 

Working Paper No. 734 
 
 
 
 
 

 
 

Capital Requirements with Defaultable Securities  
 
 

 
Walter Farkas          Pablo Koch-Medina 

 
 

Cosimo-Andrea Munari 
 
 
 
 
 
 
 
 
 
 
 

First version: December 2011 
Current version: July 2012 

 
This research has been carried out within the NCCR FINRISK project on  

“Mathematical Methods in Financial Risk Management” 
 

 
___________________________________________________________________________________________________________ 

 
 



Capital Requirements with Defaultable Securities1

Walter Farkas2, Pablo Koch-Medina3 and Cosimo-Andrea Munari4

July 15, 2012
First version: December 1, 2011

Abstract

We study capital requirements for financial positions belonging to spaces of bounded measurable
functions. We allow for general acceptance sets and general positive eligible (or “reference”) assets,
which include defaultable bonds, options, or limited-liability assets. Since the payoff of these assets
is not bounded away from zero the resulting capital requirements cannot be transformed into cash-
invariant risk measures by a simple change of numeraire. However, extending the range of eligible
assets is important because, as exemplified by the recent financial crisis, the existence of default-free
securities may not be a realistic assumption to make. We study finiteness and continuity properties
of capital requirements in this general context. We apply the results to capital requirements based
on Value-at-Risk and Tail-Value-at-Risk acceptability, the two most important acceptability criteria in
practice. Finally, we prove that it is not possible to choose the eligible asset so that the corresponding
capital requirement dominates the capital requirement corresponding to any other choice of the eligible
asset. Our examples and results on finiteness and continuity show that a theory of capital requirements
allowing for general eligible assets is richer than that of cash-invariant capital requirements.
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1 Introduction

The objective of this paper is to discuss the theory of required capital in a world where, possibly, no
default-free securities exist. As we will see, it is not possible to reduce this more general type of capital
requirements to cash-invariant capital requirements by a simple change of numeraire. Hence, our work
extends and complements the literature on cash-invariant capital requirements on spaces of bounded
measurable functions.

Liability holders of a financial institution are credit sensitive: they, and regulators on their behalf, are
concerned that the institution may fail to honor its future obligations. This will be the case if the
institution’s financial position, i.e. the value of its assets less the value of its liabilities, becomes negative
in some future state of the world. To address this concern a financial institution holds risk capital whose
function is to absorb unexpected losses thereby reducing the likelihood that it may become insolvent. A
key question in this respect is how much capital a financial institution should be required to hold to be
deemed adequately capitalized by the regulator.

This type of question is best framed using the concepts of an acceptance set and of a capital requirement
or risk measure. Coherent acceptance sets and coherent risk measures were introduced in the seminal
paper by Artzner et al. (1999) for finite sample spaces and by Delbaen (2002) for general probability
spaces. This approach was extended to convex acceptance sets and convex risk measures by Föllmer
and Schied (2002) and by Frittelli and Rosazza Gianin (2002). Since then this method has proven to be
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extremely useful. In fact, it has become the standard theoretical framework to approach the problem of
capital adequacy in financial institutions, and has had an enormous impact on modern solvency regimes
in both the insurance and the banking world.

In this paper we assume financial positions belong to the Banach space X of bounded measurable func-
tions on a given measurable space. At the core of the theory is the concept of an acceptance set A ⊂X
which represents the subset of all financial positions that are deemed to provide a reasonable security
to the liability holders. Hence, testing whether a financial institution is adequately capitalized or not
reduces to establishing whether its financial position belongs to A or not. A key question to ask is: can
certain actions by the management of a financial institution turn an unacceptable financial position into
an acceptable one and at which cost? The standard theory of capital requirements was designed to an-
swer this question for a very particular case: can a badly capitalized financial institution be re-capitalized
to acceptable levels by raising additional capital and investing it in a pre-specified traded asset? As in
Artzner et al. (2009) we prefer to call this asset the eligible asset instead of the numeraire asset, which is
more commonly used. The minimum amount of capital that, when invested in the eligible asset, makes a
given financial position acceptable defines a capital requirement on the space of financial positions. Thus,
a capital requirement aims at measuring how far away a position is from acceptability after having chosen
a suitable yardstick in the form of an eligible asset.

The bulk of the literature on capital requirements focuses on cash-invariant capital requirements, i.e. on
the case where the eligible asset is cash. Whenever the payoff of the eligible asset is bounded away from
zero, capital requirements can be transformed into cash-invariant capital requirements by a simple change
of numeraire. Hence, from a mathematical perspective, for this type of eligible assets it is sufficient
to study cash-invariant risk measures. However, this artifice does not work when the payoff of the
eligible asset is not bounded away from zero (see Remark 2.14). Hence, focusing on cash-invariant capital
requirements precludes the use of important classes of assets such as defaultable bonds, options, or limited-
liability assets. Extending the theory of capital requirements to include these types of assets is important
because, as the recent financial crisis has made painfully clear, assuming the existence of a default-free
asset may turn out to be delusive. Thus, the main contribution of our work is to extend the theory of
capital requirements to allow for an eligible asset whose payoff is a general nonzero positive function.

Main results and structure of the paper

We address the following three natural questions. Given an acceptance set and an eligible asset:

1. when is a capital requirement finitely valued? This is related to the effectiveness of the choice of
the eligible asset, i.e. to the ability to make any unacceptable position acceptable;

2. when is a finitely-valued capital requirement continuous? This is related to the robustness of the
required capital figure, i.e. to the reliability of required capital when we can only know the financial
position in an approximate manner;

3. when does a capital requirement dominate all capital requirements corresponding to a different
choice of the eligible asset? This is related to the efficiency of the choice of the eligible asset, i.e. to
the ability to reach acceptance with the least possible amount of capital.
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In addressing the first two questions we will find that if we allow for general eligible assets, then the
range of possible behaviors of capital requirements is much broader than in the classical cash-invariant
setting. For example, if the payoff of the eligible asset is bounded away from zero, it is easy to show using
fairly standard arguments that capital requirements are always finitely valued and globally Lipschitz
continuous. However, this is no longer true in the general case. We will exhibit examples of capital
requirements displaying both a lack of effectiveness as well as a lack of robustness. In particular, we will
show that capital requirements based on Value-at-Risk are not always effective, and, even when effective,
are not always robust. We will also show that capital requirements based on Tail Value-at-Risk are not
always effective, but, when effective, are always robust. In fact, for Value-at-Risk and Tail-Value-at-Risk
based acceptability we will provide complete characterizations of when capital requirements are finitely
valued and when they are continuous. In particular, our results show that, when the underlying probability
space is nonatomic, Value-at-Risk based capital requirements are finitely valued and continuous if and
only if the payoff of the eligible asset is bounded away from zero almost surely. This is in contrast to
Tail-Value-at-Risk based requirements which may be finitely valued and continuous even if the payoff of
the eligible asset is equal to zero in some future state of the economy.

With respect to the third question we will show in Theorem 5.4 that no efficient choice of the eligible asset
is possible. This extends a result in Artzner et al. (2009) obtained in the case of coherent acceptance sets
in finite sample spaces to the general case where neither coherence nor convexity requirements are imposed
and where we allow for infinite sample spaces, making the results as general as possible. Consequently,
our result also applies to the Value-at-Risk acceptance sets (which, as is well known, fail to be convex
in general) and to the Tail-Value-at-Risk acceptance sets (which are known to be coherent). This is
important because both Value-at-Risk and Tail Value-at-Risk play a prominent role in modern regulatory
environments.

In this paper we consider financial positions in spaces of bounded measurable functions, the original
setting in which capital requirements were studied. In the recent literature other types of spaces such as
Lp-spaces, Orlicz spaces, or even abstract ordered spaces have been considered (see for instance Kaina
and Rüschendorf (2009), Cheridito and Li (2009), Biagini and Frittelli (2009) and Konstantinides and
Kountzakis (2011) and the literature cited therein). Those papers deal mainly with dual representation
theorems and continuity properties of capital requirements. Moreover, they focus on capital requirements
that are either cash invariant or invariant with respect to an eligible asset which in our setting corresponds
to an eligible asset whose payoff is bounded away from zero. Therefore, none of those results can be
applied to the type of assets we are interested in. At the same time, the results here exploit the particular
structure of spaces of bounded measurable functions: most importantly the fact that their positive cones
have nonempty interior, which amongst other things implies that all acceptance sets have nonempty
interior. Hence, the techniques used here do not transfer easily to Lp or Orlicz spaces, whose positive
cones have empty interior.

The structure of this paper is as follows. Section 2 is preliminary in character and introduces the space of
financial positions, the notion of an acceptance set, and the concept of capital requirements with respect
to a general eligible asset with nonzero, non-negative payoff. We also summarize those basic properties of
capital requirements that can be expected to hold knowing the corresponding results for cash-invariant
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capital requirements. In Section 3 we discuss when capital requirements are finitely valued and provide
a complete characterization in case the underlying acceptance set is either a cone or coherent. These
results are applied to characterize finiteness of capital requirements based on Value-at-Risk and Tail
Value-at-Risk. Section 4 discusses continuity properties of capital requirements. We provide a geometric
characterization of pointwise continuity, and show that convex and coherent capital requirements are
automatically continuous when they are finitely valued. We characterize continuity of capital requirements
based on Value-at-Risk (when the underlying probability space is either finite or nonatomic) and on Tail
Value-at-Risk (in general). Throughout Section 3 and Section 4 we also provide a variety of examples
showing the range of behaviors that can occur when we allow for general eligible assets whose payoff is
not necessarily bounded away from zero. Finally, in Section 5 we study under which conditions two risk
measures coincide and we prove the non-existence of an efficient eligible asset.

2 Preliminaries

We consider a single-period economy with dates t = 0 and t = 1 and a measurable space (Ω,F) repre-
senting uncertainty at time t = 1. Thus, the elements of Ω are the possible future states of the economy.

2.1 Financial positions and acceptance sets

Financial positions of financial institutions at time t = 1 will be assumed to belong to the Banach
space X of real-valued, bounded, F-measurable functions on Ω equipped with the supremum norm
‖X‖ := supω∈Ω |X(ω)|. Clearly all constant functions belong to X . For A ⊂ Ω we denote by 1A its
characteristic function. Note that 1A ∈ X whenever A ∈ F . Given a subset A ⊂ X we denote by
int(A ), A and ∂A the interior, the closure and the boundary of A , respectively.

The space X becomes a Banach lattice when endowed with the pointwise ordering defined by Y ≥ X
whenever Y (ω) ≥ X(ω) for all ω ∈ Ω. The corresponding positive cone is then X+ := {X ∈X ; X ≥ 0}.
Clearly, int(X+) consists of those positions X in X+ that are bounded away from zero, i.e. such that for
some ε > 0 we have X ≥ ε1Ω.

We now recall the concept of an acceptance set, which is central to this paper.

Definition 2.1. A subset A ⊂X is called an acceptance set if it satisfies the following two axioms:

(A1) A is a nonempty, proper subset of X (non-triviality);

(A2) if X ∈ A and Y ≥ X then Y ∈ A (monotonicity).

A financial institution with net financial position X ∈ X will be said to be adequately capitalized with
respect to the acceptance set A if X ∈ A . Therefore, one could refer to A as being a capital adequacy
test.

Remark 2.2. (i) The defining properties of an acceptance set encapsulate what one would expect to
be satisfied by any non-trivial concept of acceptance: some – but not all – positions should be
acceptable, and any financial position dominating (in the sense of our ordering) an already accepted
position should also be acceptable.
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(ii) Coherent acceptance sets, introduced in Artzner et al. (1999), are acceptance sets that are convex
cones. Convex acceptance sets were introduced independently in Föllmer and Schied (2002) and
Frittelli and Rosazza Gianin (2002). Note that in the above definition of an acceptance set neither
coherence nor convexity is required. We will also pay particular attention to conic acceptance sets,
i.e. acceptance sets which are cones, of which the Value-at-Risk acceptance sets (introduced in
Example 2.5) are a prominent representative.

Remark 2.3. Any nonempty intersection of acceptance sets is itself an acceptance set. Moreover, if a
union of acceptance sets is not the full space, then it is itself an acceptance set.

The following result summarizes some useful properties of acceptance sets which are consequences of their
monotonicity and the fact that X+ has nonempty interior.

Lemma 2.4. Let A ⊂X be an arbitrary acceptance set. Then the following statements hold:

(i) A contains all sufficiently large constants.

(ii) X ∈ int(A ) if and only if X − ε1Ω ∈ A for some ε > 0.

(iii) X /∈ A if and only if X + ε1Ω 6∈ A for some ε > 0.

(iv) int(A ) 6= ∅ and int(A ) = A . Moreover int(A ) is an acceptance set.

(v) A 6= X and int(A ) = int(A ). Moreover, A is an acceptance set.

Proof. (i) is clear by monotonicity and since A 6= ∅. Statements (ii) and (iii) readily follow using
the monotonicity of A . To prove (iv) note that int(A ) 6= ∅ since X+ has nonempty interior and, by
monotonicity, A contains a translate of X+. The monotonicity of int(A ) is clear so that int(A ) is an
acceptance set. Observe that if X ∈ A , then Xn := X+ 1

n1Ω defines a sequence in int(A ) which converges

to X. This also implies that the closure of int(A ) coincides with A . To prove (v) we first show that
int(A ) ⊂ A . Indeed, take X ∈ int(A ). Then X − ε1Ω ∈ A for a suitably small ε > 0. Hence, for
0 < δ < ε we find Y ∈ A such that Y < X − ε1Ω + δ1Ω. This implies X > Y and, thus, X ∈ A
by monotonicity. It follows that the interior of A coincides with int(A ). In particular, A 6= X . The
monotonicity of A is clear so that A is an acceptance set.

A detailed treatment of the Value-at-Risk and Tail-Value-at-Risk functionals, the basis for the following
example, can be found in Section 4.4 in Föllmer and Schied (2011).

Example 2.5 (VaR- and TVaR-acceptability). We assume that P is the “objective” probability on (Ω,F)
and that α ∈ (0, 1).

(i) The Value-at-Risk of X ∈X at the level α is defined as

VaRα(X) := inf{m ∈ R ; P(X +m < 0) ≤ α} .

The set
Aα := {X ∈X ; VaRα(X) ≤ 0} = {X ∈X ; P(X < 0) ≤ α}
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is an acceptance set which is a closed cone, but which fails, in general, to be convex. The second
description of Aα, as presented in the above equality, shows that VaRα-acceptability is equivalent to
requiring that the probability of ruin of an institution is smaller than or equal to the threshold α and
helps explain its popularity. Finally, we note for later use that int(Aα) = {X ∈X ; VaRα(X) < 0}.
This follows from the well-known continuity of VaRα : X → R.

(ii) The Tail Value-at-Risk of X ∈X at the level α is defined as

TVaRα(X) :=
1

α

∫ α

0
VaRβ(X)dβ .

Tail Value-at-Risk is also known under the names of Expected Shortfall, Conditional Value-at-Risk,
or Average Value-at-Risk. The set

A α := {X ∈X ; TVaRα(X) ≤ 0}

is probably the most well-known example of a closed, coherent acceptance set. Note also here that
int(A α) = {X ∈X ; TVaRα(X) < 0}, as implied by the well-known continuity of TVaRα : X → R.

2.2 Required capital and risk measures

A traded asset S will be assumed to have nonzero payoff S1 ∈ X+ (at time t = 1) and price S0 > 0 (at
time t = 0). We start by recalling the notion of a capital requirement.

Definition 2.6. Let A be an arbitrary subset of X and S a traded asset. The capital requirement with
respect to A and S is the function ρA ,S : X → [−∞,∞] defined by setting for X ∈X

ρA ,S(X) := inf

{
m ∈ R ; X +

m

S0
S1 ∈ A

}
. (2.1)

The asset S is called the eligible asset.

When finite, ρA ,S(X) is an amount of capital and
ρA ,S(X)

S0
is the number of units of asset S that this

amount can buy. If A is an acceptance set and ρA ,S(X) is finite and positive, then it intuitively represents
the minimum investment in the asset S that is required to make the unacceptable financial position X
acceptable or, put differently, the cost of making X acceptable. Clearly, if ρA ,S(X) is finite and negative
we interpret it as the amount of capital that can be extracted from a well-capitalized financial institution
without compromising the acceptability of its financial position.

Remark 2.7. (i) Note that any traded asset with nonzero, positive payoff qualifies as the eligible asset.
In particular, the payoff of the eligible asset is allowed to assume the value zero for certain states
of the world. Hence, defaultable securities, options, and limited-liability assets all qualify as the
eligible asset.
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(ii) Let A be an arbitrary subset of X . If ρA ,S(X) ∈ R for a position X ∈ X , then we can only

infer that X +
ρA ,S(X)

S0
S1 ∈ A but not necessarily X +

ρA ,S(X)
S0

S1 ∈ A . Hence, it is only in this
approximate sense that ρA ,S(X) represents the “minimum” amount of capital required to make a
position acceptable.

The next proposition collects the main properties of ρA ,S . The proof is omitted since it is straightforward
and standard.

Proposition 2.8. Let A be an arbitrary subset of X and S a traded asset. The following statements
hold:

(i) ρA ,S : X → [−∞,∞] is translation invariant, i.e. for X ∈X and m ∈ R we have ρA ,S(X+mS1) =
ρA ,S(X)−mS0.

(ii) If A satisfies the monotonicity axiom (A2), then ρA ,S : X → [−∞,∞] is monotone (decreasing),
i.e. for X,Y ∈X with X ≤ Y we have ρA ,S(X) ≥ ρA ,S(Y ).

(iii) If A satisfies the non-triviality axiom (A1), then ρA ,S cannot be identically equal to ∞ or −∞.

The following result, whose easy proof is omitted, is particularly useful when studying continuity properties
of capital requirements.

Lemma 2.9. Let A ⊂X be an acceptance set and S a traded asset. Then we have

int(A ) ⊆ {X ∈X ; ρA ,S(X) < 0} ⊆ A ⊆ {X ∈X ; ρA ,S(X) ≤ 0} ⊆ A .

Moreover, we have {X ∈X ; ρA ,S(X) = 0} ⊆ ∂A .

Proposition 2.8 motivates the following standard definition.

Definition 2.10. Let S be a traded asset. Any function ρ : X → [−∞,∞] that is not identically −∞
nor ∞ and satisfying the properties

(RM1) ρ(X +mS1) = ρ(X)−mS0 for all X ∈X and m ∈ R (translation invariance),

(RM2) ρ(X) ≥ ρ(Y ) whenever X ≤ Y (monotonicity),

is called a risk measure with respect to the eligible asset S.

Remark 2.11. Note that in case we choose cash as the eligible asset, i.e. if S0 = 1 and S1 = 1Ω, the previous
definition coincides with the standard definition of a risk measure as given for example in Definition 4.1
in Föllmer and Schied (2011) in case of finitely-valued risk measures.

By Proposition 2.8, if A ⊂ X is an acceptance set then ρA ,S is a risk measure with respect to S. The
proposition below shows that any risk measure ρ with respect to a given traded asset S can be expressed
as a function of the form ρA ,S for a suitable choice of the acceptance set A . The proof is similar to that
of Proposition 4.6 (b) and Proposition 4.7 (d) in Föllmer and Schied (2011) and is omitted.

Proposition 2.12. Let S be a traded asset. Then the following statements hold:
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(i) Let ρ : X → [−∞,∞] be a risk measure with respect to S. Then Aρ := {X ∈ X ; ρ(X) ≤ 0} is an
acceptance set and ρ = ρAρ,S.

(ii) Let A ⊂X be a closed acceptance set. Then A = AρA ,S
.

Remark 2.13. For formal reasons, we have chosen to call ρA ,S , for a given A ⊂ X and traded asset S,
a capital requirement and a function ρ : X → [−∞,∞] satisfying (RM1) and (RM2) a risk measure. By
the preceding proposition these two concepts are equivalent in case A is an acceptance set. Hence, when
A is an acceptance set we will sometimes refer to ρA ,S as a risk measure.

Remark 2.14 (Discounted financial positions). Assume A ⊂X is an acceptance set and S a traded asset
such that S1 is bounded away from zero. Choose S1 as the numeraire, i.e. as the unit of account, and
write X̃ := S0

S1
X ∈ X for any X ∈ X . Set Ã := S0

S1
A ⊂ X and define S̃ by S̃0 = 1 and S̃1 = 1Ω. We

then have

ρA ,S(X) = ρ
Ã ,S̃

(
S0

S1
X

)
.

Hence by a simple change of numeraire we can transform the capital requirement ρA ,S into the cash-
invariant capital requirement ρ

Ã ,S̃
. Hence, via this device, the theory of capital requirements for eligible

assets whose payoff is bounded away from zero is essentially contained in the theory of cash-invariant risk
measures.

However, this artifice does not work if S1 is not bounded away from zero. Indeed, if it is not, then X̃
does not belong to X for every X ∈X and, if S1 assumes the value zero in some states of the world, X̃
is not even a well-defined function for every X ∈ X . Hence, a theory based on discounted assets on the
space of bounded F-measurable functions implicitly assumes that the payoff of the actual eligible asset
is bounded away from zero. This assumption critically limits the choice of the eligible asset and inhibits
the use of important eligible assets such as defaultable bonds, options, or limited-liability assets.
The fact that an eligible asset whose payoff is bounded away from zero can be chosen as a numeraire,
transforming the original capital requirement into a cash-invariant risk measure, has lead many to refer
to the eligible asset as the numeraire asset. We prefer to use the term eligible asset since it emphasizes
its primary role of being the only asset that is eligible to invest raised capital in. The fact that, if at all
possible, it may sometimes be convenient to choose the eligible asset as the unit of account seems to be
merely incidental.

The theory of capital requirements with respect to general eligible assets turns out to be richer than the
theory of cash-invariant capital requirements. This will become clear in the next sections when studying
their finiteness and continuity properties.

3 Finiteness properties

Given an acceptance set A and an eligible asset S it is natural to ask when ρA ,S is finitely valued, i.e.
when −∞ < ρA ,S(X) <∞ holds for every X ∈X . This is not only an interesting mathematical question
but has also an economic significance. Indeed, if a position X is such that ρA ,S(X) =∞, then it cannot
be made acceptable by raising any amount of capital and investing it in the eligible asset. Hence, we
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will not succeed in making X acceptable if the only allowed management action is to raise capital and
invest it in this particular eligible asset: S will not be an “effective” eligible asset. On the other hand,
if ρA ,S(X) = −∞, then we can borrow arbitrary amounts of capital by shorting the eligible asset while
retaining the acceptability of the financial position. This might be called acceptability arbitrage and is
related to the same concept introduced in the context of multiple eligible assets in Artzner et al. (2009) (in
particular, Assumption NAA(A ,S ) and Remark 1 following Proposition 2 in that paper). The existence
of opportunities for acceptability arbitrage may be viewed as an indication that the particular acceptance
set may not have been a reasonable choice in the first place.

3.1 Generalities

The following straightforward geometrical result is useful when establishing whether a capital requirement
is finitely valued or not. We will use it without further reference.

Lemma 3.1. Let A ⊂X be an acceptance set, S a traded asset, and X ∈X . Then ρA ,S(X) <∞ if and
only if there exists m0 ∈ R∪{−∞} such that X+ m

S0
S1 ∈ A for any m > m0. Moreover, ρA ,S(X) > −∞

if and only if there exists m0 ∈ R ∪ {∞} such that X + m
S0
S1 /∈ A for any m < m0.

In particular, ρA ,S(X) ∈ R if and only if there exists m0 ∈ R such that X + m
S0
S1 ∈ A for any m > m0

and X + m
S0
S1 /∈ A for any m < m0. Moreover, if such an m0 exists, then m0 = ρA ,S(X).

It is hardly surprising that, whatever the underlying acceptance set A might be, if the payoff S1 of the
eligible asset S is bounded away from zero, then the capital requirement ρA ,S is finitely valued.

Proposition 3.2. Let A ⊂X be an arbitrary acceptance set and assume that S is a traded asset whose
payoff is bounded away from zero. Then ρA ,S(X) is finite for any position X ∈X .

Proof. Since S1 is bounded away from zero, the monotonicity of A implies that mS1 ∈ A if m is a large
positive number and that mS1 6∈ A if m is a large negative number. As a result, by Lemma 3.1, ρA ,S(0)
is a finite number. Take now an arbitrary X ∈X and choose m1,m2 ∈ R such that m1S1 ≤ X ≤ m2S1.
Then by monotonicity and translation invariance we obtain

−∞ < ρA ,S(0)−m2S0 ≤ ρA ,S(X) ≤ ρA ,S(0)−m1S0 <∞

and this concludes the proof.

Remark 3.3. (i) Let cash be chosen as the eligible asset, i.e. let S0 = 1 and S1 = 1Ω. Then the payoff
S1 is bounded away from zero. Hence, in this case the function ρA ,S is always finitely valued for
any acceptance set A .

(ii) Note that in case Ω is finite, S1 is bounded away from zero whenever S1 is everywhere positive. It
follows that for finite Ω the function ρA ,S is finitely valued for any acceptance set A and any eligible
asset S with everywhere positive payoff.
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The following set of examples shows that if we allow for general eligible assets, capital requirements are
no longer automatically finitely valued. In particular, it is not true in general that any financial position
can be made acceptable by adding to it a suitable amount of capital and investing it in the eligible asset.

Example 3.4. (i) A capital requirement that takes finite values and the value ∞. Indeed, set A := X+

and assume that the payoff S1 of the eligible asset is not bounded away from zero. It is easy to see
that ρA ,S cannot assume the value −∞. However, ρA ,S(−1Ω) =∞ and ρA ,S(S1) = −S0.

Observe that it follows that capital requirements associated with the acceptance set X+ are finitely
valued if and only if the eligible asset is bounded away from zero.

(ii) A capital requirement that takes finite values and the value −∞. Let A and B be disjoint nonempty
measurable subsets of Ω such that A ∪ B = Ω. Set A := {X ∈ X ; X1A ≥ 0 or X1B > 0} and
assume S1 = 1B. It is easy to see that ρA ,S cannot assume the value ∞. However, ρA ,S(1A) = −∞
and ρA ,S(−1Ω) = S0.

(iii) A capital requirement that takes finite values as well as the values −∞ and ∞. Let A be as in the
previous example but assume C is a nonempty proper measurable subset of B. Assume S1 = 1C .
Then ρA ,S(1A) = −∞, ρA ,S(−1Ω) =∞, and ρA ,S(−1A − 1C) = S0.

(iv) A capital requirement that takes only the values −∞ and ∞ (even though S1 is everywhere strictly
positive). Assume Z ∈X is everywhere strictly positive but not bounded away from zero. Consider
the acceptance set A := {X ∈ X ; ∃λ ∈ R : X ≥ λZ}. Assume S1 ≤ λ0Z for some λ0 > 0. Then,
ρA ,S(X) = −∞ whenever X ∈ A and ρA ,S(X) =∞ whenever X 6∈ A .

3.2 Capital requirements for conic and coherent acceptance sets

When the acceptance set is a cone we can characterize those eligible assets for which the resulting capital
requirement is finitely valued.

Theorem 3.5. Let A ⊂X be a conic acceptance set and S a traded asset. Then ρA ,S does not assume
the value ∞ if and only if S1 ∈ int(A ). Moreover, ρA ,S does not assume the value −∞ if and only if
−S1 /∈ A .
In particular, ρA ,S is finitely valued if and only if S1 ∈ int(A ) and −S1 /∈ A .

Proof. Assume ρA ,S does not take the value ∞. Then, in particular, there exists λ > 0 such that
−1Ω +λS1 ∈ A . Since A is a cone we get S1− 1

λ1Ω ∈ A , which by Lemma 2.4 implies that S1 ∈ int(A ).
Assume now that S1 ∈ int(A ). Take an arbitrary X ∈X . Then for small λ > 0 we have S1 + λX ∈ A .
Since A is a cone we immediately obtain X + 1

λS1 ∈ A , i.e. ρA ,S(X) <∞.

Now assume ρA ,S is never −∞. Then we can find λ > 0 such that 1Ω − λS1 /∈ A . Since A is a cone,
this is equivalent to −S1 + 1

λ1Ω /∈ A . Therefore −S1 /∈ A by Lemma 2.4. Conversely, assume that

−S1 /∈ A and take an arbitrary X ∈X . Then there exists λ > 0 such that −S1 + λX /∈ A . As a result
X − 1

λS1 /∈ A , hence ρA ,S(X) > −∞.

If the acceptance set is coherent we obtain a stronger characterization.
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Corollary 3.6. Let A ⊂ X be a coherent acceptance set and S a traded asset. Then the following
statements are equivalent:

(a) ρA ,S is finitely valued;

(b) ρA ,S does not assume the value ∞;

(c) S1 ∈ int(A ).

Proof. Assume that S1 ∈ int(A ). If −S1 ∈ A , then, by convexity of A , the open segment between −S1

and S1 lies in int(A ) given Lemma 5.28 in Aliprantis and Border (2006). This implies that 0 ∈ int(A ).
Since A is a cone, it follows that A = X which is not possible since A is an acceptance set. The result
now follows directly from Theorem 3.5.

Remark 3.7. (i) If A is a closed coherent acceptance set, we will see in Remark 4.7 that any capital
requirement ρA ,S is lower semincontinuous. Hence, in that case, one could obtain Corollary 3.6
by applying a classical theorem stating that a lower semicontinuos convex function that assumes
the value −∞ cannot assume finite values, see Proposition 2.4 in Ekeland and Témam (1976).
Corollary 3.6, however, applies without assuming lower semicontinuity.

(ii) Example 3.4 (i) shows that if ρA ,S does not assume the value −∞, then ρA ,S needs not be finitely
valued. Note that the acceptance set in (ii) and (iii) in Example 3.4 are conic but not convex,
showing that convexity is essential in Corollary 3.6.

3.3 Capital requirements based on Value-at-Risk and Tail Value-at-Risk

As direct applications of Theorem 3.5 and Corollary 3.6 we obtain characterizations for the finiteness
of capital requirements based on Value-at-Risk or Tail-Value-at-Risk acceptability, respectively. These
results seem to be new since the eligible asset is only assumed to have non-negative payoff. We recall that
the acceptance set Aα based on Value-at-Risk and the acceptance set A α based on Tail Value-at-Risk
have been introduced in Example 2.5.

Proposition 3.8 (VaR-acceptance). Let S be a traded asset and let α ∈ (0, 1). Then the following
statements hold:

(i) ρAα,S does not assume the value ∞ if and only if VaRα(S1) < 0.

(ii) ρAα,S does not assume the value −∞ if and only if 0 < VaRα(−S1).

Proof. Note that VaRα(S1) < 0 is equivalent to S1 ∈ int(Aα) and VaRα(−S1) > 0 is equivalent to
−S1 /∈ Aα. The result now follows directly from Theorem 3.5 since Aα is a conic acceptance set.
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Remark 3.9. (i) Note that VaRα(S1) < 0 implies that P(S1 = 0) ≤ α and 0 < VaRα(−S1) implies
that P(S1 > 0) > α. Hence the conditions in Proposition 3.8 are quite intuitive. Note that the
set {S1 = 0} is precisely the set on which we cannot influence a position by raising and investing
capital in S. Hence, if ρAα,S is not to assume the value ∞, then the probability of this set needs
to be smaller than or equal to α. Similarly, the set {S1 > 0} is precisely the set on which we can
influence a position by raising and investing capital in S. Hence, if ρAα,S is not to assume the value
−∞, then the probability of this set needs to be greater than α.

(ii) The fact that if the capital requirement ρAα,S is to be finitely valued, then the probability on which
S1 vanishes needs to be smaller than α shows that, in general, we cannot expect VaR-based capital
requirements to be everywhere finite in case the eligible asset is a defaultable security, an option, or
a limited-liability asset.

Remark 3.10. Assume 0 < α < 1
2 . It is not difficult to show that VaRα(X) + VaRα(−X) ≥ 0 for all

X ∈ X . As a result, if 0 < α < 1
2 and S is a traded asset, then ρAα,S is finitely valued if and only if

VaRα(S1) < 0. Note that the case 0 < α < 1
2 is most relevant for applications.

Proposition 3.11 (TVaR-acceptance). Let S be a traded asset and let α ∈ (0, 1). Then the following
statements are equivalent:

(a) ρA α,S is finitely valued;

(b) TVaRα(S1) < 0.

Proof. Note that TVaRα(S1) < 0 is equivalent to S1 ∈ int(A α). The result thus follows immediately
from Corollary 3.6 since A α is a coherent acceptance set.

Remark 3.12. Note that since TVaRα(S1) ≥ VaRα(S1) there are fewer eligible assets for which ρA α,S is
never equal to ∞ than for which ρAα,S is. Therefore, the same conclusion as in Remark 3.9 (ii) holds: we
cannot expect TVaR capital requirements to be everywhere finite in case the eligible asset is a defaultable
security, an option, or a limited-liability asset.

4 Continuity properties of risk measures

We now investigate the continuity of finitely-valued capital requirements. Continuity properties of capital
requirements are important because they are an indication of the robustness of the required capital figure,
i.e. of the reliability of required capital if we only know the financial position approximately.

As is to be expected, boundedness away from zero is not only a sufficient condition for finiteness, but also
for (Lipschitz) continuity. The proof is an easy adaptation of the corresponding result for cash-invariant
risk measures (e.g. Lemma 4.3 in Föllmer and Schied (2011)).
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4.1 Generalities

Proposition 4.1. Let A ⊂X be an arbitrary acceptance set and assume that S is a traded asset whose
payoff is bounded away from zero. Then ρA ,S is finitely valued and Lipschitz continuous on X .

Proof. From Proposition 3.2 we know that ρA ,S is finitely valued. By hypothesis S1 ≥ ε1Ω for a suitable
ε > 0. Fix X ∈ X and define m := S0

ε ‖X − Y ‖ for any Y ∈ A . As a consequence we obtain that

X − m
S0
S1 ≤ Y ≤ X + m

S0
S1. Then define L := S0

ε and note that from the previous inequalities we derive∣∣ρA ,S(X)− ρA ,S(Y )
∣∣ ≤ L ‖X − Y ‖ by translation invariance and monotonicity.

The following example shows that for a capital requirement to be finitely valued and continuous it is not
always necessary that the eligible asset is bounded away from zero.

Example 4.2. Let P be a probability measure on (Ω,F) and consider the acceptance set A := {X ∈
X ; EP[X] ≥ λ0} for some fixed λ0 ∈ R. Then ρA ,S is finitely valued and continuous for any traded asset

with nonzero payoff S1 ∈X+. This follows from ρA ,S(X) = S0
λ0−EP[X]
EP[S1] for all X ∈X .

Using standard arguments from convex analysis it is easy to see that for convex and coherent acceptance
sets finitely-valued capital requirement are automatically Lipschitz continuous.

Proposition 4.3. Let A ⊂ X be a convex acceptance set and S a traded asset. If ρA ,S is finitely
valued, then it is locally Lipschitz continuous. If A is coherent, then ρA ,S is globally Lipschitz continuous
whenever it is finitely valued.

Proof. Assume A is convex. Since ρA ,S is a convex function which is easily seen to be bounded from
above on a neighborhood of any X ∈X , we conclude that it is locally Lipschitz continuous by applying
Theorem 5.43 and Theorem 5.44 in Aliprantis and Border (2006).

Assume now that A is coherent. Since ρA ,S is locally Lipschitz continuous and ρA ,S(0) = 0, we find a
constant L > 0 and a neighborhood of 0 such that

∣∣ρA ,S(X)
∣∣ ≤ L ‖X‖ for any X in that neighborhood.

Since ρA ,S is positively homogeneous, the same inequality holds for any X ∈X . Now fix X,Y ∈X . We
have ρA ,S(X) ≤ ρA ,S(X−Y )+ρA ,S(Y ) by subadditivity, and therefore ρA ,S(X)−ρA ,S(Y ) ≤ L ‖X − Y ‖.
Exchanging X and Y we conclude that ρA ,S is globally Lipschitz continuous.

4.2 Criteria for the continuity of capital requirements

Let A ⊂X be an arbitrary acceptance set and S a traded asset. If A is not convex, then the fact that
ρA ,S is finitely valued no longer automatically implies its continuity. Whether or not ρA ,S is continuous
will generally depend on the interplay between the acceptance set A and the eligible asset S. In The-
orem 4.5 we provide a pointwise characterization of upper and lower semicontinuity (and, thus, also of
continuity) for ρA ,S . But we first provide an example showing that ρA ,S may fail to be continuous, even
if it is finitely valued on X .
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Example 4.4. Let (Ω,F) be a measurable space with Ω an infinite set and fix ω0 ∈ Ω and λ0 > 0.
Suppose that the payoff S1 of the eligible asset is everywhere positive but not bounded away from zero,
and consider the acceptance set

A :=

{
X ∈X ; inf

ω∈Ω
X(ω) > 0 or X(ω0) > λ0

}
.

Then ρA ,S is finite on the whole X but not continuous. Indeed, for any n ≥ 1 we have 1
n1Ω ∈ A and,

hence ρA ,S(n−11Ω) ≤ 0 by Lemma 2.9. But ρA ,S (0) = λ0S0
S1(ω0) > 0, so that the sequence (ρA ,S(n−11Ω))

cannot converge to ρA ,S (0).

More relevantly, in Proposition 4.12 we will show that also in the case of VaR-acceptability the corre-
sponding capital requirement can fail to be continuous.

Recall that a function ρ : X → R is said to be lower semicontinuous at a point X ∈ X if for every
ε > 0 there exists a neighborhood U of X such that ρ(Y ) ≥ ρ(X) − ε for all Y ∈ U . We say that ρ is
(globally) lower semicontinuous if it is lower semicontinuous at each point X ∈ X . Note that ρ is lower
semicontinuous if and only if the set {X ∈ X ; ρ(X) ≤ λ} is closed for every λ ∈ R. The function ρ
is upper semicontinuous at a point X ∈ X if −ρ is lower semicontinuous at X and (globally) upper
semicontinuous if −ρ is lower semicontinuous. Finally, note that ρ : X → R is continuous at X ∈ X if
and only it is both lower and upper semicontinuous at X.

Theorem 4.5 (Pointwise semicontinuity). Let A ⊂ X be an acceptance set, S a traded asset, and
X ∈X .

(i) The following statements are equivalent:

(a) ρA ,S is lower semicontinuous at X;

(b) X + m
S0
S1 /∈ A for any m < ρA ,S(X);

(c) ρA ,S(X) = ρA ,S(X);

(d) ρA ,S is continuous from above at X, i.e. if Xn ↓ X, then ρA ,S(Xn) ↑ ρA ,S(X).

(ii) The following statements are equivalent:

(a) ρA ,S is upper semicontinuous at X;

(b) X + m
S0
S1 ∈ int(A ) for any m > ρA ,S(X);

(c) ρint(A ),S(X) = ρA ,S(X);

(d) ρA ,S is continuous from below at X, i.e. if Xn ↑ X, then ρA ,S(Xn) ↓ ρA ,S(X).

Proof. We only prove part (i) on lower semicontinuity. The proof of part (ii) is similar.

To prove that (a) implies (b), note that by translation invariance ρA ,S is lower semicontinuous at X if
and only if for any m < ρA ,S(X) there exists a neighborhood U of X such that ρA ,S(Y + m

S0
S1) > 0 for
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all Y ∈ U , i.e. Y + m
S0
S1 /∈ A for all Y ∈ U . But this is equivalent to X + m

S0
S1 lying outside A for any

m < ρA ,S(X). Hence (a) and (b) are in fact equivalent.

Now assume (b). Then ρA ,S(X) ≥ ρA ,S(X). Since the opposite inequality is always satisfied, it follows
that (c) holds.

Assume that (c) holds and that Xn ↓ X. By monotonicity there exists ρ0 ∈ R such that ρA ,S(Xn) ↑
ρ0 ≤ ρA ,S(X). Since Xn +

ρA ,S(Xn)
S0

∈ A , it follows that X + ρ0
S0
∈ A . Hence, ρA ,S(X) = ρA ,S(X) ≤ ρ0.

Hence, ρ0 = ρA ,S(X), proving that (d) holds.

Assume that (d) holds and set Xn := X + 1
n1Ω. Then ρA ,S(Xn) ↑ ρA ,S(X). Hence, for any ε > 0

there exists n(ε) > 0 such that ρA ,S(Xn(ε)) ≥ ρA ,S(X) − ε. The set Uε := {Y ∈ X ;Y < Xn(ε)} is a
neighborhood of X and, by monotonicity, ρA ,S(Y ) ≥ ρA ,S(X)− ε for every Y ∈ Uε. Hence, ρA ,S is lower
semicontinuous at X and (a) holds.

As a consequence of the previous proposition, we obtain the following characterization of the global lower
and upper semicontinuity of ρA ,S .

Proposition 4.6 (Global semicontinuity). Let A ⊂X be an acceptance set and S a traded asset.

(i) The following statements are equivalent:

(a) ρA ,S is (globally) lower semicontinuous;

(b) {X ∈X ; ρA ,S(X) ≤ 0} is closed;

(c) A = {X ∈X ; ρA ,S(X) ≤ 0} .

(ii) The following statements are equivalent:

(a) ρA ,S is (globally) upper semicontinuous;

(b) {X ∈X ; ρA ,S(X) < 0} is open;

(c) int(A ) = {X ∈X ; ρA ,S(X) < 0} .

Proof. As in the previous proposition we only prove part (i). Clearly, (a) implies (b). Moreover, by
Lemma 2.9 we have A ⊂ {X ∈ X ; ρA ,S(X) ≤ 0} ⊂ A . Therefore, (b) implies (c). Finally, if (c) holds
then {X ∈X ; ρA ,S(X) ≤ λ} = λS1 + A for every λ ∈ R, hence (a) follows.

Remark 4.7. If A is a closed acceptance set, then ρA ,S is lower semicontinuous for any choice of S. If A
is open, then ρA ,S is upper semicontinuous for any choice of S. Both properties follow easily from the
inclusions in Lemma 2.9.

It is clear from Theorem 4.5 and Proposition 4.6 how to characterize pointwise and global continuity
of capital requirements. The following corollary highlights one of these criteria for pointwise continuity
which has a simple geometric interpretation.
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Corollary 4.8. Consider an acceptance set A ⊂X and an eligible asset S. Fix a position X ∈X and
assume that ρA ,S(X) is finite. Then ρA ,S is continuous at X ∈ X if and only if X + m

S0
S1 /∈ A for

m < ρA ,S(X) and X + m
S0
S1 ∈ int(A ) for m > ρA ,S(X). This can be interpreted as a transversality

condition: the line X + m
S0
S1 comes from outside A for m < ρA ,S(X), crosses the boundary ∂A at

m = ρA ,S(X), and immediately enters int(A ) for m > ρA ,S(X).

4.3 Continuity of capital requirements based on Value-at-Risk and Tail Value-at-Risk

In this section we characterize the continuity of finitely-valued capital requirements based on VaR-
acceptability and TVaR-acceptability. It turns out that while for Tail-Value-at-Risk acceptability every
finitely-valued capital requirement is also continuous, this is no longer the case for VaR-acceptability.
The acceptance sets Aα and A α related to VaR-acceptability and TVaR-acceptability, respectively, were
introduced in Example 2.5.

Definition 4.9. A position X ∈ X is said to be essentially bounded away from zero, if X is bounded
away from zero on a set of probability 1, i.e. if there exists ε > 0 such that P(X ≥ ε) = 1.

Since a financial position that is acceptable with respect to the acceptance set based on Value-at-Risk
remains acceptable if we change it on a set of zero probability, the following proposition can be regarded
as a refinement of Proposition 4.1.

Proposition 4.10. Let S be a traded asset whose payoff is essentially bounded away from zero and assume
α ∈ (0, 1). Then ρAα,S is finitely valued and Lipschitz continuous.

Proof. Since S1 is essentially bounded away from zero, there exist A ∈ F with P(A) = 1 and ε > 0 such
that S1 ≥ ε1A. Set S̃0 := S0 and S̃1 := S1 + ε1Ac . Then S̃1 ≥ ε1Ω, i.e. S̃1 is bounded away from zero.
Since ρAα,S̃

= ρAα,S the statement follows immediately from Proposition 4.1.

In what follows we provide a characterization of the continuity of ρAα,S in case the payoff of the eligible
asset S is not essentially bounded away from zero. We focus on the two cases that are most interesting
in applications, namely that of a finite probability space and that of a nonatomic probability space. Note
that if Ω is finite and S1 is not essentially bounded away from zero, then P(S1 = 0) > 0.

Proposition 4.11. Let (Ω,F ,P) be a finite probability space and α ∈ (0, 1). Assume S is a traded asset
and that the risk measure ρAα,S is finitely valued. The following two statements hold:

(i) If S1 is essentially bounded away from zero, then ρAα,S is continuous on X .

(ii) If S1 is not essentially bounded away from zero, then the following conditions are equivalent:

(a) ρAα,S is continuous on X ;

(b) for every measurable set A ⊂ {S1 > 0} we have either P(A) > α or P(A) ≤ α− P(S1 = 0).
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Proof. We only need to prove (ii). Assume (b) does not hold. Then we can find a measurable set
A ⊂ {S1 > 0} such that α − P(S1 = 0) < P(A) ≤ α. Setting X := −1A we clearly have VaRα(X) ≤ 0
so that ρAα,S(X) ≤ 0. If we can show that there exists m > 0 such that X + m

S0
S1 6∈ int(Aα), then

Theorem 4.5 implies that ρAα,S is not upper semicontinuous and, hence, not continuous at X. Set
m := minω∈A

S0
S1(ω) > 0. Note that P(X + m

S0
S1 < λ) ≥ P(S1 = 0) + P(A) > α for every λ > 0. This

implies VaRα(X + m
S0
S1) ≥ 0 and, thus, X + m

S0
S1 6∈ int(Aα). Hence, (a) cannot hold.

To prove the converse implication, assume that (a) does not hold but (b) does. Note that since Aα is
closed, ρAα,S is globally lower semicontinuous by Remark 4.7. Hence, if it is not continuous, then it
must fail to be upper semicontinuous for some X ∈ X . We may assume without loss of generality that
ρAα,S(X) = 0 so that, in particular, P(X < 0) ≤ α. By Theorem 4.5 we thus find m > 0 such that
X + m

S0
S1 6∈ int(Aα), which is equivalent to

P
(
X +

m

S0
S1 < λ

)
> α for every λ > 0 . (4.1)

By Remark 3.9 we have P(S1 = 0) ≤ α and P(S1 > 0) > α. Set now A := {X < 0}∩{S1 > 0} ∈ F . Since
P(A) ≤ P(X < 0) ≤ α we must have, by assumption, that P(A) ≤ α− P(S1 = 0).

Since A 6= {S1 > 0} (otherwise α < P(S1 > 0) = P(A) ≤ P(X < 0) ≤ α) and Ω is finite we have

λ := min
ω∈{X≥0}∩{S1>0}

{
X(ω) +

m

S0
S1(ω)

}
> 0 .

Noting that {X + m
S0
S1 < λ} ⊂ A ∪ {S1 = 0} and using (4.1) we obtain a contradiction

α < P
(
X +

m

S0
S1 < λ

)
≤ P(A) + P(S1 = 0) ≤ α .

Hence, ρAα,S must be upper semicontinuous and, thus, continuous at X. It follows that (b) implies (a)

In the following proposition we show that if the underlying probability space is nonatomic1, then the
capital requirement based on Value-at-Risk acceptance is globally continuous if and only if the payoff of
the eligible asset is essentially bounded away from zero.

Proposition 4.12. Let (Ω,F ,P) be a nonatomic probability space and α ∈ (0, 1). Assume S is a traded
asset and that the risk measure ρAα,S is finitely valued. The following two statements are equivalent:

(a) ρAα,S is continuous on X ;

(b) S1 is essentially bounded away from zero.

1We recall that a probability space (Ω,F ,P) is nonatomic, or atomless, if it has no atoms, i.e. sets A ∈ F such that
P(A) > 0 and P(B) = 0 or P(B) = P(A) whenever B ⊂ A; see Appendix A.3 in Föllmer and Schied (2011).
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Proof. By Proposition 4.10 we only need to prove that (a) implies (b). Assume to the contrary that the
payoff S1 is not essentially bounded away from zero, so that P(S1 < λ) > 0 for every λ > 0. Clearly there
exists λ0 > 0 such that 0 < P(S1 < λ0) < 1−α. Since (Ω,F ,P) is nonatomic, we can find a measurable set
A ⊂ {S1 ≥ λ0} with P(A) = α, and set X := −‖S1‖ 1A. Note that VaRα(X) ≤ 0, hence ρAα,S(X) ≤ 0.
Clearly {X + S1 < λ} ∩ A = A. Moreover, for any 0 < λ ≤ λ0 we have {X + S1 < λ} ∩ Ac = {S1 < λ}.
It follows that for 0 < λ ≤ λ0

P(X + S1 < λ) = P(A) + P(S1 < λ) > α .

Hence, VaRα(X +S1) ≥ 0 so that X +S1 6∈ int(Aα). Hence, Theorem 4.5 implies that ρAα,S is not upper
semicontinuous and, thus, not continuous at X. It follows that if ρAα,S is continuous, then S1 must be
essentially bounded away from zero.

Remark 4.13. In Remark 3.9 we had already stated that for a VaR-based capital requirement to be finite
the probability of the set {S1 = 0} needed to be smaller than or equal to α. Proposition 4.12 shows
that if we would like to have continuity, then not only does the probability of {S1 = 0} need to be zero,
but S1 needs to be essentially bounded away from zero. Hence, the only capital requirements that can
be everywhere finite and continuous are those that are essentially equivalent to a cash-invariant capital
requirement. In particular, if the eligible asset is a defaultable security, an option or a limited-liability
asset, then the corresponding capital requirement can never be finitely valued and continuous.

The most widely considered example of a coherent acceptance set is the one associated with TVaR-
acceptability, which in Example 2.5 we had denoted by A α. We can apply Proposition 4.3 to immediately
obtain the following result.

Proposition 4.14. Let α ∈ (0, 1) and S a traded asset. Then ρA α,S is globally Lipschitz continuous
whenever it is finitely valued.

Remark 4.15. (i) By Proposition 3.11, ρA α,S is finitely valued if and only if TVaRα(S1) < 0.

(ii) Note that, in contrast to the VaR case, for the capital requirement ρA α,S to be finitely valued (and,
thus, Lipschitz continuous), it is not necessary that the eligible asset has payoff that is essentially
bounded away from zero. In fact, any eligible asset with everywhere strictly positive payoff satisfies
TVaRα(S1) < 0 so that ρA α,S is finitely valued and Lipschitz continuous. Thus, in a world where
we do not have eligible assets whose payoff is bounded away from zero and where we can only
approximately determine a financial position, acceptability based on TVaR appears to be a more
reasonable choice than VaR acceptability.

(iii) Proposition 4.14 shows that, in contrast to VaR-based capital requirements, it is possible to choose
the eligible asset to be a defaultable security, an option or a limited-liability asset, so that the
corresponding capital requirement ρA α,S is finitely valued and continuous. However, by Remark 3.12,
this will be only the case if we have a tight control on the probability of the set {S1 = 0}.
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5 Capital efficiency and lack of optimality of the eligible asset

In this last section we address the following question: given an acceptance set, can the eligible asset be
chosen “efficiently”, i.e. in such a way that for every financial position the corresponding required capital
dominates the capital requirement corresponding to any other eligible asset?

5.1 Equality of risk measures

We start by characterizing when two lower semicontinuous risk measures coincide.

Proposition 5.1. Consider two acceptance sets A ,B ⊂ X and two eligible assets S and R with the
same initial price S0 = R0. Assume that ρA ,S : X → [−∞,∞] and ρB,R : X → [−∞,∞] are both lower
semicontinuous. Then ρA ,S = ρB,R if and only if

A = B and A = A + {λ(S1 −R1) ; λ ∈ R} . (5.1)

Proof. By Proposition 4.6 we may assume without loss of generality that A and B are both closed.

To prove necessity assume that ρA ,S = ρB,R. Note that A = B as a consequence of Proposition 4.6.
It remains to show that if X ∈ A and λ ∈ R, then X + λ(S1 − R1) ∈ A . But this follows from
Proposition 4.6, since by translation invariance

ρA ,S(X + λ(S1 −R1)) = ρA ,S(X − λR1)− λS0 = ρB,R(X) + λR0 − λS0 = ρA ,S(X) ≤ 0 . (5.2)

To prove sufficiency take X ∈X . For all m ∈ R we have X+ m
S0
S1 = X+ m

R0
R1 + m

S0
(S1−R1). Therefore,

X + m
R0
R1 ∈ A implies X + m

S0
S1 ∈ A . It follows that ρA ,S(X) ≤ ρB,R(X). By exchanging the roles of

S and R we obtain the reverse inequality, concluding the proof.

Under additional assumptions a sharper characterization of the equality of risk measures is possible.

Corollary 5.2. Let A ,B ⊂ X be two acceptance sets. Consider two eligible assets S and R with the
same price P = S0 = R0 > 0. Let Mm := {mP S1 + λ(R1 − S1) ; λ ∈ R}. Assume that ρA ,S and ρB,R are
lower semicontinuous. Furthermore, assume that ρA ,S(0) is finite and that

MρA ,S(0) ∩A =

{
ρA ,S(0)

P
S1

}
. (5.3)

Then ρA ,S = ρB,R if and only if A = B and S1 = R1 hold.

Proof. The “if” part is obvious. To prove the “only if” part we note that from the previous theorem we
have that A = B and A + M0 = A . Hence, for all λ ∈ R,

ρA ,S(0)

P
S1 + λ(R1 − S1) ∈MρA ,S(0) ∩A .

and by our assumption we conclude that R1 = S1 must hold.
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Remark 5.3. To interpret condition (5.3) it is best to consider the case ρA ,S(0) = 0 which was called “non-
acceptability of leverage”in Artzner et al. (2009) and is described in Remark 1 following Proposition 1-a
in that paper. Note that the positions in M0 correspond to portfolios of S and R with zero initial
value. These are fully-leveraged positions where either the purchase of an amount of asset S is financed
by “borrowed money” obtained by entering a corresponding short position in the asset R, or viceversa.
Thus, (5.3) is equivalent to requiring that no fully-leveraged position of assets S and R are acceptable.
This can be viewed as a reasonably natural requirement since, typically, it is considered imprudent for a
“lender” to lend money if the “borrower” does not have any additional capital to support the leveraged
position. Hence, regulators are unlikely to accept fully-leveraged positions.

5.2 Nonexistence of an efficient eligible asset

The following theorem tells us that if we are given an eligible asset with payoff R1 we cannot find any
eligible asset with payoff S1 that will be strictly more efficient than R, i.e. so that the risk measure with
respect to R will strictly dominate the risk measure with respect to S. The best we can do is to find S
such that ρA ,S and ρA ,R coincide. Note that this is even the case when S1 < R1.

Theorem 5.4. Consider an acceptance set A ⊂X and two eligible assets S and R with the same initial
price S0 = R0. Assume that ρA ,S : X → [−∞,∞] and ρA ,R : X → [−∞,∞] are lower semicontinuous.
If ρA ,S(X) ≤ ρA ,R(X) for every position X ∈X , then ρA ,S = ρA ,R.

Proof. By Proposition 5.1, it suffices to show that A = A + {λ(S1 − R1) ; λ ∈ R} holds. Take λ ∈ R
and X ∈ A , and recall that ρA ,R(X) ≤ 0 by Proposition 4.6. Since ρA ,R dominates ρA ,S , translation
invariance implies ρA ,S(X + λ(S1 −R1)) ≤ 0. Hence, again by Proposition 4.6, X + λ(R1 − S1) belongs
to A , completing the proof.

If we require that fully-leveraged positions in S and R are not acceptable a stronger statement can be
made. The following result is an immediate consequence of Theorem 5.4 and Corollary 5.2.

Corollary 5.5. Let A ,B ⊂ X be two acceptance sets. Consider two eligible assets S and R with the
same price P = S0 = R0 > 0. Let Mm := {mP S1 + λ(R1 − S1) ; λ ∈ R}. Assume that ρA ,S and ρB,R are
lower semicontinuous. Furthermore, assume that ρA ,S(0) is finitely valued and that

MρA ,S(0) ∩A =

{
ρA ,S(0)

P
S1

}
.

If ρA ,S(X) ≤ ρA ,R(X) for every X ∈X then S1 = R1.

Remark 5.6. In contrast to the corresponding result in Artzner et al. (2009), Theorem 5.4 and Corol-
lary 5.5 do not only apply to coherent capital requirements but also to general capital requirements,
convex and not convex, including the capital requirements associated with VaR-acceptance sets.
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Remark 5.7. In Filipović (2008) a different sort of optimality is addressed. That paper deals with a fixed
convex risk measure ρ defined on X and investigates the impact a change in numeraire has on this fixed
risk measure. Note that since discounted positions are considered one needs to make sure that ρ is applied
only when X

S1
∈X , which may turn out to be a fairly small set if S1 is not bounded away from zero.

A key consideration in Filipović’s treatment is that a numeraire U induces an acceptance set A U :={
X ∈X ; ρ

(
X
U

)
≤ 0
}

. If there exists U such that A V ⊂ A U for any other numeraire V , then U is an
optimal numeraire, in the sense that choosing U as numeraire would yield a lower capital requirement
than any other choice. It is shown that no such optimal U exists. To us, however, it is unclear how to
interpret this result from an economic perspective since acceptability should not depend on the particular
numeraire one has chosen to account in.
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